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PREFACE 


In the summer of 1942 it was my pleasure to give a course on Electro- 
magnetic Waves at Brown University in connection with its Program of 
Advanced Instruction and Research in Mechanics. There I not only enjoyed 
the opportunity to test this book in manuscript but, through generous 
arrangements made by the University, I was enabled to put it'in final shape 
for publication. To the Officers of Brown University, and particularly to 
R. G. D. Richardson, Dean of the Graduate School, I arn grateful for their 
interest in the book and for the facilities which they put at my disposal. 

As a whole, the book is an outgrowth of my research and consulting 
activities in Bell Telephone Laboratories. Its first draft was prepared in 
connection with courses of lectures in the Laboratories’ “ Out-of-Hour ” 
program. Courses were given in 1933-34 and 1934-35, for which the lectures 
were mimeographed under the title “Electromagnetic Theory and Its 
Applications.” A third course was given in 1941-42, when the notes were 
revised under the present title “ Electromagnetic Waves.” 

If this book proves to be a “ practical theory ” of electromagnetic waves 
it will be largely due to my close association with experimentalists in the 
Bell Laboratories. Some credit for its final issuance is due to Dr. H. T. Friis 
who for years urged me to publish my notes. To Dr. M. J. Kelly and 
Dr. Thornton C. Fry I am grateful for arranging a leave of absence for my 
work at Brown University. 

I am particularly indebted to Miss Marion C. Gray for her invaluable 
assistance throughout the entire preparation of this book. 

V S. A. S. 

New York, N. Y. 

January, 1943 



TO THE READER 


Since 1929 the opportunities for practical applications of electromagnetic 
theory have increased so spectacularly that a new approach lias become 
almost a necessity. The old practice of working out each boundary value 
problem as if it were a new problem is being abandoned as repetitious and 
uneconomical because it fails to coordinate the various results. In the interest 
of unity, simplicity, compactness and physical interpretation, the con- 
ceptions of one-dimensional wave theory are being extended to waves in 
three dimensions and field theory is no longer considered as something apart 
from circuit and transmission line theories. 

All physical fields are three dimensional; but in some circumstances 
either two or all three dimensions are unimportant; then they may be 
“ integrated out ” and thus “ concealed ”; in the first case the problem 
belongs to “ transmission line theory ” and in the second to “ network 
theory.” This suppression of some or all physical dimensions is analogous 
to the method of “ ignoration of coordinates ” in mechanics; and it may or 
may not involve approximations. It is a mistake to say that the circuit and 
line theories are approximate while only the field theory is exact. In fact 
in many important cases a three-dimensional problem is rigorously re- 
ducible to a set of one-dimensional problems. Once the one-dimensional 
problem has been solved in sufficiently general terms, the results can be 
used repeatedly in the solution of more general problems. 

This point of view leads to a better understanding of wave phenomena; 
it saves time and labor; and it benefits the mathematician by suggesting 
to him more direct methods of attacking new problems. Once these ideas 
are more generally disseminated, large sections of electromagnetic theory 
can be explained in terms intelligible to persons with elementary engineering 
education. 

The classical physicist, being concerned largely with isolated transmission 
systems, has emphasized only one wave concept, that of the velocity of 
propagation or more generally of the propagation constant. But the com- 
munication engineer who is interested in “ chains ” of such systems from 
the very start is forced to adopt a more general attitude and introduce the 
second important wave concept, that of the impedance. The physicist 
concentrates his attention on one particular wave: a wave of force, or a 
wave of velocity or a wave of displacement. His original differential equa- 
tions may be of the first order and may involve both force and velocity; but 

vii 
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by tradition he eliminates one of these variables, obtains a second order 
differential equation in the other and calls it the “ wave equation " Thus 
he loses sight of the interdependence of force and veloctty waves and he does 
not stress the difference wluch maj exist between waves in different media 
even though the velocity of wave propagation is the same The engineer, on 
the other hand, thinks in terms of the original pair of wave equations 
and keeps constantly in mind this interdependence between force and 
velocit) waves In this book I have injected the communication engineer’s 
attitude into an orderly development of ‘ field theory 

If the modern theory of electromagnetism were to be presented in four 
ideal volumes, then the first volume would treat the subject broadly rather 
than thoroughly, with emphasis on more elementary topics The second 
volume would be devoted to electromagnetic waves in passive media free 
from space charge, in this volume electric generators would appear merely 
as given data, either as electric intensities tangential to the boundaries of 
the “ generator regions ’’ or as given currents inside these regions Another 
volume, on “ electromechanical transducers,” would deal with interaction 
between mechanical and electrical forces and the final volume on " space 
charge waves ’ would be devoted to phenomena m vacuum tubes The 
present book is confined to the material which would properly belong to the 
second of these volumes 

It is intended as a textbook, and for reference In it a practicing engineer 
will find basic theoretical information on radiation, wave propagation, wave 
guides and resonators Those engaged in theoretical research will find a 
stock of equations which may serve as a starting point for further mvesti 
gations 

Chapters ! and 3, dealing with vector analysis and special functions, 
such as Bessel functions and Legendre functions, are intended for ready 
reference These chapters are brief because it is only necessary for the 
reader to be familiar w ith the language of vectors and, in most cases, only 
elementary properties of the special functions are needed Chapter 2 deals 
■with applications of complex variables to the theory of oscillations and was es 
and Chapter 4 reviews the fundamental conceptions and equations Ele- 
ments of circutt theory are presented m Chapter 5, there the three-dimen 
'ional character of electromagnetic fields is suppressed and the discussion is 
conducted in terms of resistance, inductance and capacitance Chapter 6 is 
concerned with some genera] aspects of waves in free space, on wires, and 
in wave guides Its last few sections cover electrostatics and magnetostatics 
to the extent needed in wave theory The one-dimensional wave theory is 
presented in great detail in Chapter 7 The following chapter treats the 
simplest types of waves in free space and in wave guides Chapter 10 con- 
tains a more general systematic treatment of such waves Chapter 9 is 
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devoted to radiation from known current distributions and to the directive 
properties of antennas, antenna arrays and electric horns. Chapter 11 
presents a recent antenna theory and, finally, Chapter 12 deals with certain 
impedance discontinuities in wave guides. 

There is enough material for an intensive six-hour course; the particular 
order adopted is best suited to students of communication engineering and 
microwave transmission. In the case of radio engineers, the first four 
sections of Chapter 8 may be followed by Chapter 9; and in the case of 
students of physics or applied mathematics these four sections may be 
followed directly by Chapter 10. For a shorter course the instructor will 
find it easy to select the material best suited to the needs of his students. 

THE AUTHOR. 
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CHAPTER I 

Vectors and Coordinate Systems 


1.1. Vectors 

Vector is a generic name for such quantities as velocities, forces, electric 
intensities, etc. A vector can be represented graphically by a directed 


o d 



segment PQ (Fig. 1.1) whose length is proportional to the magnitude of 
the vector. Two parallel vectors PQ and P'Q' having the same magnitude 
and direction are considered equal. 


o c 



The method of adding vectors is what distinguishes them from other 
quantities. This method consists in obtaining the diagonal of the paral- 
lelogram constructed on two vectors as adjacent sides (Fig. 1.2); thus* 

AB + AD = AC. 

*We shall use no special marks to designate vectors if the meaning is clear 
from the context; otherwise we shall use a bar over the letters. 

1 
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Any number of vectors may be added by using the end of one vector as 
the origin of the next, the vector drawn from the origin of the first to the 
end of the fast is the sum (Fig 1 3) 

Since by definition 

AB + BA = 0, or BA = -AB, 



Fi 0 ! 3 Addition of tcrenl vectors Fic I 4 Subtraction of vectors. 


subtraction of vectors is essentially the same as addition, thus (Fig 1 4) 
PQ - PR « PQ + RP •= RQ 

Hence the difference of two vectors drawn from the same origin is the vector 
connecting the end of the second to the end of the first 
The scalar produce of two vectors is defined as the product of their mag 
mtudes and the cosine of the angle between them, thus 
A B « ( A,B ) => ab cos V' 

The scalar product of two unit vectors is the cosine of the angle between 
them. Two vectors are perpendicular if their scalar product is zero 
Scalar muhiph cation obeys commutative and distributive laws 
A B = B A, (A + B) C = A C + B C 
The component of a vector in the direction defined by a given unit vector 
is the scalar product of these two vectors, that is, the projection of the 
given vector on the unit vector The direction components of a vector 
drawn from point F(ifiO'i^i) to Q{x2&t&i), taken in the positive directions 
of the coordinate axes, are the differences *a — *i> >2 - yt, it ■— 2 i If / 
is the length of the vector and a , 0, y are the angles the vector makes with 
the coordinate axes, then 

PQx * AT* — = /cos a, 

PQv ^ J2 - yi = /cos 0, 

PQ, * Z% — Zj = /cos 7 

The scalar product of any two vectors may be expressed as the sum of the 
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products of their direction components 

A' • A" « A' X A'J + 44 ' + 44 '- 

Hence the cosine of the angle ip between the vectors is the sum of the 
products of their direction cosines 

cos ip — cos at cos aj + cos a' y cos a!] -f- cos at cos at'. 

The vector product A X B or \A,B\ of A and 
B is a vector perpendicular to both, pointing 
in the direction in which a right-handed 
screw would advance if turned from vector 
A to vector B through the smaller angle 
(Fig. 1.5); the magnitude of the vector prod- 
uct is the product of the magnitudes of A and 
B and of the sine of the angle between them, 
that is, the area of the parallelogram con- 
structed on A and B as adjacent sides. 

For vector products we have 

A X B - —B X A, ( A + B)XC 

The components of a vector product are expressed in terms of the direction 
components of the constituent vectors as follows 

{A’ X A") x = A'yA'J - At A”, 

{A’ X A") y = AtA'J - At At!, 

{A' X A") z = AlA " - 44'- 

1 .2. Functions oj Position 

A function of position or a point function is a function /(.v,y,z) depending 
only on the position of points. Loci of equal values of a point function 
are called level surfaces or contour surfaces ; in the two dimensional case 
we have level lines or contour lines. Some level surfaces bear special names 
such as equipotential or isothermal or isobaric surfaces. Figure 1.6 
illustrates how a two-dimensional point function may be represented 
graphically by drawing contour lines. The solid lines are the contour lines 
for u = log pi/p 2 , where pj and pn are the distances from two fixed points; 
and the dotted lines are the contour lines for the angle t? made by BP with 
PA as shown in Fig. 1.6(a). 

The rate of change of a point function depends not only on the position 
of a point but also on the particular direction of travel. If AV is the 
change in the value of a point function F(xj) as we pass from A(x,y) to 
B{x + Ax,y -j- Ay) and if As is the distance AB (Fig. 1.7), the ratio AV/As 



Fig. 1.5. The vector product. 

= AXC + BXC. 
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1$ the average rate oj change of Vfxj) in the direction AB The limit of 
this ratio as B approaches A while remaining on the same straight line is 
the directional derivative of Ffxjt) tn the direction dB This derivative 
is denoted by dV/dt Partial derivatives dV/dx and dV/dy are simply 
the directional derivatives taken along coordinate axes 




The maximum rate of change is along the normal to the level line through 
A (Fig I 8) The gradient of V is defined as a vector along this normal 
bV 

grad V = — 5, 

where 3 is the unit vector orthogonal to the level line For an infinites!- 
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mal curvilinear triangle, we have 

A n - (A s) cos yf>, 

and therefore 

dF dF 
— = — cos w. 
ds dn 


( 2 - 1 ) 


Hence the directional derivative oj a point junction is the component of its 
gradient in that particular direction. 



Fig. 1.7. Illustrating directional increments. 



These equations are of course equally true for three-dimensional point 
functions. If a, ft y are the angles made with the coordinate axes by the 
normal to the level surface at d, we have by (1) 

dF dF dF dF dV dF 

dx dn dy dn dzdn ' 

Thus the partial derivatives are the direction components of the gradient, 
and we have 
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Another express on for the normal derivative can be obtained if the 
equal ons in the set (2) are multiplied by cos a cos 0 cos y respective!) 
and then added 


— - — cos 


ay „ ay 

+ — cos 0 + — COS 7 


This relation can be written down directly if we cons der that the gradient 
s the sum of the projections of its components upon itself 
A complex point function is a function whose real and imaginary parts 
are point functions 

P(W) “ ^lOw) + *) 


We cannot speak of level surfaces of complex point functions since there is 
one family of level surfaces for the real part another for the imaginary 
part, a third for the absolute value etc Loci of equal phase 


* 


tan" 1 


Vtixj ») 
f'xixot) 


of a complex point function are called equiphase surfaces they are used 
in the classification into plane cylindrical spherical etc waves The 
grad ent of a complex point funct on is defined as the complex vector 
whose components are the part al derivatives of the function 

A vector point junction is a vector whose direction components are ord 
nary point functions 


13 Divergtnce 

The flux of a vector F(xj?) through a surface S is defined as the surface 
integral 

*- II F - ds 


where F n is the component norma! to the surface of integration The 
outward flux of F through a simply connected closed surface S divided by 
the volume p enclosed by S is called the average divergence of F The limit 
of the average divergence as •? contracts to a point s the divergence of F 
at that point thus 

/ / F.JS 

div F 1m as S—*0 


Dividing the total volume o surrounded by the surface £ into elementary 
cells we observe that the total flux of F across the surface tVw. sum kA 
the fluxes through the boundar es of the elementary cells the fluxes through 
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the common partitions between the cells contributing nothing to the whole. 
Since the flux through the boundary of a typical cell is div F do, we have 

II FndS = III div F do. (3-1 ) 

The surface divergence is defined similarly; thus 

f F n ds 

div / F — lim — — , as j — * 0, 

o 

where s is the boundary of the elementary area S. The linear divergence is 
merely the ordinary derivative. 

1.4. Line Integral, Circulation, Curl 

The line integral of a vector F along a path AB (Fig. 1.9) is defined as 
the integral / F, ds of the tangential component of the vector. If Fisa 
force, this integral represents the work done by F on a particle moving 



B 



Fig. 1.9. Illustrating the line integral. 


along AB. If the curve is closed, the line integral is called the circulation. 
The circulation per unit area of an infinitely small loop so oriented that 
the circulation is maximum is denoted by curl F; it is a vector perpen- 
dicular to the plane of the loop. The positive directions of this vector 
and circulation are related as shown in Fig. 1.10. 

Consider a surface S bounded by a simple closed curve. Dividing S 
into elements, we observe that the circulation of F along the boundary of 
5 is the sum of the circulations round the boundaries of the elements, since 
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Fio I tO The relitionship berwecn 
the pos live directions of the c rcu 
laaon of F and the curl F 


the eontnbutions due to the boundaries 
common to adjacent elements cancel out 
Since the circulation round the boundary 
of each element is curl, FdS we have 

f F - ds - ff curl, FdS (4-1) 

1 5 Coordinate Systems 
In practical appl cations the most fre 
quently used coordinates are rectangular, 


cylindrical and spherical in these systems a typical point P is 


denoted by (*,v,z) {ptfifi) respectively The meaning of these 



coordinates is explained in Fig 1 11, x,y, z are the distances from three 
mutually perpendicular planes, p is the distance from the a-axis, r is the 
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distance from the origin; the “polar angle ” 6 is the angle between the 
radius r and the 2 -axis; the “ longitude ” p is the angle between the *z-plane 
and the plane determined by the 2 -axis and the point P. 

In a general system of coordinates, a point P(u,v,to) is specified as a 
point of intersection of three surfaces 

/iOwO= «» M X J> Z ) = Mxjyz) = to. 

The lines of intersection of these coordinate surfaces are coordinate lines ; 
thus rr-lines are intersections of v- and ty-surfaces. 



Fic. 1.12. An elementary coordinate cell. 


If the coordinates are orthogonal, the differential distances along co- 
ordinate lines are proportional to the differentials of the coordinates 
(Fig. 1.12); thus 

ds u = ei du, ds v = f 2 do, ds w = e 3 dw. 

For a general element of length ds we have 

ds 2 = (ds u ) 2 + 0 ds v ) 2 + (ds w ) 2 = e\du 2 + e\dv 2 + e\dw 2 . 

In rectangular, cylindrical, and spherical coordinates we have 

ds x = dx, ds v = dy, ds. = dz; ds 2 -= dx 2 -f- dy 2 + dz 2 ; 

ds p = dp, ds v = p dip, ds, — dz; ds 2 = dp 2 + p 2 dip 2 + dz 2 ; 

ds r = dr, dsg = rdO, ds v = r sin 6 dip; ds 2 - dr 2 + r 2 dd 2 + r 2 sin 2 0 dip 2 . 

For elementary areas in the coordinate surfaces we have 

dS u — ds v ds w , dS v — ds w ds u , dS w = ds u ds v ; 

dS x = dy dz, dS y = dz dx, dS. = dx dy; 

dS p p dp dz, dSq — dp dz, dS z = p dp dip; 

dS r = r 2 sin 0 dd dp, dS e = r sin 0 dr dp, dS v = r dr dB. 
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And, finally, the volume of an elementary coordinate cell ts 

dr = ds M ds v ds v = dx dy dz — p dp dp dz = r 2 sin B dr dS d<p 
1 6 Differential Expressions for Gradient, Divergence, Curl 
The components of the gradient of a point function V tn the directions 
of the coordinate lines are the directional derivatives in the k , p , to direc 
tions, that is, dV/ds u , dF/ds*, dV/ds * Substituting the values of the 
differential distances in the three coordinate systems as defined above, we 
have 


dF 

Er.d,r--, 

grad, V ** 

dV 

ty’ 

^■ V -Tz’ 

grad,F- y-, 
dp 

grad, V - 

dF 

pd<p' 

p * d 


grad* V 

dF_ 
rdO ' 

. „ 1 ^ 

grad, V ” — , 

r sin 6 d<p 


, .. 1 9V , \ dF ... 1 dF 

grad, V = — — , grad, V — , grad* V = - — 

«i du e-i So ej dw 

In order to calculate the divergence of a vector F at a point P we take 
an elementary cell about P, determine the flux of F through the surface of 
this cell, and divide it b} its volume The area of a u surface through P, 
intercepted by the cell, is dS u and the flux of F across this area is F„ dS u 
Since the rate of change of this flux in the indirection is D*(F U dS u ), the 
residual flux across the u faces of the cell will be D U (F U ds u ) du Similarly, 
we calculate the residual fluxes through the p faces and the ip faces and 
obtain the value D*(F*dS u ) du D % (,F,dS % ) da + D^F^dS*) dw for 
the total outward flux of Ffrom the cell Substituting for the elementary 
areas their values in the various coordinate systems and dividing by the 
corresponding elementary volumes, we obtain 

div F 1 A , 

dx dy dz 


d,v F - - ["" ' S + ' s <■" • «> + - ] ■ 

F ■ dsfs. <■*■*•> + > + f.'™' 1 - 1 ] 
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By definition, the component curl u F of curl F in the H-direction is the 
circulation of Fper unit area in the ^-surface passing through P (Fig. 1.13). 
If we picture F as a mechanical force, cur]„ F is the work done by F per 
unit area in the //-surface. Consider an elementary area about P bounded 
by o- and to-lines. The work done by F along the t»-line through P is 
F w ds w , its rate of change in the ^-direction D V (F W ds^), and the total work 



in the counter-clockwise direction along the tc-paths of the loop bounding 
the elementary area is D V (F W ds w ) dv. Similarly, the work done along the 
remaining two sides of the loop is D w (F v ds v ) dw in the clockwise direction. 
When the total work round the loop D V (F W ds w ) do — D w (F v ds v )dw is 
divided by dS u , the area enclosed by the loop, we have curl,, F. The re- 
maining components are obtained by the cyclic permutation of «, v, w. 
Substituting the corresponding expressions for the differential elements 
end differential areas in the various coordinate systems, we obtain 


curl x F = 


BFr 

dy 


dF v 

dz ’ 


curlp F - 


1 dF, 

p d<p 


dF^ 

dz* 


dF x dF- 


dFp dF z 


, r, uj. x ; p ur z 

car '- F = ^~^‘ 

cur ], F = ^ ; curl.F-If— (pFJ -SI . 

a* pLdp VP v) dp J* 


curl-F = 


1 


r sin d 


[De (sin 6 F v ) - D p (F e )], 


curie F — 


1 

r sin Q 


UW) - sin e D r (rF v )], 
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curl ,F- i I D,(rF,) - D.{F,)\, 

curl, F - — [D,(<,f.) - D.fefi)], 

«2«J 

curl, E = — [ZUcEj ~ D u (t 3 F w )] 

*3*1 

curl„ F = ~ [D u (e 2 F,) — D,(eiF u )] 

*l*i 

1 7 Differential Invariants and Green s Theorems 
The Laplacian or the second differential invariant is defined as the diver 
gence of the gradient of a point function, symbolically 
tkV — div grad V 

In the above considered coordinate systems we obtain 
bV + D*E + D*E 

ty - 1 \p,v>D,n + 1 ( a,y) + ,i&r)\, 

P P 

bV - {iui t C,(r’ D,n + £>,(s.n » D,F) + ^ D‘,F\ 

* ' ^[ d -(t d -") + + d -(t d ^)] 

The Laplacian of a vector F is the vector whose cartesian components 
are the Laplacians of the cartesian components of F 
The first differential invariant is defined as the scalar product of the 
gradient of two point functions symbol tally 

A(O.E) = (grad U, grad V) ~ D,UD X F + D,U D y V + D.V V,V 
Green s theorems are, then expressed by the following equations 

///w)* - fJv‘£is-SSfubV*,, (7-1) 

jjfwbr - y bo) Jv - f f(y£ - y £) is (7-1, 

where the surface integration is extended over the boundary of the volume 
and the normal derivatives are taken along the eutward normals The 
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second theorem is the consequence of the first: if U and V are. interchanged 
in (1) and the result is subtracted from the original equation, (2) will 
follow. Equation (1) is proved by integrating the left hand side by parts. 

1.8. Miscellaneous Equations 

div curl F = 0, curl grad V = 0, (8-1) 


curl curl F — grad div F — AF, (8-2) 

div VF = V div F + F- grad V, (8-3) 

curl VF — V curl F — F X grad V, (8-4) 

div [F X G] — G • curl F — F ■ curl G, (8-5) 

- h^ d f f f^ do+ h mA f f fnr d0 ‘ (8_6) 



CHAPTER II 

Mathematics or Oscillations and Waves 

2 1 Complex Variables 
A complex number 

*-*+0 r 

is a combination of real numbers x and y and an " imaginary ” unit » subject 
to the following condition 

i 2 - -1 

The quantities x and y are called the real and imaginary parts of z, thus wc 
write 

* *■ re(2), y = im(z) 

Complex numbers are represented graphically by points in a plane 
(Fig 2 1) or by vectors drawn from the origin to these points Complex 



numbers obey the same arithmetical laws as real numbers In the complex 
plane the addition and subtraction of complex numbers correspond to the 
addition and subtraction of vectors (Figs 2 2 and 2 3) 

In polar coordinates we have (Fig 21) 

z = p (cos ip + » sin ip) s 

a 



MATHEMATICS OF OSCILLATIONS AND WAVES 


15 


p is called the absolute value or the modulus or the amplitude of z and ip is 
the phase of 2. Thus we write 

0 = 1 = 1 = am(:), tp = ph(z). 



Fig. 2.3. Geometric representation of the difference between two complex numbers. 

In polar form multiplication and division are particularly simple; thus 
=1=2 = PiP2[cos (vn + ipz) + i sin (<pi + ^o)]> 

— = — [cos (pi — ip 2 ) + i sin ( )p x — p 2 )]. 

=2 P2 
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The graph c interpretation of these equations is simple When zj is multi 
plied by z 2 , the vector represented by zi is stretched m the ratio pj 1 and 
turned counterclockwise through the angle </>z and when Zi is divided by z 2 
it is shortened in the rat o p 2 1 and turned clock,w se through the angle •pz 
The complex number 

z* - x — fy ~ p (cos f — > am w) 

is the conjugate of z. The point z* is the reflection of z in the real axis as 
in a mirror (Kg 2.4) In the product 

2jzJ » PiPt cos (<pi — vi) 4- ipiPi sin fa — <pz) 



Fla 2.4 Illustrating the relationship between i I* — i — ** where i' is the conjugate of s 

the real part is the scalar product and the imaginary part the vector 
product of the vectors represented by Zj and z 2 Making the complex 
numbers equal and extracting the square root, we obtain the following 
useful formula 

am(z) *» Vzz* 

For the reciprocals of z and of its conjugate we have 

= (cos <p — t sin v), ~r = (cos v + i sin 
z p a p 

Points z and 1/z* are said to be inverse w th respect to the unit circle (Fig 
2.S) Points on the unit circle represent unit complex numbers 
Equations of curves can be written m terms of complex variables Thu« 
for a circle of radius r with its center at po nt a (Ftg 2 6) we have 
(z - «)(z* - a*) = r 2 
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This equation is of the following form: 

22 * + Az + A*# + BB* = 0, (1-1 ) 

where 



Fic. 2.5. Illustrating the relationship between z, ^ » 

Linear equations of the form 

Az + A* z* + BB * = 0 

represent straight lines. 



Fig. 2.6. In connection with the equation of a circle. 

A variable w is a bilinear function of z and vice versa if 

az + b —dw + b 

w = — — , 2 

cz + a cw — a 
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In transmission theory we shall use the following theorem If z describes 
a circle tn the z plane {including straight lines as special cases), then w also 
describes a circle in the -w-plane This theorem is proved by substituting 
for 2 in (1) and showing that the resulting equation in to is of the same form 


2 2 Exponential Functions 

Consider two variables s and te, real or complex The ratios A z/z and 
Aw/w are called the relative increments Just as the limit of the ratio Atp/Az 
of two absolute increments represents the rate of change of to with respect 
to z, the limit of the ratio Aw/wAz of the relative increment in w to the 
absolute increment in z represents the relative rate of change oi tv wi th respect 
to 2 The former rate of change is the derivative of vi with respect to z and 
the latter the relative derivative or the logarithmic derivative 

An exponential function is a function whose relative derivative is constant 


1 dw 
to dz 


dz 


kw 


( 2 - 1 ) 


In particular the function whose relative derivative is unity and which 
becomes unity when the independent variable vanishes is designated as 
follows * 


thus by definition 


« = ex p: = f*, 


d 

X«P 2 


exp z, exp 0= 1 


In terms of this function the general solution of (1) may be expressed as 
follows 

to = A exp kz = AA‘ 

Since all the derivatives of exp z are equal to the function itself, we obtain 
from Taylor’s senes 

Z 2 2 1 z" 

e* = expz= 1 +Z + - + -+ + - + 

In particular we have 

e = expl = I + l+^+jj+ = 2 71828 

Either from (1) or by multiplying the power senes the following addition 
theorem may be obtained 

exp (zj + z 2 ) = (exp z v )(exp zj) 

* The second notation anticipates some properties of exponential functions 
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It is evident from the definition that all derivatives of an exponential 
function are proportional to the function itself. Hence a general linear 
differential equation with constant coefficients 


d”w d nl w k . 

On -jJT + «n- 1 j.n-l + ‘ ' ' + a 0 ~ ae 


( 2 - 2 ) 


will possess a particular solution of the following form: 

w = be kl . 

The constant b is obtained by substituting in (2); thus 

b = r , Z(k) = a„k n -f a n -\k"~ l + • • • + «o- 
Z{k) 

A solution of this form exists for any value of k which is not a zero of Z(k). 
On the other hand if 

Z(L) = 0, (2-5) 


(2-3) 


(2-4) 


then (2) possesses the following solution 

w = b m M ( 2 - 6 ) 

when a = 0. The most general solution of (2) when a 0 is then 


w = 


Z(k) 


e k! + Eb m e kmZ . 


(2-7) 


2.3. Exponential and Harmonic Oscillations 


Let the position of a point P(z ) i: 
function of time; thus 

z = Je pt , (3-1) 

where A and p are complex con- 
stants 

A = ac xv \ p = t + io>; (3-2) 
then 

z = ae (l e iiut+,po \ (3-3) 

Thus the vector OP, drawn from 
the origin 0 to the point z, re- 
volves about 0 with a constant 
angular velocity w and its length 
varies exponentially with time. 


the complex plane be an exponential 



Fig. 2.7. Uniform rotation and harmonic 
oscillations. 
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If $ = 0, the length of the vector OP remains constant and the point P 
moves along the circle of radius a with a uniform speed (Fig. 2.7). When 
w > 0, the movement is counterclockwise. The projection Q of the point 
p on the real axis is said to oscillate harmonically about 0. The distance 
of Q from the center of the oscillation is a sinusoidal function of time (Fig. 
2 . 8 ) 

x = re ( 2 ) = a cos (to t + <p 0 ). 


The quantity 

<p = wt + <p 0 

is called the phase of the oscillation and a is the amplitude of the oscillation. 
The constant ipo is the initial phase. 



Fio. 2.9. Constant relative increments in the complex plane. 


Two phases which differ by an integral multiple of 2ir are regarded as the 
same because the points P and Q occupy the same positions. The interval 
T between two successive co-phase instants is called the period of revolution 
of P and the period of oscillation of Q; this period is 

wT = 2tr, T = — . (3-4) 

CO 

The number of revolutions of P or oscillations of Q is the frequency f in 
cycles per second; thus 

f = J, co = 2;r/. (3-5) 

The constant to is the angular velocity or the frequency in radians per second. 
If £ 0, we have from (3) 

dp = dt, d<p = to dt, 
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and) therefore, 


Hence the angle ^ between the radius and the trajectory (Fig 2 9) is ob 
tamed from 


tan * - , or cot ^ = 


The trajectories of point P(z) are, thus, equiangular or logarithmic spirals, 
Fig 2 10 shows several such spirals for different values of {/u In this case 



Fie 2 10 Loganthm c spirals illustrating exponential functions of tune, * = 

" <<!/»)*+•*, t, - The so-called Q associated with osc llations may be 

defined as the magnitude of »/2E 


the distance OQ = x is a sinusoidal function with an exponentially varying 
amplitude 

x = re(x) = a/‘ cos (ut + *j q ) (3-6) 

The constant i may be called the groath constant The growth constant 
per cycle %/f is the logarithmic increment (or decrement) 

Since there is one to-one correspondence between points P(z) moving in 
accordance with equation (1) and their projections on the real axis, expo- 
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nential oscillations defined by equation (6) may be represented symboli- 
cally by complex exponentials of the form (1). The complex constant p 
is called the oscillation constant. The constant A gives simultaneous infor- 
mation about the initial amplitude and phase. 

2.4. Waves 

A wave function is a function of coordinates and time. For instance the 
function 

F(x,t) = At (4-1) 
where A , T, p are complex constants, is a wave function. Let 

A = p = $ + /«, r = a + »'jS; (4-2) 

the real part of V, given by 

re(F) = cos (to/ — jS.v + ^o)> (4-3) 

is also a wave function. At any point x this function is a sinusoidal func- 
tion* of time, with exponentially varying amplitude; at any instant t, 
r e(F) is a sinusoidal function of the coordinate x, also with exponentially 
varying amplitude. Physical phenomena expressed by wave functions 
are called waves. As there is one-to-one correspondence between exponen- 
tial functions of the form (1) and sinusoidal functions of the form (3), we 
may use the former to represent the latter. The constant T is called the 
propagation constant ; its real part a is the attenuation constant and its 
imaginary part ft the phase constant. 

The quantity 

$ = wt - fix + (4-4) 

is called the phase of the wave. The distance X between two successive 
equiphase points (at the same instant) is called the wavelength ; thus 

2tt 2tt 

j3X = 2-, X = y, j3 = X‘ (4 ~ 5) 

The wavelength is analogous to the period. 

The velocity v with which an observer should move in order to observe no 
change in phase is called the velocity of the wave or the wave velocity or the 
phase velocity. This velocity is obtained from the following condition 

d$ = co dt — d dx = 0; 

thus 


dx co co 



* Except, of course, when w = 0. 
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From (5), (6), and (3-5) we obtain 

/X = p (4-7) 

Consider now a general three dimensional harmonic wave function 

in which A and $ are two real functions The surfaces of equal phase (at 
the same instant), given by 

$(x,y , z ) ~ constant, 


are called equiphase surfaces * The waves represented by V are called 
plane , cylindrical, spherical, etc , if the equiphase surfaces are plane, cyhn 
dncal, spherical, etc 

For any pair of infinitely close points in an equiphase surface, we have 


Replacing the differentials die, dy, dz in this equation by {X — x), (Y — y), 
(Z — z) where {xyj:) is a point in the equiphase surface and (X,YJK) is a 
typical point m space, we obtain the equation of the tangent plane 


The family of curves everywhere normal to the equiphase surfaces is given 
by the simultaneous differential equations 
dx dy dz 

a$> “ a* ~ ' 

dx dy dz 


These curves are called wave normals Equation (8) implies that any wave 
normal is tangential to grad Consequently, wave normals are curves 
along which the phase changes most rapidly 

At two points infinitely close in space time the phases are the same if 


If dy = dz — 0, the instantaneous rate with which the phase changes along 
an x line is d$/dx The * phase constants ’ along coordinate lines, which 

* For purposes of this defin tion phases d ffenng by an integral multiple of r are 
regarded as equal 
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generally are not constants at all, are 

3 $ 3 $ „ 3 $ 

&= to’ Ps ~ dz' 

The phase constant along a wave normal is 

P(x,y,z) = I g™d * I- 

In three dimensions the phase constant may be regarded as a vector whose 
direction components are di'/dx, di'/dy, 3<I >/3z. 

The phase velocity is usually defined by 

’ (w) = ? = rifhn ■ 

This is the instantaneous velocity along a wave normal. We may also 
speak of the phase velocities along the coordinate axes 


03 

0) 

03 

03 

03 

03 

,? 

ii 

P>l 

~ 3i’ 


II 

\%\ 

9 ‘ = ft 

r«i 

ii 


dx 


dy 


3z 


it is evident, however, that v x , v v , v z are not the cartesian components of the 
phase velocity along the wave normal. On the other hand, the reciprocals 
of these phase velocities, being proportional to the phase constants, behave 
as vector components should. Thus, we define phase slowness S 

S = - grad <!> . 


2.5. Nepers, Bels, Decibels 

The logarithmic measure has come into use because in certain measure- 
ments the logarithm of a ratio of two quantities is more significant than the 
ratio itself. When the ratio of two quantities of the same kind is expressed 
in nepers, the number of nepers is computed from 


From this we have 


N = log ~ nepers. 
A 2 


(5-1) 


A x = A 2 e N , A 2 = A ie ~ N . 


Originally the logarithmic unit was introduced for the evaluation of 
power ratios and present laboratory units are the bel and the decibel. The 
number of bels and decibels (abbreviated db), expressing a power ratio 
W \)W 2 , is computed from 

W x JV, 

N = logio -zz- bels = 10 log 10 — decibels. 

rr 2 fV 2 
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More recently the use of logarithmic units has been extended to *' intens ty 
ratios," that is, to voltage and current ratios, then the number of bels and 
decibels has been defined as 

£ £ 

N = 2 log, 0 7T bels - 20 log 10 — decibels 

ht 2 £3 

It is unfortunate that the size of the ‘ bel " or decibel is not uniform but 
depends upon the nature of the measured quantity We shall keep the 
neper as a fixed unit defined by (1) regardless of the nature of A Thus in 
translating from nepers into decibels, at least when dealing with electrical 
quantities, we must multiply by different conversion factors For power 
ratios we have 

t neper — 10 logio e » 4 343 db, 

and for voltage ratios, current ratios, field intensity ratios, we have 
1 neper ” 20 logio e 8 686 db 

In accordance with the above definitions the attenuation constant is 
measured in nepers per unit length or in decibels per unit length The 
phase constant is measured in radians per unit length Similarly the time 
growth constant is measured in nepers or decibels per unit time and the 
frequency <j in radians per unit time 

2 6 Stationary Waves 

The waves discussed in section 4 are called progressive waves The sum 
(or the difference) of two unattenuated progressive waves, of equal ampli- 
tude, moving in opposite directions is called a stationary wave because 
different points oscillate always either in phase or 180° out of phase For 
instance, 

+ „ 2a cos 0x e'“‘ 

2 7 Impedance Concept 

The relationship between two quantities oscillating with the same fre 
quency is given by the ratio Z of their complex representations, am(Z) 
gives the amplitude ratio and ph(Z) the phase difference Consider, for 
example, a box containing a linear passive* electric network or an impedor 
and a pair of accessible terminals A, B (Fig 2 11) Let the instantaneous 
values y of the voltage applied across the terminals and the current 
flowing in response to this voltage be 

V x = n(Ve wt ) = y a cos (at + vr ) l 
/< = re (/?“’*) = I t cos (at 4- <pi) t ^ ^ 

* No source of power 
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where V a , I a are the voltage and current amplitudes and <pv, ipi are the ini- 
tial phases; then the ratio 


Z = 


Ve' at 

Ie iut 


_ _ _ Li -rtVjr-P/) 
I la 


expresses completely the relationship between the voltage and current. 
This ratio is called the impedance across the terminals. 

If V and 1 represented a mechanical force and the cor- 
responding velocity response, then Z would be called the 
mechanical impedance. The ratio of a mechanical force 
to an electric current or of a voltage to a velocity is an o- 
electromechanical impedance. Occasionally a name is 
desired for the voltage/charge and force/displacement Fic. 2.11. A diagram 
ratios; such ratios may be called electrical and mechan- ^ 

ical impediments respectively. 

The impedance is generally a complex number (Fig. 2.12); its real part 
is called the resistance and its imaginary part the reactance ; thus 

Z = R + iX. 



For passive impedors Z is in the right half of the complex plane or on the 

imaginary axis. The reciprocal of the im- 
pedance is called the admittance 

Y = \ = G + iB; 

its real part is the conductance and its im- 
aginary part the susceptance. 

„ . , In diagrams it is often convenient to dis- 

ances by points in a complex plane; t,n S u,sh between numbers representing im- 
R is the resistance component, X pedances and admittances; this can be 
the reactance component, and t? accomplished by attaching tlie terminals 
ep aseange. fo ^ s ;j es 0 f t j le rec tangles representing 

corresponding impedors in the first case and to the vertices in the second 
(Fig. 2.13). 

An impedor is a resistor, an inductor, or a capacitor according as the 
instantaneous voltage is proportional to the current, to its time derivative, 
or to its time integral 



Vi = RIu 



Ii = c 


d_Vi 
dt ; 


the above coefficients of proportionality are called respectively the resist- 
ance, the inductance, the capacitance. In diagrams resistors, inductors, 






electromagnetic waves 


CaAP 1 


and capacitors are represented as shown in Fig 2 14 For exponential 
and harmonic voltages and currents we have 

i -8 1 r = p u r-^. 



Fic 2 13 D agrimmaoc representation of impedance* and admittances 



The impedance is a function of the frequency or more generally a function 
of the osc llation constant To any exponential voltage Ve pi there corre 
spends a finite response m the impedor (F g 2 LI) given by 


It*' 


Vt *' 

Zip) 


(7-2) 


provided p does not satisfy the follow ng equation 


Similarly since 


Zip)- 0 
Vt* 1 Z(p)Ie* 1 , 


(7-3) 

(7-4) 


a defin te exponential voltage exists across the terminals except when p is 
an infinity of the impedance function or a zero of the admittance function 


Z(p) = =o, Y(p) 0 


(7-5) 
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When p is a zero of the impedance function, then a finite exponential 
current may exist when V— 0, that is, when the terminals of the impedor 
are short-circuited; the zeros of Z(j> ) are the natural oscillation constants of 
the impedor, with the terminals short-circuited. Similarly, if p is a pole 
of Z(p), a finite voltage may exist if j R 

the terminals of the impedor are open; e * — VV\AA/ 

these poles determine the natural os- 
cillation constants of the impedor, 

with the terminals open. The corre- v — — 

sponding frequencies are the natural 
frequencies of the impedor. As we 

shall see, natural oscillations may be ° 

excited by an impulsive voltage. l 

Natural oscillations may also occur Fig. 2.15. A diagram showing an electric 
when the applied voltage is exponen- circuit comprised of a resistor, a cnpa- 
tial if this voltage is suddenly applied. ^ and an inductor connected !n 
These oscillations are also called free 

oscillations or transient oscillations. On the other hand, oscillations of the 
form (2) are often called forced oscillations or steady-state oscillations. 

Let us consider a special example of an impedor (or “ electric circuit ”) 
consisting of a resistor, an inductor, and a capacitor in series (Fig. 2.15). 
The differential equation for this circuit is 


where V x is the instantaneous value of the applied voltage and /,• is the 
corresponding current. When Vi and 7, are exponential functions of time 
and are represented by complex exponentials, the latter will also satisfy 
the above equation since the real part of the time derivative of a complex 
variable is the derivative of the real part. Thus we have 

d f IeVl dt 

L - (Ie pt ) + R(Ie pt ) + J - - = Ve pt . 

After differentiation and integration the time factor is canceled and the 
solution becomes 


'"Wr z<f» = * + ft + L- 
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When the impressed voltage is harmonic of frequency u, then p - tu and 



If V is real * the instantaneous current is 
7 Feus fa* - ») 

'i R * + ( aL - i) 


, JLC - 1 
uiRC 


The 2 eros of the impedance function (6) are 

r Hr 2 T 

pl2 ~ 1L ± 'V4L* LC 


These values are eith er rea l or complex depend ng upon whether R is greater 
than or less than 2 VL/C In the latter case we have 


pi 2 = i ± £ 


R jl 1? 

2£’ “ VZ.C 4Z.*’ 


where 6> is the natural frequency 

In any physical problem the coefficients of the d fferential equation from 
which the impedance function is obtained are real therefore Z(p) has real 
coefficients and 

Z(P*> = Z*(p) (7-7) 

Thus if p is a zero or a pole of the impedance function p* is also a zero or a 
pole If 

Z(uS) = R(„) + ,*<„) (7-8) 

then by (7) 

Z(-»«) R( w ) - ,X{u>) 

On the other hand replacing 0 by — u in (8) we have 

£(-»«) - R(- U ) + tX(-o>) 

Comparing the last two equat ons we find that the resistance function is 
an even function of the frequency and the reactance function is an odd 
function thus 

/?<-«) R( u ) X(~ u ) = -X(w) 

* We can make it real by properly choos ng the origin of t me. 
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The impedance of a finite combination of resistors, inductors, and capaci- 
tors is a rational fraction; the difference between the degrees of the nu- 
merator and the denominator is either unity or zero or negative unity. The 
zeros and poles of a nondissipative impedor are simple; they lie on the 
imaginary axis and they separate each other. The zeros and poles of a 
passive dissipative impedor are always in the left half of the oscillation 
constant plane; they are not necessarily simple but usually so. 

2.8. Average Power and Complex Power 
The work performed by an applied voltage driving an electric current 
through an impedor is 

5 = f V{Ii dt = V a I a f COS (cat + ipy) COS (cot -f- tpj) dt 

Jo Jo 

= \P Ja f [cos (<py — <Pl) + COS (2 ut + <py + <pj)] dt 
Jo 

1 t 

= \V Jj COS (ipy — <pj) + — V„I a sin (2u>/ + tpy + <Pl) . 

™ 0 


The second term is an oscillating function of time; hence the average power 
IV contributed by the generator to the impedor over a long interval of time 
is 


W - \V a I a cos (<py — <pi) = re 'F, 

(8-1) 

where T' is the complex power defined by 


* = \VI*. 

(8-2) 

Introducing the impedance and admittance we have 


VV* TT* 

2//* = — = iyw* = ^ ; 

(8-3) 

hence. 


„ 2T' VV* 2SF* II* 

II* 2<p* ’ “ VV* ~ 2p ' 

* (8-4) 


2.9. Step and Impulse Functions* 


Three functions are particularly important in wave theory: the sinusoidal function, 
or more generally the exponential function; the step function (Fig. 2.16) and the 
impulse function (Fig. 2.17). In the last case it is frequendy assumed that the 
extent t of the step is infinitely small and the step itself is infinitely large, while the 
strength oj the impulse , represented by the area under the step is finite. The inde- 
pendent variable is usually either time or distance. A step function is called a unit 

* Most of the contents of this and following sections are needed only in Chapter 10 
and thus may be omitted on the first reading. 
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step if the sudden nse is from zero to unity An impulse function is a unit impulse (or 
a unit sown) rf its strength » unity 

These functions are important in their own right besides, by superposing either a 
finite or an infinite number of them one can obtain any function that may be met in 
practice It is easy to see that this is so with impulse and step functions (Kg 118), 



it requires some analysis to show that a function can be expanded either in a " Fourier 
senes ’ or a “ Fourier integral, ’ representing addition of sinusoidal functions. 

In order to obtain the response of a linear system to an almost arbitrary force we 
need only find its response to any one of the three above mentioned standard functions 



and integrate the result Naturally, the principal requirement is that the integrals 
be convergent For example, to find the electric current 7(f) through the terminals 
of a given impedor due to an electromotive force F{i) applied across the terminals, 

VG)F(t,t)<n, (9-1) 

where F{t,t ) is the current at time / in response to a unit impulse of electromotive force 
at time 1 In the present case we know a prion some properties of F(tJ) This func- 
tion is identically zero for J < / since the electromotive force is not retroactive, for 
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t > / its value depends only on (/ — /). Let F(t, 0) = F(t); then F(t,t) = F(f — t) 
and 

/(/) = r V(j)F(t - t) dt = f F(r)F(i - t) dt. (9-2) 

In potential theory, the function corresponding to F(t,T) is called Green' s junction-, 
we may apply this name to all responses to unit impulses. 



Fig. 2.18. Representation of arbitrary functions by superposition of impulse functions 

and step functions. 


If A(t) is the current in the network in response to a unit voltage step at t = h, then 

Hi) = V(tj)A(t - h) + J V(j)A(t ~ t) dt'. (9-3) 


Here we have assumed that prior to / — /i the voltage is zero and that subsequently 
the voltage is a continuous function of time so that it changes in infinitely small steps, 
V(t) dt, where V is the derivative. If there are finite discontinuities in V(t), these 
must be taken care of in the same manner as the sudden change from zero to V(tj) 
For instance, if the electromotive force ceases to act at / = /», then 

J ’Uj 

V(t)A(t - t) dt - V(h)A(t - h). (9-4) 

•i 


The upper limit of the integral can be h just as well as / since A(t) vanishes for nega- 
tive values of /. More generally, we can replace (3) and (4) by 

/*co 

H‘) = / A(t ~ i) dV(l), 

V </ —00 


(9-5) 
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provided we interpret this integral in die Sneloes sense instead of the Riemann sense 
This interpretation consists in taking the Riemann integral and adding to it 
[1 / (t+ 0} — V{j — Q)\A(t — t) at each point t = r where V{f) is discontinuous 
In this sense the differential dP is permitted to be finite as well as infinitesimal In 
electric circuit theory J(e) is called the indicia! admittance of the network 



Fic 2 19 The contour (C) involved in the represent* non of funcnons by contour integrals 
which c*n be interpreted as sums of sinusoidal functions of infinitely small amplitudes. 


Vie shall now express the unit step and the unit impulse functions as contour tnte 
grals Consider the following integral 


if 
2 TtJlCi 


(9-6) 


in the complex p plane (Fig 2 19) The contour (C) is along the imaginary axis 
indented to the right at the origin If t < /, we can add to this contour a semicircle 
(C|) of infinite radius without changing the value of the integral On this semicircle 
the real part of p is positive and vanishes exponentially when —it/2 < 

ph(p) < ir/2, hence the integral over (Ci) is zero except, perhaps, over the portions 
corresponding to the phase angles infinitely close to x 2 or — x/2 A closer study of 
the integral in these regions would show that their contributions vanish as the radius 
of the semicircle becomes infinite The integrand is single-valued and has no poles 
within (C + Ci), hence the integral (6) is zero for / < / 

If / > /, then we can add to (C) an infinite semicircle (Cj) in the left half of the 
plane, without changing the value of (6) Within this contour there is a simple pole 
at p = 0, since the residue is unity, the value of the integral is unity Thus the in 
tegral (6) represents a unit step at / = / 
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By superposing two step functions, of magnitude 1 /t and — 1/r, the first beginning 
at / = — t/ 2 and the second at / = r/2, we find that the unit impulse function, 
centered at t — 0, is 



In this expression it is not permissible to let r = 0 since the resulting integral is diver- 
gent in the usual sense. At times, however, the integrals derived from (7) converge 
for t = 0 and the substitution is permissible. 

If the unit impulse is spatial rather than temporal, we write (7) in the form 


1 


2irr 




7 £ 

2 


<t yx dy, 


as s — >0. 


(9-8) 


If in (7) and (8) we replace i by / - t and .v by .v — .v, we shift the center of the 
impulse from the origin to a typical point 


_ 1 _ 

2xi 




21 

1 


e p(< !> dp, 


as 


► 0 ; 



(r-x) as j 


(9-9) 


In the preceding equations p is pure imaginary on (C) except in the immediate 
vicinity of p = 0. Thus the unit step and the unit impulse have been represented 
by superimposing sinusoids of infinitely small amplitudes with frequencies ranging 
from —co to +=o. The above contour integrals can be turned into more conven- 
tional forms of “ Fourier Integrals ” depending only on positive frequencies; but 
the present form is, on the whole, more useful. The values of the integrals will not be 
changed if (C) is deformed into any other contour provided this deformation takes 
place in the finite part of the plane and no poles are crossed in the process. 

We shall now represent an arbitrary function /(/) which is equal to zero for / < 0, 
in the form ‘ 



S(p)e pl dp, 



(9-10) 


The function S(p) is called the complex spectrum or simply the spectrum* of Jit). The 
* In mathematical books Sip) is also called the Laplace transform of /(/). 
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function /(/) can be regarded as the limit of the sum of impulse functions of strength 
/(}) Ar, as A / approaches zero, thus 


/(t) “ ton 



h <tp. 


A? -0, 


■'""2 b.f m 

2 

-J-f ,«J, f "/(.)<-•> A 

2nJ(o Jo 


and we have (10) 

It should be noted that i (/it) is given by [10), then 


n-m f^sw, •«-'•> jp 

The spectrum of this funct on is 

Slip) - S{?)r»> 


If now the electromotive force V{t) impressed on an impedor is expressed as an 
exponential contour integral, the current through the terminals may be obtained by 
superposition of the responses to each elementary exponential electromotive force 
Thus 

m- f S(tV4. tlrcn m- f c»-ll) 

J ( O j{0 


In particular the responses to a unit voltage step beginning at / 
impulse centered at / = 0, are respectively 




Bit) 



m 0 and to a unit 


<"Jp (9-12) 


Tor circuits consisting of physical elements, the second integral converges as r -.0 
and consequently 


">-£ -.Lm* 


(9-13) 


Howeter, in some appl cations it is necessary to deal with impulse, of fi n te width 
rather than with idealized impulses of zero width 
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Substituting for /(/) in (10) the functions A{t) and BQ) from (12), we have 

1 r 1 = r me -, d , 

Jo 


pZ(j>) 


J rtoo 

Ait) 

0 


e~ pt tit, 


Z{p) 


Since the response /(/) is zero prior to the application of the electromotive force, 
the contour (C) should be to the right of the poles of the integrand. If some poles are 

on the imaginary axis, the contour is indented as 
shown in Fig. 2.20. 

Consider now a special example. Take a resis- 
tor and an inductor in series (Fig. 2.21); the imped- 
ance function is Z(p) = R + pL. Hence the 
current B (/) flowing in response to an infinitely short 
unit voltage impulse is 

B{,) = 2^'X« pL + R dp ' 

When t < 0, this integral is automatically zero be- 
cause of our choice of (C). When t > 0, we may 



VXAMAA- 




Fig. 2.20. Infinitely small inden- 
tations in the contour (C) when 

the poles of the integrand (the c i ose ( C ) w ith an infinite semicircle in the left half of 
infinities of the admittance tunc- , , .... . , , _ . , . , 

tion) pass from the left half of , the P lane - 1 here 15 onl >’ one P ole P = ~ R >' L w 'th- 
the plane to the imaginary axis. ' n 'bis contour and therefore 
This condition exists in non- j 

dissipative (purely reactive) net- fity) — _ (9-14) 


Fig. 2.21. A resistor and an inductor in series. 


works. 


If the zeros of Z(p) are simple, we can obtain the current B(t) in response to a unit 
voltage impulse in a simple form. In the vicinity of a typical zero we have 
Z(p) = ip — pm)Z'(p m ); hence the residue of the admittance is Z'(p m ) and (13) 
becomes 

m = S Z’ip m ) * (9_15) 

The summation is extended over all the zeros of Zip). 

Similarly, for an impulse of finite duration, we obtain from (12) 


£(/) = 


£ 


2sinh^A< 

pm^Z {pm) 


(9-16) 
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for t > r/2, that is, in the interval after the impulse has ceased During the opera 
tion of the impulse, we have -r/2 <t <t)1 and (C) in (12) cannot be closed with 
infinite semicircles since their contributions become infinite instead of infinitesimal 
Substituting smh pr/1 — J {e rrli — t rrlt ) u> (12), we obtain 


w 


J p e pU-irll)l "J 

(O pZ{p) J 


Within our interval t +- »/2 is positive and (C) in the first integral can be closed on the 
left, at the same time / — r/2 is negative and (C) in the second integral can be dosed 
on the right The second integral vanishes and we have 


‘ y LZ 

T Pm Z'(p„)‘ 


(9-17) 


assuming that 2(0) pS 0 The first term anscs from the pole at the origin Evi 
dently (17) represents the response to a loltage step of magnitude I/r at t ** — r/2. 
This is not surprising, since during the operation of the impulse the circuit does not 
know that the voltage will cease to operate 

The significance of the first term in (17) will be understood if we apply this equa 
tion to the circuit shown in Fig 2 21 While the impulse is operating, we have 

Btt - h - i ‘ <?-«> 


The response (14) to an impulse of infinite magnitude but of zero duration starts with 
a finite value For a physical impulse of finite duration, the response (18) is zero at 
the instant the voltage begins to operate and builds up to the value 



at the instant / “ r/2, when the voltage is off Subsequently the response decreases 
exponentially If the interval r is so short that Rr/L is much less than unity, B(r/ 2) 
becomes approximate!} l/L, this agrees with (14) 

210 Natural and Forced Waiis 

Generally speaking, several wave functions are associated with a physical wave 
When a wave is traveling along a string under tension, a typical point is not only dis- 
placed from the neutral position but it is also moving with some velocity and it is 
acted upon by some force Thus we have a wave of displacement, a wave of velocity, 
and a waveof force In electromagnetic waves we are confronted with interdependent 
waves of electric and magnetic intensities. The ratios of certain space- time wave 
functions play just is important a part in wave theory as the ratios of wave functions 
depending only on time play m the theory of oscillations These generalized ratios 
are called wave impedances and are differentiated among themselves by qualifying 
adjectives and phrases 
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For the present we shall confine ourselves to the simplest type of wave motion: 
waves in a transmission line. The equations governing these waves are 


dji 

dx 



+ Ei{x,t), 


dJt 

dx 


(gV; + C 



(10-1) 


where: Vi and are respectively the instantaneous transverse voltage across the line 
and the longitudinal electric current in it; Ei is the voltage per unit length, impressed 
along the line in “ series ” with it; R, L , G, C arc constants representing the series 


L 


V; 



Fig. 2.22. A diagram explaining the convention regarding the positive directions of the 
transverse electromotive force V and the longitudinal electric current I in the lower wire 
(that is, the transverse magnetomotive force around the wire) of a transmission line con- 
sisting of two parallel wires. 

resistance, the series inductance, the shunt conductance, the shunt capacitance — 
all per unit length of the line. A pair of parallel wires (Fig. 2.22) is a concrete exam- 
ple of a transmission line; the arrows in the figure explain the convention with regard 
to the positive directions of the variables V{, Ii, Ei. 

Let Ei, /„ and V ,• be harmonic functions; then 

Ei(x,t) = re (&’"*), Vi - rc{Pe iut ), I; = rc(le <ut ). (10-2) 

As we have seen these complex exponentials will also satisfy equations (1). Sub- 
stituting them in these equations and canceling the time factor e' u ‘, we obtain a set of 
ordinary differential equations 

dP . . dl 

— = - (R + icoQl + £(.v), — = - (G + /coC) P. (1 0-3) 

The expressions Z = R -f- itaL, Y = G + icoC, are known as the series impedance and 
the shunt admittance per unit length. 

Let us now suppose that the applied force & is distributed exponentially along the 
line. To solve the equations we assume that the response P, 1 is also exponential 
and we write tentatively 

£(.v) = Ect*, />(.v) = Vc* z , /(.v) = /fix. 


( 10 - 1 ) 
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Substituting in (3) and solving, we obtain 

yV + ZS = E, YY+yl^O, 


(10-5) 


Thus we find that a response of type (4) is possible except when the propagation 
constant y satisfies the following equation 

■y« -ZK=0 (10-6) 


This response is given by (5) and the corresponding voltage and current waves are 
called farad wanes, by analogy with forced oscillations 

When y is a root of (6), that is, when y — ±V' ZY, there is no finite response of 
type (4), unless the impressed force £ vanishes Exponential waves may exist in the 
transmiss on line without the operation of an applied force along the entire line These 
waves are called natural warn and the corresponding propagation constants are called 
natural propagation tonttantt 



Just as natural oscillations can be produced by a temporal impulse of force, natural 
waves can be produced by a spatial impulse of force (Fig 2 23) The magnitude of 
this impulse is the applied or impressed voltage 

«'-£ £(»>*, 


is represented by the area of the impulse By (9-8) we have 


f ? 

- I t y * Jy, 

n / 32 

JtCl l 


(10-7) 
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where (C) is a contour in the 7 -plane, shown in Fig. 2.24. Consequently from (4) and 



Fig. 2.24. The contour (C) in the propagation constant plane. 


These integrals are convergent as s 


► 0 ; thus for a point generator we have 


F(v) 


_i2 f 

2 ir/ J (c 


CO - 2T 


<fy, A*) 


YV' r 

2 iri Jir 


(O 2F~7= 


<f7. (10-9) 


Each integrand in (9) has two poles (Fig. 2.24) corresponding to the natural propa- 
gation constants; in the present case the origin is not a pole and thus contributes 
nothing to the value of the integral. Let T = Vz? be that value of the square root 
which is located in the first quadrant of the 7 -plane or on its boundaries* If x > 0, 
(C) can be closed with an infinite semicircle in the left half of the 7 -piane. Evaluating 
(9) we have 

YV' 

V{x) = hV'e-r*, /(*) = * > 0. (10-10) 


If x < 0, (C) can be closed in the right half of the 7 -plane; then we obtain from (9) 


YV‘ 

= —\V'e Tx , /(*) = — e Tz \ x < 0. 


( 10 - 11 ) 


* Since R, L, G, C are positive, V ZY is either in the first quadrant or in the third. 
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Thus if a harmonic voltage /V** is inserted at some point x = 0 of an infinitely 
Jong transmisson line (Fig 225) in senes with it, two waves are originated, one 
traveling to the right and the other to the left The current through the generator is 



FlC 1 25 The conditions existing in • transmission line extending to infinity in both direc 
oons when an electnc generator is inserted in senes with the line 


continuous but the transverse soltage suffers a sudden jump V* 
generator The input mptianct seen by the generator is 


Zt“ 


V' 

m 


2T 

Y 




passing across the 


It will be remembered that in dealing with oscillations in electric circuits there was 
a question regarding the disposition of the contour (C) For dissipative circuits, fhe 
correct result was obtained automatically by choosing (C) along the imaginary axis, 
and for nondissipative circuits, if regarded as limits of the dissipative circuits, it was 
natural to indent (C) as in Fig 2 20 Nevertheless the onI> valid reason for making 
(C) pass on the right of the poles (natural oscillation constants) is to satisfy the physi 
cal condition, not included in the different al equation, to the effect that there should 
be no response to a force before it begins to operate A similar situation exists in the 
present case this time, however, we expect the waves to travel in both directions 
from the po nt source and hence we want (C) to separate the poles (the natural 
propagation constants) But these poles might be separated as shown in Fig 226, 
in which case we should obtain 


JW-IW. *>o. 

*>)-- m * <o. 


( 10 - 12 ) 


instead of (10) and (11) We can object to this result on two counts In the first 
place, for dissipative lines the real part of r is positive and (12) states that the voltage 
and the current increase exponentially with the distance from the generator This is 
contrary to our experience and would imply that infinite power could be dissipated in 
►he) re when fimtepower is supplied by the generator In the second place, equations 
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(12) imply that power is not supplied by the generator to the line but that the line 
contributes power to the generator. Thus, by (12), the input impedances of dissipa- 
tis'e and nondissipative lines are respectively 



Fig. 2.26. A “ forbidden ” form of the Fig. 2.27. Indentations in the contour of 
contour of integration. integration when the natural propagation 

constants move to the imaginary aids as 
the dissipation in the transmission line 
approaches zero. 

hence the current flows in opposition to the impressed force. Therefore, we come to 
the conclusion that (C) must separate the natural propagation constants as shown in 
Fig. 2.24. For nondissipative lines this contour assumes the form shown in Fig. 2.27. 

We have dismissed at the start the possibility that the wave could be started on one 
side of the generator and not on the other; for, when an alternating voltage is 
impressed at some point of the line, there is nothing to indicate on which side the wave 
should be if it is to be on one side only. In any case this possibility is contrary to 
experience. 

The method just explained is particularly useful in more advanced chapters on 
wave theory. In the present case there is a simpler way of looking at this type of 
problem (see Chapter 7). 
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3 1 Reduction of Partial Differential Equations to Ordinary Differential Equations 
Numerous problems of electromagnetic theory depend on solving the following 
equation 


d*y a*y ay 

dt* + dy J + dz* 


<r J r, 


( 1 - 1 ) 


subject to certain boundary conditions The usual method consists 
cions of the form 


r - XMY{,)Z(z), 


seeking solu 


(1-2) 


and forming the desired solutions by either adding or integrating functions of th a 
type Substituting from (2) in (1) and divid ng by XYZ, we obtain 

1 fX 1£T 1^2^ , 

X dx* + Y dy' + Z dz*“ 


On the left Viand side we have three terms, each depending on one variable only, the 
sum of these terms is a constant The only way we can satisfy this equation is to set 
each term equal to a constant, thus 


<PX 

dx* 


tlX, 


PY 

dy * 


<s\Z 


(1-3) 


The constants 


(1-4) 


no other restrictions are imposed by the wave equation itself 

Functions of type (2) are particularly suitable for finding solutions satisfying pre 
scribed boundary conditions at plane boundaries If the boundaries are cylindrical 
or sphencal, it is more practical to transcribe equation (1) in cylindrical or spherical 
coord nates and then separate the variables Thus in cylindrical coordinates (1) 
becomes 


IiV aA i &y <py 

P dp \ dp ) p 1 dp* 




(1-5) 


Assuming 


y = R(fim<p)Z(z), (1-6) 


substituting in (5), and dividing by R$Z, we have 

J-iV + 

pR dp \ dp) p ! 4> dip* Z dz* 


(1-7) 



BESSEL AND LEGENDRE FUNCTIONS 


45 


Since all the terms except the third are independent of z, the third term must also be 
independent of z; thus 


\_<PZ 

Zdz 2 


dPZ 


— a)Z. 


Substituting in (7) and multiplying by p 2 , we have 


p£f dR\ 1 d 2 * 
Rdp\ P dp) + $ d<p- 


{a- - o 2 )p 2 . 


( 1 - 8 ) 


The first and third terms are now independent of ip\ hence the second term must also 
be independent of <p 


1 </ 2 4> _ , 
4> dy 2 ~ tr '” 


or 



Substituting in (8), we have 
d 


or 


, <PR , dR 


+ [<4 - (o' 2 - o;)p 2 ]/? = o, 


+ P ~ + [4 - (o 2 - o\)p-]R = 0. 


i/p 2 i/p 


( 1 - 9 ) 


This is Bessel’s equation. Equation (5) places no restrictions on the values of a, 
and ffp. 

In spherical coordinates (1 ) becomes 


1 d ( ,d//\ , 1 6 ( . n dV\ , 1 6 2 V 

r~dr\ d> J r 2 sin 0 69\ 66 J r" sin 2 6 d<p- 


( 1 - 10 ) 


Again letting V — R{r)T(6,<p), substituting in (10), and using the above method of 
separation, we arrive at two equations 

■ in * 0 + v}-- + < M » 

!•(’’ f) -«■= + . vw. (1-12) 

The first of these equations is the equation of Spherical Harmonics and the second 
is reducible to the Bessel equation. 

Setting further, T(9,<p) = 0(0)4>(^) and substituting in (11), we have 

(P$ 

— = -„P*, (M3) 

sm s ' n3 6 _ ”‘ 2 )9 ~ 0. (1-14) 

do \ do / 

This is the Associated Legendre Equation. 
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The constant m in (13) may be complex, but in many problems it is real and 
frequent!} an integer The constant k may also be complex but often it is real and of 
the form *’-»(» + 1), where n is an integer When m is an integer, is a periodic 
function with period 2ir When n is an integer, some of the solutions of (14) are 
finite for all values of 8, for all other values of n the solutions of (14) become infinite 
either for 6 *■ 0 or for 8 — r 

There is an equation related to (12), which is important in subsequent work. 
Rewriting (12) in the form 

d ! + .V)S, (Hi) 

dr‘ dr 

and substituting R — rR,R=* R/r, we have 

U’R 2dk, l/l 

dr rdr r* 1 dr' rdr 1 r 1 dr r J 
Inserting in (IS), we have 

S-(-+i0‘ 

1 or * - 0 the solution of (16) is 

R - Af’+ Be", 

and the corresponding solution of (17) becomes 


For sufficiently large values of r the tetm k'/r* is small compared with <j’, hence 
solutions of (16) approach asymptotically to (17) and the corresponding solutions of 
(15) approach (18) 


(1-16) 

0-17) 

(MS) 


3 2 Boundary Conditions 

We have seen that in the case of solutions of type (1-2), two of the three constants 
<t», <r. ace atbitracy Various supplementary physical conditions will restrict 
these constants in one way or another For instance, let us suppose that physical 
conditions tequ te that F should vanish for x — 0 and x — a, that it should be wide 
pendent of y and that it should vanish at z = oo As a function of x, F will vanish 
as tequ ted if X(Q) and Af(s) vanish Writing the general solution for X tn the form 
A(*) A cosh ojt + B smh o,x, (2 1) 

we find that X(0) vanishes only if A =■ 0, V(a) vanishes if 

smh <r*» = 0, «= tmr, c z = — , (2-2) 

where » is an integer The constant 8 remains arbitrary 
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V will be independent of y if Y is a constant; then <r v = 0. Hence, from (2) and 
(1-4) we have 


cr. — 



1, 2, 3, • ■ 


(2-3) 


If we take the particular value of the square root which lies in the first quadrant, the 
general expression forZ(z) may be written as follows: 


Z(z) = G.r'*-* + 


(2-4) 


To ensure that V vanishes at z = oo , we must take D„ = 0; C r . remains arbitrary. 
Combining the abo% r e results, we find that 

* nicx 

F = £ C„ sin (2-5) 

n =1 n 

satisfies the specified supplementary conditions. The coefficients C n remain arbitrary 
and it is possible to find V so that it reduces to a given function f(x) when z is given; 
we need only expand /(.v) in a sine series and compare the coefficients. 

There may be other kinds of supplementary conditions imposed by physical con- 
siderations. For solutions of the type (1-6) may he required to be periodic; for 
other types of solutions some factor may have to be finite in a certain range of the 
variable; all such conditions are best considered as they arise. 


3.3. Bessel Functions 

Bessel functions of order v are defined as solutions of Bessel’s equation 



tiw 

dz 


+ (z : — v 2 )^ = 0. 


(3-1) 


Being a second order differential equation, it possesses two linearly independent 
solutions. For nonintegral values of v these solutions can be expressed by the follow- 
ing power series 

« (—Jw-r+em CO r+2m 

^ ~ m\(v+m ) ! 2 l,+2m ’ = m !(-„ + ,„)! 2 ->+t-n > ( 3 ~ 2 ) 

where the generalized factorial is defined in terms of the Gamma function 

p!=r(p+l). (3-3) 

The point z = 0 is seen to be a branch point. The most general solution of (1) is a 
linear combination of these two functions. 

Ifv is a positive integer n, then 

/_„(z) = (-) n /„( z), (3-4) 

and we are left with only one solution, regular at z = 0. A second solution is defined 
as follows. For any nonintegral order v the function 

/v(z) COS V7T - J-y(z) 


T-in VTT 


(3-5) 
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is a solution of the Bessd equation Its 1 mit as v approaches an integer » 

?J»(z' = tun N,{z) as v — * n (3-6' 

continues to be » solution of the Bessel equat on A senes expansion for this functior 

AT.W - - ‘ ’ (log* + c - k» 2)JM 

-l£.T£&h><™ +r * m+ ’ 1L 

Nfo) - ^ + C— T |j.- fyl) 

where the auxiliary function tp(m) is defined by 

Am) — 1 + i + i + + ~ » ( 3 - 8 ) 

and C is Euler s constant 

C - 0 5772 (3-9) 

From (5) and (6) -we have 

*■< ■»-;I¥’ +( ->“^KL (3 - ,w 

The senes (7) is obtained by differentiating (2) with respect to * In differentiating 
power series one frequently encounters the logarithmic denvative of the generalized 
factorial function, this function ^(z) is 

■ J. 1 ”* - ; nr ■ - c+ „?,C " mT,) < w, > 

For integral values of the independent variable we have ( m is a positive integer) 

*(0) " -C *(») = -C+ Am), A~m) - « (3-12) 

Also 

vK-J) C — 2 log 2 = -1 96351 

^(-§* CT ) = -f(-*) + 2^I+i + i+ +~7^) (3-13) 

The following reduction formulae are useful 

*(-*>“+(*- *> +wcot«, (3-14) 

lf(z - §) = tK-z - $) + k tan xz. 

For other formulae concerning ^(z) and its derivatives the reader is referred to 
Jxhnlit and Erode Tables of FvjxTixs, p 92 

The A function as here defined is identical with the N~ function of Jahnke and 
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Emde and is the same as the tabulated “ F-Function ” of G. N. Watson. The 
Annotation is favored because it seems to be less confusing; there are several different 
" F-functions.” 

Two linear combinations of J and N functions are known as Hankel’s functions, 


W=) = /*(=) + /A r ,(=), 


//<?(=) = Jy{z) - iN,( z). 

For small values of z we have approximately 

zf 1 v (v - 1)1 


/«(*) = i, 


A 7 o(=) = - (log 2 + C - log 2 ), 

IT 


(3-15) 


(3-16) 


provided re (t>) > 0 in the expression for A r v . For large values of z we have asymp- 
totic expressions 



These asymptotic expansions are valid only within certain phase limits: in the expres- 
sions for J r and N„ the phase of z must lie in the interval (— x,x), in the expression 
for Hty the phase is in the interval (— x, 2 x), and in the expression for H ( P the phase 
is in the interval (— 2 x,x). These restrictions are needed because Bessel functions 
are multiple-valued functions. 

Complete asymptotic expansions of the various Bessel functions are 


/ 2 \ 1/s 

HV (z) ~ f — ) exp ;'( z — §vx — \ir) 


(~) W M) 

o ( 2 «) m * 

(r,w) 


k i/= r 


Jr(~) ~ ^ j^cos (z — -ivx — ]r) 23 


“ (-) m fr, 2w) 

o (2z) :m 


— sin (z - %vir - ^x) 23 


(-) n (v,2m+lj 


=o ( 2 z) 


]■ 

. (-)"(» > 2 m + 1) ~1 
'o ( 2 z)*"*» J • 


(3-18) 


+ cos (z — 5 ; >x — Jx) 2 ) 
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The aux I ary function (*> a) is defined by 

(a + w - iV (4»* ~ — 3*) [4v* - (2^ -l) *l 

m) ~ i »'(*- m ~ 5)’ 2*-«' 


When 


-+■ y then 


(» + J *) ” 


(» + w)* 

m (n — m) 1 


(W5) 


(3-20) 


The expans ons (18) are d vergent but fa finite number of terms is retained, then 
as z increases the sum of these terms will represent the corresponding function with 
increasing accuracy 


3 4 Modified Bessel Functions 
The mod fied Bessel equat on is 

//t«j dw 

**^4+*^-( ** + i' , )» = 0 (4-1) 

and its solut ons are called mod fied Bessel functions For nomntegral values of v a 
set of two 1 nearly independent solut ons s 

+ ’ ■ W "A» , (-»+»)I2- w * - (WI 

Another important solution is a 1 near comb nation of these two functions 

-/.(*)] (4-3) 

If a is a posit ve integer n, then 

/-(a) = Into, (4-1) 

and the equations (2) represent only one solut on of the modified Bessel equation 
A second solution is obtained from (3) by allowing v to approach n and passing to the 
1 nut 

A„(z) - lim K,to « r—tn 

(4-5) 

2 /dl n 3£.\ 
cos»t\ bn) 

From this definition the following senes are obta ned 
” -1 (— )*(» — m — l)i2*-*“-t 

Knto = JE + (-)*+' (log z+ C - kg !>/,.(*) 

+ ^ 2*+»»+i m '(„ + m y & ( m ) + ?(» + *01 (4-6) 

koto ■= -(log z + C - log 2)1 o(z) + 
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For small values of z we have approximately 

2 ' (v-l)!2'~ l 

AM =^, *,(=) = 3 . 

Jo (A = 1, K 0 (~) = - (log = + C - log 2), 

provided re(v) > 0 in the expression for K,. 

If z is large, we have asymptotically 


(4-7) 


4v- - 1- (4i'“ — l“)(4r*" 3“) 


•] 


w ~ (If [‘ + tst + w - '- 1 + ■ ■ ■ J (4 - 8) 

provided —2v/2 < ph{ z) < 2ir/2. 

Similarly for 7,(z) we have an asymptotic expansion 

“ ( -)"(»,»») , “ («y») 

^ /"> _\m » /I ^ MAm 


/r(s) 


V2^zm=o (2s)" 


V" 2rrz m=o (2s)" 


provided — tr/2 < />A(z) < 3 tt/2. 

The modified Bessel functions are related to Bessel functions; thus 

Jr(&) = 

K,(iz) = ^-’<H-i)" J [/ r (=) - frV,(s)J. 

In particular, we have 

/o(«) = /o(=), /i(fc) = *7t(z), 


(4-10) 


Ko(o) = J [/o(s) - AVoOOl = - | [tVo(=) + «7o(s)l, (4-11) 


*»(&)- -|[/i(=)-«V,(z)]. 

In wave problems we find that for dissipative media the / and K functions .are 
more suitable than the others, m view of the usual engineering convention with regard 
to propagation constants. If the arguments of the I and K functions are imaginary 
it is frequently desirable to separate real and imaginary parts; then we shall employ 
the / and N functions. 

3.S. Bessel Functions of Order n + \ and Related Functions 

If v = n + the asymptotic series representing Bessel functions and modified 
Bessel functions terminate. In this case Bessel functions reduce to elementary func- 
tions and the following related functions are better suited to wave problems than the 
original Bessel functions 

*■&) = (^) U2 AL + , /=(=), / n (z) = (f) 1 '^), 


(5-1) 
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The J? and / functions are solutions of the following d fferential equation, related tc 

(Mfi), 


The / and i? functions satisfy 


From (4-10) and (1) we have 

}*(•») m /»(«) “ 

(5-4) 

A(n) “ a— - »#»{z)I A(«) ” * “ V-W ~ »#!(*)) 

The analytic expressions for the functions defined in (1) are 
^om*(H-m)W 

U 4 L „-0«’{n-»)'(2a)- + ( * .-om'(»-»n)'(2a)-J’ 

■'* V 2 2 ) j£> 2n)'(n - 2 ot)'(2z) 5 ” (5-5) 

+ fees — cos z + sm — sm *“v _l (-)"(»» + 2m -j-l)> 

\ 2 2 ) ~ 0 (2w + lj'fw — 2» — l)'(2*)*" +l * 

AM = -( cos 25 cos a + sm — sm -±^L+M! . 

+ ^cos — sin 2 — sm — cosi^ 1 ™^ ' (—)"(» + 2m + I) 1 


(2m + !)'(» -2m- 1)’(2*)*^* 


In particular we hav< 

AM 


Aw - e *(l + *), Aw - ' '(* + * + p)» 

^ • W “ sln h ^ iW “ cosh z — fi(z) — f 1 -f sinh z — 3 cosh z, 

. ' ' Z (5-6) 

/«W = sm 2, /i(z) = ^ - cos 2, /i(z) = f-|-nsinz- 3 coss, 

AW - - c« AW - - an 2 - #,(*) = ^1 - 1 ^’cos , - 3 sin 2. 
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3.6. Spherical Harmonics and Legendre Functions 

Solutions of (1-11) are called spherical harmonics. We have seen that it has 
solutions of the form 

T{8,<p) = cos m<p + B sin m<p), (6-1) 

where 9 is a solution of the associated Legendre equation 


in 6 — (sin 6 ~ J + [»(» + 1) sin 2 6 — m 2 ]0 = 0. 
d9 \ dd ) 


( 6 - 2 ) 


For nonintegral values of n two independent solutions of (2) are P ™ (cos 6) and 
Pn(— cos 6), where 


P™ (cos 6) = 2 m cos 


(« + m) 


sin m 0 X 


i. 

W'(-0 

/m + n + 1 m - n 1 , A 

Ft , ; - : cos* 6 ) + 

\ 2 ’ 2 * 2 ’ ^ 

W) 


(6-3/ 


+ 2 m+1 sin 


(n + m)sr 


.(m + n + 2 

\ 2 ’ 


H^X-0 

m - n + 1 3 , „ 

— ^ — ; 2 : cos 6 


sin” 6 cos 0 X 


')• 


The hypergeometric function F(a,(3; ?;x) appearing above is defined by the follow- 
ing power series 


F(a,t 3;y;x) = 1 + ~ - x 
1 • t 


q(q+ 1)003 + 1) 
1-27(7+1) 


(6-4) 


This series is convergent for |x| <1. 

The series (3) represents Hobson's definition of P% for real values of the argument , 
less than unity in absolute value. If we set 


P = cos 6 (6-5) 

and regard p as a complex variable, the general function P”(p) has three branch 
points p = 1, p = —1 and p — <x . In order to make this function single-valued a 
cut along the real axis is made from p = — oo to m = + 1, along this cut P” is discon- 
tinuous. On the cut itself, in the interval -1 < p < 1, the associated Legendre func- 
tion is defined by 

Pn(p) = e m *'l 2 P”(p + 0 • i) = e^'l^ip - 0 • i). 

This definition makes P T real in the interval -1 <p <1. 


(6-6) 
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„ g (COS A 

d (cos 9)" 


P . (cos fl) * 5; — 

For integral values of oj, we have 
PT(cosfl) = 

In this case the function 

7? (cos 9) - (-)-PT (cos fl) = sin- 6 (6-9) 

is frequently used 

The function P« (cos fl) has a logarithmic singularity at fl - it, and in this neigh 
borhood the following senes is more suitable for computing purposes 

P K (cos fl) - 3- 1*2 log cos 8 + + t) 

* ,-o (»-s)' L 2 


+ *<» - 0 - HU) 


For fl “ 0, we have 

P„(D - 1 (6-11) 

Consequently the function P. (—cos fl) equals unity for fl -= irand has a logarith- 
mic singularity at fl = 0 

When n is an integer P„ (cos fl) becomes a polynomial in cos fl and P» (—cos fl) 
differs from it only by a factor (— )" In this case the second solution of Legendre s 
equation is represented by another function Q, (cos fl), which is defined by 

Q. (cos fl) = P. (cos fl) log cot ^ 

- (p^jP» -f iP^iPy + \P^Py + -f ‘ PdP~y) , (6-m 
(?o(cosfl) - log cot ® 


The second solution of the associated Legendres equation is defined 
Q n as follows 

<£ ta. » . <-r ™- 

4 (cos 9)** 

This is the definition for real values of fl 
The (^-functions have two singular points fl = 0 and 6 = t 


terms of 


(6-13) 
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When k = 0, equation (1-11) for spherical harmonics becomes 


sin 0 


a/ . dT\ 

W° e Te) 


d"-T 

+ — 0. 

otp~ 


(6-14) 


The most general solution of this equation may be represented in the following form 


T(0 >V >) = $ (c* cot 0 + 'I' cot 0 , 


(6-15) 


where $ and 'I' are arbitrary functions. In particular we have solutions periodic in <p 

T(6,</>) = gin cot ” o > sin tan ’" ^ * (6-16) 

There are also solutions independent of 49 


7(0) = log cot 1. 

3.7. Miscellaneous Formulae 

fo(x) = -/1W1 7V 0 '(*) = -tflfr) 
io(*) = /!(*)» *S(*) = -Ki(*) 


(6-17) 

(7-1) 

(7-2) 


e ±trp Bin v _ / 0 (crp) 4. 2 f) (-) n J 2n (crp)cos2»4f>±2 f) (-) n / 2 „ +1 (ap)sin (2w + 1)49 

n=*l n «=0 

(7-3) 


co, V- = /o(<rp) + 2 Z / B ( ±<rp ) cos 


n = l 


(7-4) 


c d:.p P .int’ = Ja(fip) + 2 X) hn(Pp) COS 2n<p ±2< £ /=n+i(|3p) sin (2n + 1)» (7-5) 

n=l n=0 

^co, Wo03 p) + 2l ; (— )"/ 2n (0p) cosltup ±2/ 53 ( - ) n /:n+ 1 (|Sp) cos (2n + 1 ) 49 

n— 1 n=0 

(7-6) 
(7-7) 


j r»j/2 c»j/2 

7-J-. / / x J- 1/2 ]ob ^ - *1 d * = lo s J - LS 

1 r»»/2 p»/2 


8 ) 

(7-9) 


If/3j<§Cl, then , f dx f Ko(ifi\x — *j) dlv = log - — 0.222 — — (7-i 
J «/ -j/2 J -s/2 °S 2 V 

x Jo( x ) dx = a;/i(a-) 

/ = | + (l - £5) .£(**)] 

a: 2 

~ 2 /n-l(^-v)/n+l(^Ar) + /n(7w)] 


(7-10) 



56 


ELECTROMAGNETIC WAVES 




/,( 2 40) = 0519, 2 40 /,(2 40) = I 24 

(7-11) 

KX - O. - /m-i*. + K-+X - £ 

(7-12) 

/X - /X = /.+,#. - /JV**, = ~ 

(7-13) 

Ki(») 2 /oil + VtVi 

A'.(«) “ «(73 + Ao) ' yj + vj 

(7-14) 

AT.(ix) 2 7o/i -f AW, 

a:,(«*) “ *x(ji + iVj) + J /« + A'? 

(7-15) 

2 £ (-)-(l 3 5 (2m - !)]« 

' i+ (w‘(w«- 

(7-16) 

/! + OT~^£[13S 

" x »k— Q i X 

(7 17) 

r*smt r*cost , 

Si x “ J ~7~ Ci x = / if, x > 0 

(7 18) 

; <* - C + log x — Ci x, Si * = ^ 

(7-19) 

+£ s - 

(7-20) 

m '°“+ c -£+jr t -ir 6 + ■ c-osn 

(7-21) 

* cos*£ (-)"(2 »)' sin* ■ (-)"(2»-f 1)1 

2 * „. 0 «*■ * ho * ,n+l 

(7-22) 

smx £ (-)-(2»)' cos* £ (— )"(2n + 1)1 
* ,-0 * ln * „ o x 3 -* 1 

(7-23) 

£»(±x) •= Cl* ±iSi* 

(7-24) 

Si (— x) = — Si x 

(7-25) 

£*1x2" * m £ LzszXt 

(7-26) 

f t /.(*)«&« i 

(7-27) 

Jo B = W' 

(7 28) 
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Jo X 

r^*~- 


* 1 • 3 • 5 • • • (2 » — 3 )/n-l(*) 

^ v n 

n=*l * 


/^-l(-v) (ro + ?? + 1 (*) 




(m + 71 + 1)(to + » + 3)/n+3(-v) 




dt = C(*) + iS{x) 


s:<f) 

C x 7 r / 2 /* x 7r/ J 

J q cos — dt - C(x), J sin ~ dt = S(x) 

C( 0 ) = J( 0 ) = 0 , <?(»)= ^(«> ) = 0.5 

„ n _; (-)”ir»V"+i . " (-)’V" +1 * <n+s 

C{X) 2* oJn/O-M/4- t i\> *^(' V ) — ^ 


' „tb 2 *"( 2 »)!( 4 » + 1 ) 


n =o 2 2n+1 (2« + 1)!(4 m + 3) 


C(.v) ~0.5 + P(x) cos — £?(*) sin ~~ 

7T.V 5 7 TJf 2 

<$■(*) ~ 0.5 + P(-v) sin — + Q(x) cos — 

, 1 £ (-)"+ l l-3-5---(4»+l) 

P(x) = ~H , — .,.- 4.1 . 

~*n=0 (ir.t-)- n+l 

* I 4^ (• _ )" +l l *3*5*'* (4w — 1) 

Q(x) = ~ T, 7 — ^ 

7TA- n=0 (5TX 2 )-" 

C(*) = 51 /2>H-(i/:)(57rA“), $(*) = 23 ,/sn+P/s) ( 5 ^) 

n-=0 n =0 


X 


" s cos | 3 (r + z) 


dz — Ci $(r 2 + 2;) — Ci / 3 (rj + zi) 


r — Vp- + z~, n = \/p : + zj, r 2 = VT^TX 
lfJ sin /?(r-f z) 


- */z = Si |S(r2 + z») — Si /S(ri + zi) 


X 

r-’= cos j3(r - z) 

/ dz = Ci /S(ri - zi) - Ci /3(r : - z 2 ) 

vfj T 

P Sl sin /3(r — z) 

/ “ = Si /3(n — zi) - Si £(r. - z 2 ) 

t/r. r 


* For » — 1 the numerical coefficient is unity, 
t The first term of Q(x) is — 1 /tt.v. 


(7-29)* 

(7-30) 

(7-31) 

(7-321 

(7-33) 

(7-34) 

(7-35) 

(7-36) 

(7-3 7) f 
(7-38) 

(7-39) 

(7-40) 

( 7 - 41 ) 

(7-42) 
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(“S *) ** p, (cos 0) + 2A (cos 6) log cos * + Si J 

Pm-a (- cos fl) = (-)»i>«(cos 9) + 2A £(-)*/ , „ < cos *) ,0 8 sin j+ A'] 

S' - V — ? _ + _±_V in *.* 

^ ^ (->«(" + *)■ / L_ , » +.. 

* ,.i o’s'ln - o) 1 \s + a *+«”! n + 1/ 2 

0 < * < 2x 

E -i log 2(1 -cosx) - -l°g^2«n*V 0 < * < 2ir 


° 1 — cos n. 


2 ' 4 * 

-T. 0fJ*<2* 




... »- 'T-f + 5- °*‘ <2 ' 
,?, i ?"" l0S ' + ' + K2) + 5s(j) + ’ 0S: «< J ’ 

£^1 — j, 1 | ogJ(+ } f ! + i, + , 0£*<2 t 

F(8,v) - Z o "» p »0*)+ ^(<»»-cosCT«5 + ^sinmK>)Pr(*i), 

•»« = ' ^ J* ^ P.02)f (§,¥>) dpd'by JI = COStf, £ — c 

2« + 1 (n - m)' p 2 ’ /•* . 

— ^rv+^yJo J 

. 2» + 1 (b - m)i /•*» f 1 

“ “~JT 6H^0» X J i™ * n * * 

,-r» «• » = -L £ (2» + l)/.(IV)/’« (cos 9) 




Chap 3 

(7-43)* 
(7-44)* 
(7— 45)* 
(7-46)* 
(7-47) 

(7-48) 

(7—49) 

(7-50) 

(7-41) 

(7-42) 

(7-53) 

(7-54) 
« 9, 

(7-55) 

(7-56) 


(43), (44), (45) and (46) 
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r*- "°‘ e = - J £ (In + l)(—i) n J n (fir)P„ (cos 6) 

P r n “0 


= (2n + l)i n J n (fir)P„ (cos 6) 

pr n =0 


( 7 - 57 ) 

( 7 - 58 ) 


exp [— Fv r 2 + a 2 — 2 ar cos 0] 
Vr 2 + a 2 - 2ar cos 6 

exp [— /jS\/ r 2 + a 2 — 2ar cos 0] 
vV 2 + a 2 — 2 ar cos 0 


£ (2»+l)^ n (r-7)/ n (rr)P n (cos0), r< fl 

1 ijr n „o 

( 7 - 59 ) 


1 “ 

TSZ E (2» + 1)[A(^) - afr»(0«)]/.(0r)P, (cos 0), r < 0 (7-60) 

ipar n ^ o 



CHAPTER IV 

Fundamental Electromagnetic Equations 

4 1 Fundamental Equations in the MKS System of Units 

It is assumed that the reader is familiar with fundamental electromag 
netic concepts An excellent description of a set of experiments underlying 
these concepts and the laws of electromagnetic induction may be found 
in the first four chapters of ' Physical Principles of Electricity and Mag- 
netism ” by R W Pohl * We shall use exclusively the meter kilogram 
second-coulomb system of units, commonly known as the Giorgt or the 
MRS system In this system electromagnetic equations are particularly 
simple and correspond closely to physical ideas and measurements, com 
mon m engineering laboratories Table 1 gives a list of quantities, 
symbols, names of units, and some dimensional equivalents of these units 
The definitions of common electromagnetic terms may be summarized as 
follows The basic idea of electric charge has to be gained from experience 
When two bodies are electrified certain forces between them are attributed 
to the electric charges ’ in them and the force E per unit “ positive " 
charge is called the electric intensity Electricity appears to be atomic in 
structure and the smallest particle of negative charge is called the electron 
In some substances, called conductors , there are many “ free ” electrons, 
easily detachable from atoms, in such substances the electric current 
density J, defined as the time rate of flow of electric charge per unit 
area normal to the lines of flow, is proportional to the electric intensity 
(Ohm’s law), thus 

J-& 

where the coefficient of proportionality is the conductivity of the substance 
By definition, the direction of the electric current coincides with the direc- 
tion of moving positive charge and is opposite to the direction of moving 
negative charge 

The electromotive force V (or the ‘ voltage ’) acting along a path joining 
points P and Q is defined as the line integral of the electric intensity 

/* E,ds <M) 


Blackie St Son Limited (1930) 
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Table I 


Name of Quantity 

Sym- 

bol 

Name of Unit 

Dimensional Equivalent 

Length 

B 

meter 

— 

Mass 


kilogram 

— 

Time 

t 

second 

— 

Energy 

— 

joule 

volt-coulomb, newton- 

Power 

_ 

watt 

meter 

joule per second 

Force 

— 

newton 

joule per meter 

Electric charge, electric dis- 

? 

coulomb 

ampere-second 

placement 

Displacement density 

D 

coulomb per meter 1 

coulomb per second 

Electric current 

/ 

ampere 

Current density 

J 

ampere per meter 1 


Electromotive force 

V 

volt 

joule per coulomb 

Electric intensity 

E 

volt per meter 

newton per coulomb 

Impedance (electric) 

Z,K 

ohm 

volt per ampere 

Admittance (electric) 

Y,M 

mho 

ampere per volt 

Inductance 

L 

henry 

ohm-second 

Permeability 

A 

henry per meter 


Capacitance 

C 

farad 


Dielectric constant 

e 

farad per meter 


Conductivity 

g 

mho per meter 


Magnetomotive force 

u 

ampere 


Magnetic intensity 

H 

ampere per meter 


Magnetic flux 

<I> 

weber 

volt-second 

Magnetic charge 

m 

weber 

volt-second 

Magnetic flux density’ 

B 

weber per meter 2 


Magnetic current 

K 1 

volt 


Magnetic current density 

W 

volt per meter 2 



1 It will be clear from the context whether K stands for magnetic current or im- 
pedance. 

1 It will be clear from the context whether M designates magnetic current density 
or admittance. 

Thus the electromotive force represents the work done by £ on a unit 
positive charge moving along PQ and the work done on a charge q is Vq. 
The electromotive force is not a true force in the usual mechanical sense.* 
Consider now a homogeneous conducting rod of length / and let its cross- 

* The electromotive force may be regarded as the generalized force and the electric 
charge as the generalized coordinate in Lagrange's sense. 



<52 


ELECTROMAGNETIC WAVES 


Cup 4 


section be S, then the current I in the rod is SJ, the electromotive force 
is IE, and therefore 

i^gv, c-C y~Ri, 

l g?> 

The coefficients of proportionality R and G are called respectively the 
resistance and the conductance of the rod The work done by V per second 
is Vqjt or VI = GV 2 watts, this work appears as heat The electric power 
dissipated in heat per unit volume is evidently JE = gE 2 

The magnitudes of the volt and the ampere have been chosen to suit the 
most common experience Thus the voltages supplied to the homes for 
lighting and cooking purposes are between 110 and 120 volts, the current 
through a 100 watt electric bulb is about 0 9 ampere and the resistance of 
the bulb is about 122 ohms For the mechanical units, similarly, the 
weight of 1 kilogram is about 9 8 newtons, the potential energy of a kilo- 
gram mass 1 meter above ground is 9 8 joules, and the kinetic energy of 
1 kilogram moving with a velocity equal to 1 meter per second is half a 
joule 

A perfect dielectric is a medium possessing no detachable electric particles, 
in such a medium g « 0 Vacuum is the only physical example of a perfect 
dielectric, in the first approximation, however, many other media may be 
treated as perfect dielectrics Consider now the field produced by electric 
charges placed in a perfect dielectric If a neutral conductor is introduced 
in the field, the free electrons will move under the influence of E until inside 
the conductor the electric intensity of the separated or " induced ” charges 
becomes equal to — E At the surface of the conductor the total tangential 
component of the electric intensity must be zero or the electrons would 
still be moving, on the other hand, the normal component will be different 
from zero In order to explore this " electrostatic induction ” quanti 
tatively we may take a conductor formed by two separable thin fiat discs 
of small area and insert it at some point in the field The discs are then 
separated, removed from the field, and the charges on them measured It 
will be found that these charges are equal and opposite and that their 
magnitudes are proportional to the product of the electric intensity, the 
area of the discs, and the costne of the angle formed by the normal to the 
discs with some fixed dnection The maximum charge per unit area is 
called the displacement density D at the point in question Generally the 
components of D are linear functions of the components of E and the direc- 
tions of D and E are different, but in isotropic media D and E are in the 
same ditcaxun asii 


D * «£ 
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The coefficient of proportionality « is called the dielectric constant. In this 
book we are concerned only with isotropic media. 

For example, consider two parallel conducting plates with equal and 
opposite charges. If the distance between the plates is small compared 
with the dimensions of the plates, the electric field between the plates is 
nearly uniform except near the edges and electric lines (lines tangential 



Fig. 4.1. Electric lines of force between the plates of a capacitor. 


to E ) look like those in Fig. 4.1. Thus experience indicates that between 
two infinite uniformly charged plates the field would be uniform and the 
charges on the two conducting plates introduced in the field would separate 
as shown in Fig. 4.2. The displacement density is found to be equal to the 
electric charge per unit area on the positively charged plate. 



Fig. 4.2. Electrostatic induction in the field between Fig. 4.3. Concentric spheres, 
two equally and oppositely charged planes. 


In his original experiments on electrostatic induction Faraday employed 
two metal spheres (Fig. 4.3). He placed a fixed charge q on one sphere 
and then enclosed it within the other. After connecting the outer sphere 
to ground, he measured the charge remaining on the sphere. He found 
that this charge is equal and opposite to the charge on the inner sphere 
regardless of the dimensions of the spheres and the medium between them. 
In the case of concentric spheres electric lines of force are radial and there- 
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fore the total displacement through any sphere concentric with the sphere 
containing q is 

ffD.JS-, (1-2) 

The voltage is found to be proportional to q, hence D is proportional to E 
In the region between concentric spheres we have then 


(1-3) 


where r is the distance from the center of the inner sphere 
between the spheres is 


V 




The voltage 


The ratio q/V is called the capacitance hence the capacitance of two con. 
centric spheres is 

4 **ab 


When the outer sphere is removed to infinity, then C = krta 

Let the outer sphere be infinite and the inner vanishingly small Then 
any other point charge * q will not affect the field of q and the force 
exerted by one charge on the other « 



This is Coulomb s law In free space t is approximately equal to 
(1/36 k)1Q~ b farads per meter (8 854 X 10 -12 ), thus small charges produce 
large electric intensities 

By direct integration it may be shown that for a point charge and there 
fore for any distribution of charge the displacement through a closed surface 
is equal to the enclosed charge so that (2) is true regardless of the shape 
of ( J) 

An electric current exerts a force on each end of a compass needle and 
thus is surrounded by a magnettcfield In the case of two coaxial cylindrical 
sheets or two plane sheets, carrying equal and oppositely directed steady 
currents (Figs 4 4<j and 4 4 b) t the field is confined to the region between 
the cylmdets or the planes In the first case magnetic lines (that is, tines 
tangential to the forces on the ends of the compass needle) are circles coaxial 
with the cylinders and in the second case they are straight lines parallel 
to the planes and perpendicular to the direction of current flow The 
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arrows in Fig. 4.4 indicate the direction of the force on the north-seeking 
or the “ positive ” end of the needle; +/ is supposed to be flowing toward 
the reader. Between two plane current sheets the magnetic intensity H 
is uniform; it depends on the linear current density in the sheets but not 
on the distance between them. This linear current density is taken as the 


+i 


M (« 

Fic. 4.4. The magnetic intensity between coaxial cylinders and parallel planes. 

measure of H; hence the unit of H is the ampere per meter. Similarly 
the magnetic field is uniform inside a closely wound cylindrical coil; the 
magnetic intensity is independent of the shape and 
size of the cross-section of the cylinder, is parallel 
to the generators of the cylinder, and is equal to 
the circulating current per unit length of the coil. 

In this case H is also equal to the number of 
“ ampere-turns,” that is, to the product of the 
current in the wire and the number of turns per 
unit length of the coil. Fig. 4.5. A wire loop 

It is an experimental fact, discovered by Faraday, that a voltage exists 
across the terminals of a loop (Fig. 4.5) in a varying magnetic field. For a 
small loop this voltage is proportional to the cosine of the angle between H 
and the axis of the loop; the maximum voltage is proportional to the prod- 
uct of the area S of the loop and the time derivative of H; the coefficient 
of proportionality u depends on the medium and is called the permeability. 
The time integral of the voltage is called the magnetic flux or the magnetic 
displacement $ through the loop; thus for a small locp 

= SB, B = pH, (1-4) 

where B is called the magnetic flux density. The magnetic flux through 
any surface is defined as the surface integral of the normal component of B 
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are called respectively the magnate current and the magnetic current density 
The first law of electromagnetic induction (Faraday’s law) may then be 
expressed as follows 

V ~ — K, or ^ E,ds ** — Af n dS, (1-7) 

where the line integral is taken round the closed curve forming the edge of a 
surface (S) The negative sign indicates that the electromotive force 
round the curve appears to act counterclockwise to an observer looking in 
the direction of the magnetic current (Fig 4 6) 

The magnetomotive jorce U is defined as the line integral of H 

U~ J H,ds (1-8) 


The second law of electromagnetic induction (Ampere’s law, amended by 
Maxwell) may then be expressed as follows 

[/-/, or f H,J, - ff J,JS, (1-9) 



Fig 4 6 Relative directions between magnetic and electnc currents And electromotive and 


that is, the magnetomotive force round a closed curve equals the electric 
current passing through any surface bounded by the curve The magne 
tomotive force appears clockwise to an observer looking in the direction 
of the current (Fig 4 6) 

These two fundamental laws of induction form the basis of electromag 
netic wave theory They are abstractions from experiments performed 
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under restricted conditions and as such they are postulates which may be 
considered valid as long as theoretical conclusions derived from them agree 
with all available experimental evidence. 

Inside a conductor the electric current density is gE ; the magnetomotive 



(Si 


forces may be calculated from this current density only if 
the surface (S) in equation (9) lies completely inside 
the conductor. Suppose now that we connect two elec- 
trically charged spheres with a conducting wire (Fig. 4.7). 

The magnetomotive force round a small loop encircling 
the wire is I; if equation (9) is to hold for any surface 
such as (S) in Fig. 4.7 through which no conduction cur- f ig> 4,7, The time 
rent is flowing we should include in J another term. If derivative of the 
the positive direction of / is chosen to be from the lower 
sphere to the upper, then I = dq/dt and there exists a 
time rate of change of electric displacement through ( S ) 
which, when regarded as an “ electric current,” is just 
sufficient to give the right value of the magnetomotive force. Thus we 
define the displacement current density 


? + 9 , 


6 -q 


inward displace- 
ment through (S) 
is equal to the out- 
nard conduction 
current. 


_ dD dE 
J d ~ dt ~ e dt ' 


( 1 - 10 ) 



Displacement currents must be included if (9) is to be true irrespective of 
the choice of (5); but, of course, there is no a priori physical reason requir- 
ing that (9) should be so general and only experiment can decide if it is. If 

(9) is really general, we should expect mag- 
netomotive forces to exist where there are 
no other currents but displacement cur- 
rents; this happens to be the case. Con- 
sider for example a circular loop round 
which we measure the magnetomotive 
force U and an electric charge q moving 
»” th ' ‘his loop (Fig. 4.8); the dis- 

placement through the plane of the loop 
increases until the charge reaches this plane. If q comes from a great 

distance, the time integral J' U dt is as q passes on to a great distance 
the time integral becomes* q. 

For complete generality a third term should be included in the current 
density in (9). Imagine a cloud of electric charge moving with a velocity v ; 

The absolute value of D n diminishes but its sign is negative. 
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if the volume density of electnc charge is q, the current density is 

]' = q,V (Ml) 

This is the connection current and it differs from the conduction current in 
that it exists outside conductors and its density is not proportional to £ 
In particular we shall be interested in forced convection currents produced 
by forces external to the field (chemical, mechanical, etc ), such currents 
will be called impressed currents In our equations such currents provide 
a link between an electromagnetic field and its external cause Thus we 
shall write the total electnc current density in the following form 

J-t£ + -- + ]' 0-n> 

The first term alone exists in conductors,* in perfect dielectrics we ordi 
narily have only the second term, in ordinary good dielectrics this term 
predominates but a small conduction current term will usually exist, and 
finally in " electric generators ’ we have /’ In electrolytic cells and 
vacuum tubes we have convection currents, in a dynamo the current is of 
conduction type but its density is not equal to gE, where £ is the electric 
mtens ty of the electromagnetic field In a dynamo the current density 
is j(£ 4- £‘), where £* is the ‘ motional electromotive force ” which is 
an example of an impressed electromotive force If the wires of the dynamo 
were “ perfect conductors,” g would be infinite and £ + £‘ would equal 
zero, however, would be finite 

In wave theory we use ]' for closing circuits and introducing hypothetical 
generators of simplified type Suppose we wish to find what happens when 
a variable current is flowing through a wire loop (Fig 4 5) YVe assume 
that the electric charge is being transferred back and forth between the 
terminals of the loop under the influence of some applied or impressed 
force The current in the loop produces a magnetic flux $ through the 
loop, this flux is proportional to I and the coefficient of proportionality L 
is called the inductance of the loop The voltage V across the terminals 
of the loop is —bfyj&t and the impressed force V' needed for the transfer 
of charge between the terminals against this ‘ electromotive force of self 
induction ” is 

r* = -F = Z.— (M3) 

dt v 

This is not the total impressed force needed for the transfer of charge, the 
wire has a resistance and an “ internal ” inductance which will be con- 
sidered in a later chapter 

Physically there is only one type of magnetic current, namely the dis 

* Except at optical f«equencies when the second is appreciable 
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placement current defined as the time rate of change of magnetic displace- 
ment or magnetic flux. Compass needles exert forces on each other con- 
sistent with an assumption that there exist “ magnetic charges ” near the 
ends of the needles and that the forces between these charges are similar 
to those between electric charges; but efforts to separate magnetic charges 
have consistently failed and all present experimental evidence indicates 
that there are no physical magnetic charges and that consequently there 
can be no physical magnetic conduction and convection currents. On 
some occasions, nevertheless, considerable mathematical simplifications 
may be secured if we write Maxwell’s equations in a more symmetrical 
form by including hypothetical magnetic charges and corresponding con- 
vection currents. These should be defined to be analogous to electric 
charges and currents in order to preserve whatever symmetry there is in 
Maxwell’s equations. The field of a magnetic “ pole ” is assumed to be 
radial and the magnitude m of the magnetic charge is assumed to be equal 
to the magnetic flux emerging from the pole. If then in Fig. 4.8 the moving 
electric particle is replaced by a magnetic charge m, the time integral of the 
electromotive force round the loop asm passes from — ® to + «> will 
be The magnetic convection current density M' is defined as equal to 
m T v where m r is the volume density and v the velocity of the charge. The 
total magnetic current density will be expressed as 

dB dH 

M = — + — + M\ (1-14) 


In general therefore we shall write the fundamental electromagnetic 
equations in the following form 

v (1-15) 

f * - If (**■ + • f ) " + If i- 

where the conduction and displacement current densities are included 
explicitly and the superscripts designating the impressed current densities 
have been dropped. 

Since we are concerned primarily with fields varying harmonically with 
time, we replace the instantaneous field intensities and current densities by 
the corresponding complex variables and write Maxwell’s equations as 
follows 

/ E ‘ ds = ~ II iwnH n dS — If M n dS, 
f rr.js- If (g + ioie)E n dS + If JndS. 


(1-16) 
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One more remark about magnetic charges The force on a magnetic 
charge in a magnetic field is assumed to be Hm The dimensions are cor 
rect but a numcr cal factor m ght have been included The torque on a 
magnetic doublet (two charges m —m separated by distance f) of moment ml 
placed normally to the lines of force is then Hml In Chapter 6 we shah 
find that with the above definitions m mind the field of a magnetic doublet 
is the same as that of an elementary electnc current loop provided ml 
= ftSI, where I is the current and S is the area of the loop The torque 
on the loop whose axis is normal to the magnetic lines would seem to be 
pH SI = BSJ this happens to be the case and we have a machinery for 
replacing in calculations circulating electric currents by equivalent magnetic 
doublets Coulomb s law for the force between magnetic charges as above 
defined is evidently 

Maxwell s equations in the form in which we have expressed them possess 
considerable symmetry, E and H correspond to each other, the first being 
measured in volts per meter and the second in amperes per meter, D and B 
correspond to each other the first being measured in ampere-seconds pet 
square meter and the second in volt seconds per square meter electnc 
and magnet c currents correspond to each other the first being measured 
vn amperes and the second in volts In literature one finds arguments to 
the effect that physically E and B (and D and H) are similar and that 
B is more basic than H AI* such arguments seem sterile since electnc 
and magnetic quantit es are physically d fferent whatever sim lanty there 
is comes from the equations 

4 2 Impressed Forces 

In equations (1 15) and (1-16) electnc generators are represented by 
the current densities J and M whose values are supposed to be given Of 
course, in order to obtain given 
values of the generator currents we 
must have propetly distributed 
impressed intensities which sustain 
these currents against the forces 
of the electromagnetic field These 
impressed intensities are not in 
eluded m E and H in equations 
(1 15) and (1-16), they are equal 
and oppos te to the field intensities against which the charges in the gen 
erator have to be moved 

For example m an electrolytic cell there exist contact forces tend ng 
to separate positive and negative charges. In Fig 4.9 the lightly shaded 
r*-g on represents an electrolyte and the heavily shaded regions are greatly 



Fig 4 9 A diagram of an elrctrolyoc 



FUNDAMENTAL ELECTROMAGNETIC EQUATIONS 71 


magnified regions of contact between the electrolyte and the metal plates 
A and D. The contact forces move the negative charge to the metal plates 
until the electromotive forces of the separated charges just balance the 
contact electromotive forces. Contact forces are different for different 
metals and when /tro plates A and D are submerged there may exist a net 
impressed electromotive force between A and D (Fig- A. 10) which is equal 



Fic.4.10. Te: dcctrom.odve force between the metal plates of the cell due to the electric 
charges separated within it is the same for anv path either inside or outside the cell. In- 
side the cell there are also contact forces acting on the charges. 


and opposite to the voltage F i(?D produced by the separated charges. The 
voltage /’t PD — — I'aqd and the total electromotive force of the field round 
the closed path is zero, which is consistent with (1-15) since there is no 
magnetic current through the circuit. If A and D are connected by a 
conducting wire, the electric intensity of the field of separated charges will 
move the electrons in the wire and a 
current will be produced. 

As another example let us take a 
fixed pair of wires AB and CD and a 
sliding wire MN of length / equal to 

the separation between AB and CD 

(Fig. 4.11). Let there be a uniform A V. 
magnetic field H perpendicular to p IG ^ ( 
the plane of the paper and directed 
toward the reader. Let the velocity of 
MN be e. Consider a circuit MNPM of which MN is the only moving 
pan. In time di the magnetic fiux through this circuit changes by Bh dt 
and the electromotive force in the circuit due to the motion of MN is 




u conducing tire sliding alone 
i pair of parallel wires in a magnetic field. 


r : = -bn 


This force is independent of the fixed part of the circuit and hence resides in 
the moving wire MN; for this reason it is called the motional electromotive 
force. The relative directions of H, r and the motional E are shown in 
Fig. 4.12. More generally the force on a charge moving with velocity r 
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in a magnetic field is 

In subsequent work we shall assume as given either impressed or gener- 
ator currents or impressed electromotive forces, according to circum- 
stances In a pair of parallel wires (Fig 4 13) for instance, we may start 
with a given current /' flowing from B to A, determine the charge and 



Fic 412 The relative direction! of the Fic 4 13 A di*gnm illustrating thejim 

motional electric intensity, the mag plificd conception of an electnc generator 

netic intensity, and the velocity in wave theory 

current distribution in the wires, the field due to these charges and currents, 
and hence the electromotive force J'of this field acting from. A to B The 
impressed electromotive force needed to sustain I' against V\ sf” = — V 
Or we may start with a given P* and determine the corresponding I* 

4 3 Currtnls across a Closed Surface 

The total electric and magnetic currents across a closed surface vanish This 
theorem follows immediately from (1-15) when these equations are assumed 
to hold independently of the choice of ( S) We simply draw a closed curve 
on a closed surface (S), and apply (1-15) tD each part of the surface 
Thus we have 

//(* e - + '^V s - 

SS r ^ ds ' -*■ 

where I and K are the impressed currents flowing out of the volume bounded 
by (J) 

In perfect dielectrics g = 0 Substituting in (1) and integrating with 
respect to /> we have 

f f (E„ dS = JJ D, dS = ~f‘ Idt = q. 


(3-2) 
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J J nH n dS = J J B n dS = - J K dt = m, (3-2) 

where q and m are the electric and magnetic charges inside (S) at time 1. 
4.4. Differential Equations of Electromagnetic Induction and Boundary 
Conditions 

Applying the integral equations (1-15) to an infinitely small loop and 
using the definition of the curl of a vector, we obtain 

dE 

curl E = — n M, curl H = gE + e — — (- J. (4—1) 

at at 

Similarly, equations (1-16) for harmonic fields become 

curl E = —iunH — M, curl H = (g + iue)E + /. (4-2) 

At a boundary ( S ) between two media the above equations are not 
necessarily satisfied because E and H may be discontinuous. A connection 
between the fields on opposite sides of (S) is obtained from the integral 



Fic. 4.14. A cross-section of a boundary between two media and a rectangle having 
two sides parallel to this boundary and the other two sides vanishingly small. 

equations. Thus, assuming that all variables and constants in these 
equations are finite, and applying the equations to a typical rectangle with 
two sides, one in each medium, close to and parallel to ( S ), such as the 
rectangle A' B' B" A" in Fig. 4.14, we have 

E[ = E[\ H[ = H['. (4-3) 

Hence the tangential components of E and H are continuous at the interface 
of two media. 

Since the circulation of the tangential component of H per unit area is 
the normal component of /, the latter is continuous across i 1 . The normal 
component of M is also continuous and we have 

/» = Jr!, M' n = M" (4-4) 

For harmonic fields in source-free regions, these equations become 

is’ + EffjK = (g" + /coe")£", ffH' n = ff'H'J (4-5) 
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For static fields in perfect dielectrics, the conditions are 

«'£ - «"£" M «* J'BX (4-fi) 

In perfect conductors (y = «o) the electnc intensity is zero for finite 
currents and the condition at the boundary is 

E, = 0, or H, = 0 (4-7) 

The conception of perfect conductors is valuable chiefly because it helps 
to simplify mathematical calculations and to provide approximations 
to solutions of problems involving good conductors In the future we shall 
assume all perfect conductors to be infinitely thin sheets For reasons 
that will become evident later we may describe perfectly conducting sheets 
as sheets of zero impedance 

A sheet of infinite impedance is defined by the boundary conditions com 
elementary to (7), that is by 

or £„* 0 (4-8) 

Such a sheet can be pictured as having an infinite permeability and >t is 
useful as an auxiliary concept for simplifying certain problems 
4 5 Conditions m the Vicinity of a Current Sheet 
Another auxiliary concept is that of a current sheets defined as an jnfi 
nitely thttt sheet carrying finite current per unit length normal to the lines 
of flow Let us suppose that Fig 4 14 shows a cross-section of an electnc 
current sheet whose linear current density J is normal to the plane of the 
figure and is directed to the reader Applying (1-15) to the rectangle 
A'B'B" A" we obtain 

H[ - H',' = J, El - £," (5-1) 

The positive directions of the current density, the tangential component 
of H and the normal to the sheet are assumed to form a right handed tnad 
Similarly for a magnetic current sheet of density M, we have 

£,’ ~K' = ~M, Hi *= Hi' (5-2) 

The discontinuities in the tangential components of the field intensities 
imply discontinuities in the normal components of the field current densi- 
ties Imagining a pill box with its broad faces infinitely dose and parallel 
to the electric current sheet on its opposite sides and then calculating the 
current into the pill box and out of it, we have 

J" - J'. - -div' /, Ml = Ml! ( 5-3 ) 

Similarly for the magnetic current sheet, we obtain 

Ml! ~ Ml = -div' M, Ji - /" (S-4) 
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4.6. Conditions in the Vicinity of Linear Can-ent Filaments 
These conditions are obtained directly from (1-7) and (1-9). Thus in 
the immediate vicinity of an infinitely thin electric current filament /, and 
magnetic current filament K, we have 


H 9 


2 irp ’ 


E 9 


K_ 

2 TTp ’ 


( 6 - 1 ) 


assuming that the filaments coincide with the z-axis. 


4.7. Moving Surface Discontinuities 

We shall now consider the case in which the time derivatives of E and H 
are infinite as, for example, at a wavefront defined as the boundary between 
a finite moving field and a field-free space. Without loss of generality we 
may ignore the impressed currents. 

For reasons of simplification our dis- 
cussion is restricted to homogeneous 
perfect dielectrics. Since there is no 
surface charge on the wavefront (6 1 ) 

(Fig. 4.15), the normal components of 
the electric and magnetic displacement 
densities are continuous; in homo- 
geneous media this means that the nor- Fro. 4.15. A cross-section of the wave- 
”*> ° f «*■= 
magnetic intensities are also contin- 
uous. Since the field is identically zero on one side of the wavefront, the 
normal components vanish and E and H are tangential to the wavefront. 

Let us assume that the positive directions of E, H and the velocity v 
of the field (normal to S) form a right-handed triplet and consider a rec- 
tangle A'B'B" A" (Fig. 4.15) in which A'B' is normal to H. The magnetic 
displacement through the rectangle increases at a rate nHvl, where / is the 
length of A' B' . This must be equal to the electromotive force El around 
the rectangle, where E is the electric intensity along A'B' ; in view of our 
convention regarding the positive directions of E, H, v, we have E = jut/Tf. 
Similarly, if we choose A'B' in the direction of H, we obtain H = tvE. 
These equations connect H and the component of E normal to it. If there 
were a residual component of E, then, starting with this component and 
proceeding as above, we should have to acknowledge the existence of H 
normal to it which would be inconsistent with the original assumption 
that we have started with the total H. Multiplying and dividing the 
above equations we have 

UiV 2 = 1, v = ± —J= , E = ± rjH, rj - -I— . 

V^£ \ « 
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The velocity of the wavefront and the ratio E/H on it are thus fixed by the 
properties of the medium, this velocity will be called the characteristic 
uloctty and the ratio ij = ElH the intrinsic impedance In free space we 
have approximately* ta — 3 X 10® m/sec, vo — 1 2Chr — 377 ohms, in 
pare water s = J X 10 s m/sec n ^ 42 ohms 
Since £ is positive when the product of H and v is positive, the field is mov 
login thed rection in which aright handed screw would advance when turned 
from E to H through 90° Depending upon the relative directions of E and 
H the field is either moving into the field free space or receding from it 
Imagine for instance a uniform field slice (Fig 4 16) in which E and H 
have constant values between two parallel planes As we have shown, 



Flo 4 16 The cross-section Fio 41* An electric current 

of i field si ce sheet generating a f eld si ce 

such a slice cannot remain stationary but must move with the character 
istic velocity That such a moving field could conceivably be generated 
may be seen as follows Imagine an infinite plane sheet containing uni 
formly distributed equal and opposite charges and let a constant impressed 
intensity £* set these charges in motion at the instant t = 0 At this 
moment magnetic intensities must appear on each side of the current sheet 
(Fig 4 1?) and = ~H~ J/* where J' is the current density in the 

sheet For the electric intensities on the two sides we have = E~ 
= — £’ Considering the relative directions of E and H we find that on 
both sides the field will be propagated away from the sheet Between the 
two wavefronts the field remains uniform until E 1 ceases to operate, at the 
instant t = T, let us say Thereafter we shall have two feld slices of 
thickness / = oT moving in opposite directions The work per unit area 
performed by E‘ m sustaining /* during the interval (OT)« E 1 J'T and 
the energy contributed to the field is carried away by the field slices 
Similar but spherical field shells expanding outwards are created when- 
ever an electric particle is accelerated or decelerated 

•The subscript zero is used to indicate specifically that the constants refer to free 
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4.8. Energy Theorems 

Starting with the fundamental equations of electromagnetic induction 
(4-1), let us take the scalar product of the first equation and H and subtract 
from it the scalar product of the second equation and E 

dH dE 

H • curl E — E - curl H = -M-H — E-J — gE 2 - v-H • — — tE- — • 

Of of 

Integrating over a volume (r) bounded by a closed surface (-S'), using equa- 
tions (1.8-5) and then (1.3-1), and rearranging the terms we obtain 

-If l, III MHi '~ Hi ** * 

+ 5 III * + i III, *■"* * + f 

( 8 - 1 ) 

As usual the positive normal n to ( S ) is directed outwards. Integrating 
(1) with respect to / in the interval (— »,/) and assuming that originally 
the space was field-free, we obtain 

-('*((( (E-J + M-H)dr = f dt f f f gE 2 dr 

J - oo J J J(r) J O t/( r ) 

+ fff (ilE? + &H 2 ) dr + f dt f f (E X H) n dS. (8-2) 

J J J( T ) «/_»•/ t/(S) 

The left side in (1) is the rate at which work is done by the impressed 
forces against the forces of the field in sustaining the impressed currents 
and the left side in (2) is the total work performed by the impressed forces 
up to the instant t. In accordance with the principle of conservation of 
energy we say that this work appears as electromagnetic energy and we 
explain the various terms as follows. The first term on the right of (1) 
is the rate at which electric energy is converted into heat and the first 
term in (2) is the total energy so converted.* The second term in (1) 
may be interpreted as the time rate of change of the electric energy within 
(S) and the third term as the time rate of change of magnetic energy; the 
corresponding terms in (2) represent the electric and magnetic energies 
within ( S ) at the instant t. The last term in (1), being a surface integral, 
is interpreted as the time rate of energy flow across (5); similarly the last 

* Since gE is the conduction current density gE dt is the electric charge moving in 
response to E; consequently gE 2 dt is the work done by the field and must appear as 
some other form of energy. Tliis form is heat and gE 2 is the power conversion per 
unit volume. 
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term in (2) » interpreted sis the total flow of energy across ( S) up to 
the instant / 

In this interpretation we assume that the electromagnetic energies ate 
distributed throughout the field just as the energy dissipated in heat is 
known to be distributed In conformity with (2) the volume densities 
of electric and magnetic energies are assumed to be 

6, * $*JP, 6 W = (8-3) 

It » consistent with (1) and (2) to interpret the Pointing vector 

P « EX H (8-4) 

as a vector represent ng the time rate of energy flow per unit area Cer 
tainly the surface integral of this vector over a closed surface represents 



Fio 4 19 The cross-section of 
a moving field slice and a 
p U box with the flat 
facts parallel to the wave 
front at vanishingly small 
distances front it 

the difference between the energy contributed to the field inside ( S ) and 
the energy accounted for within ( S ) On the other hand it is also true 
that the value of this integral remains the same if the curl of an arbitrary 
function is added to P Furthermore, in the case of a magnet and an 
electric charge at its center (Fig 4 18), P does not vanish, and yet in this 
case we are averse to assuming an actual flow of energy even though such 
an assumption is permissible 

In another instance, however the interpretation of P as power flow per 
unit area is attractive Consider a uniform field slice, moving in a perfect 
dielectric, and a pill box with its broad surfaces parallel to and on opposite 
sides of the wavefront (Fig 4 19) In this case / = M = 0, g = 0, and 
(I) becomes 


FlC 4 18 The field of a magnetic doublet 
and an eleeir C charge at the center of the 
doublet. 


EHS - (jt£? + 


(8-5) 
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where S is the area of each of the broad surfaces of the pill box. The 
vector P is in the direction of the advancing wave and it seems as if the 
energy associated with the wave were actually traveling with velocity v, 
which is reasonable since the wave itself is advancing with this velocity. 

If in the volume bounded by (6’) there are no sources of energy, the 
energy dissipated in heat should enter the volume across ( S ). Consider 
for instance a direct current I in a cylindrical wire of radius a. If E and H 
are the components tangential to the wire, then the energy flowing into a 
section of length l in time t is 

(liraH) (IE)t = Fit, (8-6) 

where V \ s the voltage along the surface of the wire. Since It is the charge 
wjpich has passed through the wire in time t, Fit is indeed the work done by 
th'e forces of the field. 

We shall now derive another energy theorem, particularly suitable to 
harmonic fields. Multiplying scalarly the first equation of the set (4-2) 
by H *, the conjugate of the second by £, and subtracting, we obtain 

H* • curl E - E • curl H* = -M • H* - E ■ J* - gE ■ E* 

+ imE ■ E* — iu/iH • H*. 

Integrating this over a volume (r) bounded by a closed surface (5), using 
(1.8-5) and (1.3-1), rearranging the terms and dividing by two, we have 

-i f f f {E- r + M-H*)dr = l f f f g E-E*dr 

xJ ( r ) «/«/«/ ( T ) 



The real part of the expression on the left of this equation is the average 
power spent by the impressed forces in sustaining the field. Some of this 
power is transformed into heat and the precise amount is given by the 
first term on the right; the rest flows out of the volume across ( S ) and the 
amount is represented by the real part of the last term. The second and 
third terms on the right are equal to the product of 2w and the difference 
between the average magnetic and electric power stored inside (S). 

The last term in (7) is called the complex power flow across ($) and is 
designated by 'k 

* = ( EXH*) n dS . 


( 8 - 8 ) 
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The vector P = X ft* is the complex Poyntwg vector, its real part is 
the average power flow per unit area 
If (5) is a perfect conductor, the tangential component of E vanishes, 
hence there is no flow of energy across (5) and P is parallel to the surface 
A closed perfectly conducting sheet separates space into two electromag 
netically independent regions Similar complete separation is afforded by a 
closed surface of infinite impedance (//< = 0) In the physical world 
metals are in some respects good approximations to perfect conductors, 
but there are no good approximations to infinite impedance sheets except 
at zero frequency (or nearly zero) when substances with extremely high 
permeability act as high impedance media 
Only the tangential components of E and H contribute to "h If u and v 
are orthogonal coordinates on (S) and if u, v, n form a right handed tnpl't 
of directions, then 



9m ijf (£.»? - EJft) dS 

(8-9) 

Introducing the ratios 



, ,h , _ h 

■' H.' Z " U,' 

CW&> 

we obtain 


* - iff ds 

(Ml) 

If now 


z„ = z,„ = z„, 

(8-12) 

then 


* - if J -1- H.H*) ds 

(8-13) 


In this case Z„ is called the impedance normal to the surface (S) 

Consider now a conducting surface of thickness t The linear current 
density / is equal to Jt, where J is the surface current density If £ is 
'he conductivity, then / = gE and consequently / = gtE If < approaches 
zero and g increases so that the product G = gt remains constant, we have 
J = GE, E~Rf, (8-H) 

where G and R are called respectively the surface conductance and the 
surface resistance of the sheet More generally we define the surface ad 
mitt once Y, and the surface impedance Z, by equations similar to the above 
} - YA £ - z./, (8-15) 

where the constants of proportionality ate complex 
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Imagine now two infinitely close sheets, one with infinite surface imped- 
ance and the other with finite impedance Z s . Since the component of H 
tangential to an infinite impedance sheet is zero, the component of H tan- 
gential to that side of the finite impedance sheet which is not adjacent 
to the infinite impedance sheet is equal to the linear current density /; 
thus 

#« = /„ H v — — ft,, (8-16) 

and the impedance normal to the combination of the two sheets* is equal 
to the surface impedance. Equation (13) then becomes 

T = hf f Z S (J U J* + /,/*) dS. (8-17) 

4.9. Secondary Electromagnetic Constants 

The conductivity g , the dielectric constant «, and the permeability p 
are the primary electromagnetic constants of the medium in the sense that 
they appear directly in the formulation of the electromagnetic equations. 
In equations (4-2) the terms on the left are three dimensional derivatives 
corresponding to ordinary derivatives in one-dimensional problems. The 
transmission line equations (2.10-3) represent a special case of Maxwell’s 
equations and the terminology of the former may be extended to the latter. 
Thus we may call tup the distributed series impedance of the medium and 
(g + /we) the distributed shunt admittance. The constants p, g, e are 
respectively the distributed series inductance, shunt conductance, shunt 
capacitance. In wave theory the important constants are not the primary 
constants. Thus in transmission line theory two secondary constants 
are introduced: the propagation constant F and the characteristic impedance 
K, the first being defined as the square root of the product of the series 
impedance and the shunt admittance and the second as the square root of 
their ratio. Likewise, in three dimensional theory the important constants 
are the intrinsic propagation constant <r and the intrinsic impedance tj defined 

by 

o- - Viup(g + /we), 17 = . (9-1) 

V g + ;we 

These constants are independent of the geometry of the wave; hence the 
adjective “ intrinsic,” as synonymous with “ characteristic of the medium.” 
The characteristic impedances of various types of waves will contain 77 as 
a factor. 

The primary constants are non-negative except when the frequencies 
* As seen from the side of the finite impedance sheet. 
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are very high,* hence the square roots in the above equations are e ther 
in the first quadrant or in the third The definitions (1) are made un 
ambiguous if it is agreed that o and 9 he in the first quadrant or on its 
boundaries In fact a is never below the bisector of the first quadrant 
and ij is never above it For non-dissipative media (perfect dielectrics) 
a is on the positive imaginary axis and 9 on the positive real for good 
conductors we is negligible compared with g (except at optical frequencies) 
and both «r and 9 are on the b sector 
In general a and 9 are complex quantities 

9 =» 91 -f- (9-2) 


The quantities a and ff are respect vely the attenuation constant and the 
phase constant of the medium, IK and ST are the intrinsic resistance and 
reactance 

Bearing in mind the wave terminology introduced in section 2 4 we have 
the following expressions for perfect dielectrics 



The phase velocity o as defined by these equations is called the character 
tsltc velocity of the medium For some electromagnetic waves the phase 
velocity is equal to this characteristic velocity, but in general the char 
actenstic velocity is only one factor in determining the actual phase velocity 
of a wave Similarly the wavelength as defined above is called the char 
actenstic wave length, it is one of the factors determining the actual wave 
length 

For free space we have the following numerical values of various con 
stants 

9o = \/ — = 376 7 ~ 377 ~ 120*- ohms, 

>*0 

p o = -7= = 2 998 X 10® — 3 X 10 s meters/second, 

v w«o 

u<T' = J- = 2 654 X 10" 3 as mhos, (9-4) 

y H) I2 <Jt 


: At optical frequencies e 


be negative 
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ju 0 = 4r X 1CT 7 = 1.257 X 10 -6 henries/meter, 

«o = 8.854 X 10 -12 P* X 10 -9 farads/meter. 

36:r 

The value 120ir for the impedance of free space corresponds to the value 
3 X 10 s for the characteristic velocity; for most engineering purposes 
these values are sufficiently accurate and we shall use them in all subsequent 
numerical calculations. 

The permeability and dielectric constant of any medium relative to free 
space are called the relative -permeability and the relative dielectric constant 
of the medium. It is the relative permeabilities and dielectric constants 
that are usually given in tables of physical constants. These constants 
are dimensionless; we shall designate them by \i T and c r . The square root 
of e r is called the index of refraction. 

For conductors we have 


<r = V iwng, T) = 


, v r~7 - 34 4 £ 

= 0 = Vrtsfg = - 34 . 4 ^ > 

fivif 2ttV30 n r 34.4\/^ 



a, _ <y - cJV — Vr 

^ s V^Xo V ? X„ 

where Xo is the characteristic wavelength in free space. The simple relation 

« = & = - , (9-6) 

5- 

between St and a should be noted. 

For pure copper we assume g = 5.8005 X 10 7 5.8 X 10 7 ; then we 

have 

[7 26.2 X 10 4 82.9 X 10 4 

« - .5.1V/ , 47.8 - -7J5J- - . (9-7) 

St = 2.61 X 10- 7 v^ = 8.25 X 10 _7 A £ = - ~ 5 - 2 * 10 3 = 

V 10 V X 0 ^ 

The “ 0 ” of a medium is defined as the ratio of the displacement current 
density to the conduction current density 


(9-8) 
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If Q 1, the d splacement currents are much stronger than the conduc 
tion currents and the medium is called a quasi -dielectric, if Q<g. 1, then 
the medium is a quast-conductor Some media belong to one class or the 
other over the entire working frequency range, others may change their 
character within this range The frequency / or the corresponding free 
space characteristic wavelength Xo for which 

Q = I (9-9) 


may conveniently he used to indicate whether in a given frequency range 
the medium is a quasi-conductor or a quasi-dielectric From the above 
equations we have 


Introducing Q into the definitions (1), we have 


■ ' «»ng(l + tQ) = 


' ~Jf( q) 


(9-10) 


(9-11) 


Separating real and imaginary parts we obtain 

a = -f- u 2 t 2 — ut) * 2g. 


W; pp?- 

\ 1 + \ 1 + 0* 

P = -f ^ 1 -f , 


K ,+ ?) ' 


(9-12) 




i . W - + ~vr m - £ (i + i) 


1 = i’lU", 0 jtan 1 Q, 

--^a-U + Kf+^- T he , ~^bfi , + ), 
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£ = fg (1 + iQ + ^Q 2 — tsQ 3 — i Is Q 4 + t&zQ 5 + *■'!> 

“ = zZyJr 0 ” 8 O 2 + 1280 4 ) 5 

/ 3 = W V7e(l+^- I ~- 4 + '--), 

= (i + $Q - l<? 2 - A0 3 + MQ 4 + MQ 5 

> g 

~ \J~ (i ~ *<? - 1^ 2 + As? 3 * MO 4 - MQ 5 -•••), 

v s 

^ = "n/t 0 ” 80 2 + 1280 4 )’ 

9C= 20^0 " 8^ +1280 5 )* 


(9-12) 

(cont’d ) 
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The last two series are appropriate for 0 > 1 and the preceding pair for 
0 < 1. While there exist rapidly converging series expansions in the neigh- 
borhood of 0 = 1 it is more practicable in this range to compute directly 
from the first four equations. 

The first terms of the last two series are first approximations for quasi- 
dielectrics ((?;§> 1) and the first two terms in the preceding pair are first 
approximations for quasi-conductors (Q <§C 1). The frequency and free- 
space wavelength for which 0=1 are determined from (10) or still more 
conveniently from 


, 1.8 X 10 10 jr * 2ire r e r 

/ 5 *0 s(\ * 

€ r VO g O0g 


(9-13) 


The following table illustrates the extent to which media may differ from 
each other electromagnetically, 

g = 1.1 x 10" 14 , 5.7 < e r < 7, 2.8 X 10~ 5 < /< 3.5 X 10~ 5 , 


Mica, 

Quartz, g = 8.3 X 10 
Dry Soil, g = 0.015, 
Wet Soil, g = 0.015, 
Sand, g = 0.002, 
Sea Water, g- = 5, 


i-13 


£r = 4.5, /= 0.00332, 

= 10 , = 11 , 

e r = 30, = 33, 

€ r = 10, Xo — 83, 

€r = 78, to = 0.26. 


(9-14) 
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The figures for soil and water are subject to considerable variation from 
place to place and are given here in order to give some idea of their magni 
tudes 

If g is independent of the frequency the Q may be con veniently expressed 
■n the following form 

o-'j-l <WS) 

it should be noted, however, that for many dit\tctncs g is nt«\y propor 
tional to / and hence Q is nearly constant 
The propagation constant of a good conductor is always much larger 
than that of a dielectric Thus for a conductor and free space we have 



Since g is of the order I0 r , this ratio is large even for the highest " engineer 
ing' frequencies 


4 10 Votes in Dielectrics and Conductors 

If the impressed current dens ties / and M are d flerennable, then e ther E or H 
can be eliminated from Maxwell s equations (4-1) and (4-2) It is then found that 
E and H and more generally <jE + t(dE/dl)) and H satisfy non homogeneous "wave 
equations In practice, however, ] and M are usually discontinuous and hence 
non-d fferentiable in such cases £ and U cannot be eliminated without introducing 
auxiliary functions, called potential funct ons 

In source-free reg ons, on the other hand, we can always eliminate either E or H 
fhus m homogeneous media from (4-2) we have 

d£ = <r*£, AH-o*H 

More generally from (4-1) we have 


EE 


d*E , 3E 15>£ 2 adE 1 

Ml W + n dt ~ p* dt* + o dt ' v ~V MC ' 




and a similar equation for H 

Vfe shall now consider exponential waves. Designating by V a typical cartesian 
component of either £ or H, we have 


ay ay 
a*» + ay* ' 


( 10 - 1 ) 


Evidently this equation is satisfied by the following wave function 

V = ,-*•—».*-** (10-2) 

where the propagation constants r*, f,, T t in the directions of the coordinate axes 
arc subject to the following condition 


r*+ r* + rj - o* - - «Ve 


(10-3) 
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In nondissipative media we have 


TI+TI+ r= 


a* •> 

= — fT = — C = — 


4t r_ J 
X= ' 


(10-4) 


Thus the laws of induction impose only one condition on the three propagation con- 
stants. Two of these constants are controlled by the distribution of sources pro- 
ducing the field. If this distribution is uniform in planes parallel to the .vy-plane, for 
example, we should expect the field to be similarly uniform and T. = T v = 0; then 
the propagation constant in the c-direction is equal to the intrinsic propagation con- 
stant. 

Consider a typical plane through the origin 

x cos A + y cos 5 + c cos C = 0, (10-5) 

where cos A , cos B and cos C are the direction cosines of a normal to the plane. The 
distance s from this plane along the normal passing through the origin may be ex- 
pressed as 

s = x cos A -f- y cos B + z cos C. 


Hence if the field is uniform in planes parallel to (5), we have 

f / — g—e* — coa A + {/ coa B - f r coa C) 


( 10 - 6 ) 


The propagation constants along the coordinate axes are 

T t = tr cos A, T„ = cr cos B, T, — a cos C, 
and for uniform plane waves in nondissipative media, we have 

/3 r = /3 cos A, fi.j = (3 cos B, P, = /S cos C; 
X* = X sec A , X v = X sec B, X, = X sec C; 


Vz = v sec A, 


v v = v sec B, v, = v sec C; 


1 1 1-1 i I i _ I 

X *» 1 \ n i \ n 1 n 1 i* 1 n , • 

; A" Ar A V- v- v£ v 


(10-7) 


( 10 - 8 ) 


Thus in the case of uniform plane waves the phase velocities in various directions are 
never smaller than the characteristic phase velocity and the phase constants /S-, fi, 
never greater than j3. 

If the propagation constants T*, T V) T. are all imaginary, then 

I n + Pi + K = (3 2 . (10-9) 

None of the phase constants is greater than the characteristic phase constant and we 
can identify planes in which the field is uniform as those normal to the straight line 
whose direction cosines are 


z A 
cos^ = - 


n A 
cos B = — , 


r A 

cos C = — . 


( 10 - 10 ) 


But if the phase constant in some direction is greater than (3, then there must be a real 
propagation constant in some perpendicular direction. Thus let /3, > then 
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rj + rj = Pl — /3 J > O For instance if 0, - &V2 and therefore t>, = v/'^2, and 
if r„ = 0, then r t = /S = 2r/\, FA * 2r The attenuation in the ^-direction per 
characteristic wavelength is about 6 28 nepers or 54 6 decibels, the field intensity is 
reduced to 000187 of its value if x is increased by X. 

In the general case of complex propagation constants we have 

y _ j-(o.i+*,r+ap) t i 

Front (4) we obtain (for nondissipative media) 

Pi + 0J + — «! — <*? — «* = £’, eA+n^,+ oA = 0 (10-11) 

The second equation shows that the equiamplitude planes 
ajt + a,y + af — constant 
are perpendicular to the equiphase planes 

Hr* + 0,y + A* = constant 

Thus in nondissipative media cquiampl tude planes either coincide with or are 
normal to equiphase plants In the former case the waves are uniform on equiphase 
planes in the sense that E and // each have constant values at all points of a given 
equiphase plane at a given instant, in the other case the amplitude vanes exponen 
daily, the fastest variation being in the direction given by the d rection components 
(a„a„a,) 

^ln dissipative media the second equation of the set (11) becomes 

««A + ojS, + a&, = 

and equiamplitude planes are no longer perpendicular to equiphase planes 

The foregoing general conclusions concerning waves of exponential type (2) have a 
broader significance than appears at first sight The constant T, represents the 
relative rate of change of V in the x-direction and we have 

r r« - i 

* v d* v d* 1 

The second equation is also satisfied by — T, and m it V may be a sum of two expo- 
nential terms, one proportional to e _r *' and the other to t r ‘‘ If the wave function 
is not exponential we may still define T, by the second of the above equations, T, 
and r, may be defined similarly If these quantities vary slowly from point to point, 
the solutions of the wave equation will be approximately exponential, and the above 
properties of exponential waves will be applicable in sufficiently small regions. 

Some broad conclusions may be drawn with regard to waves at an m tet face between 
two homogeneous media whose intrinsic propagation constants are of different orders 
of magnitude, as is the case for conductors and dielectrics Consider a plane inter 
face (the xy plane) between air (substantially free space) above the plane and Some 
conductor below the plane (Fig 4 20) For an exponential wave of type (2) the 
propagation constants V „ T» m d recaons parallel to the boundary must be the same 
in both media in order that the boundary conditions may be satisfied at all points of 
the air-conductor interface This is evidently so if F represents a component of 
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either E or H parallel to the boundary; in this instance V is continuous across the 
boundary and the continuity cannot be satisfied at all points unless IL, T v are the 
tame on both sides of the boundary. The same argument applies to the normal com- 



Fig. 4.20. A plane boundary between two semi-infinite media, 
portents of the current densities (y + iwt)E z and Thus we have 

r- + r; + r=.„ = -05, r= + r= + r- = a 2 . 

Subtracting the first from the second, we have 

H = <r + 05 + T; 0 . 

We have seen that the propagation constant for a conductor is always much larger 
than that for free space. I\ 0 is the propagation constant in free space in the direc- 
tion normal to the interface; it may be comparable to 0o if the direction of the wave is 
nearly normal to the conductor, or much smaller than 0 O if the wave direction is 
nearly parallel to the conductor. Hence in the conductor the propagation constant 
normal to the interface is substantially equal to the intrinsic propagation constant 
at all engineering frequencies. 

Since the current density normal to the interface is continuous, we have 

sE" = we 0 £'; 

hence the normal component of E in the conductor is negligibly small compared with 
the normal component of E in the air. 

Even at moderately high frequencies the attenuation constant in the conductor is 
large and the field becomes quite small at rather small distances from the interface. 
For frequencies of 10 3 , 10 6 , and 10 9 cycles per second the attenuation constant for 
copper is respectively 0.478, 15.1,478 nepers per millimeter; or4.15, 131, 41 50 decibels 
per millimeter. Each 20 decibels represents a 10 to 1 intensity ratio; thus at a 
million cycles the field intensity one millimeter from the surface of the conductor is 
less than one millionth of the intensity at the surface. Except at low frequencies the 
fields are confined largely to thin skins of conductors. 

The current density at the surface of the conductor is t f£, and elsewhere it is gE,e~ c ‘, 
where a is the normal distance from the surface. Then the total current per unit 
length normal to the lines of flow is 

f dz = ^E t = ~Eu (10-12) 

t/o <J T) 

On the other hand, H t — J and therefore the impedance normal to the interface is 
equal to the intrinsic impedance of the conductor. The conductor may be replaced 
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by a sheet whose surface impedance is 7, adjacent to a sheet of infinite impedance 
which would effectively exclude the space previously occupied by the conductor 

The resistance normal to a sufficient!) thick metal plate may be expressed as 

- - - ~ . t - - , (10-13) 

X X‘ <* 

hence this resistance is equal to the d-c resistance of a plate of thickness t, defined by 
the reciprocal of the attenuation constant This thickness is called the ' skin depth ", 
but the term should not be interpreted as meaning that the rest of the conductor could 
be removed without changing its a-c resistance The attenuation through the skin 
depth is only I neper and the field is reduced to only 0 36B of its value on the surface 
If the entire current were compelled to flow in the “ skm ’ of thickness I, given by the 
above equation, the a -c resistance would be 8 6 per cent higher than the actual resist 
ance The field is reduced to one tenth of its value when the distance from die 
surface is 2 3 tunes the skin depth 

Ic will follow from the equations of section 8 1 that the surface impedance of a 
conducting plate whose thickness / is small compared with the radius of curvature is 
7 coth «t 
4 tl Polarization 

In electromagnetic wave theory the differences between various media are expressed 
by three primary constants g, *, p Inasmuch as material media are regions of free 
space in which are imbedded various material and electric particles, one can expect 
that in the final analysis there is only one medium, this being free space, with g * 0, 
« = (o, 11 = Mo- An electromagnetic field aces on the electric particles of the medium, 
their spatial distribution and velocities are changed, and they act as secondary 
sources of the field. The macroscopic effect of these secondary sources is described by 
g, * — * 0 , /» — Mo- In wave theory we are not interested in physical explanations of 
the electromagnetic differences between various media, the constants g, e, u are sup- 
posed to be known, and we are not concerned whether their values have been obtained 
experimentally or somehow computed, but the principle of replacing one medium by 
another with compensating secondary sources is sometimes useful and can profitably 
be examined 

Before passing to generalities let us consider a few examples Take a pair of con- 
centric conducting spheres (Fig 4 21 ) If the electric charge on the inner sphere is q, 
that on the outer (after being grounded) is — q, regardless of the dielectric between the 
spheres By (1-3) the electric intensity is 


while in free space it would be 


K 


4 Mor* 


(11-0 

( 11 - 2 ) 




— g(« ~ «») . 


(11 3) 


The difference 
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This difference in intensities could be produced in free space by an electric charge 
— ?[1 — («o/«)] on the inner sphere and ?[1 — (eo/e)] on the outer. If we postulate 
these charges on the surfaces of the dielectric adjacent 
to the spheres, we can account for the actual electric in- 
tensity on the assumption that the dielectric constant 
between the spheres is eo instead of e. In order to ex- 
plain the postulated charges we may assume a reser- 
voir of equal and opposite quantities of electricity in 
the dielectric so distributed as to render it neutral in 
the absence of an electric force. After the inner sphere 
has received an electric charge and the outer —q, 
an electric field (2) is established. Under the influence 
of this field- the electrified particles in the dielectric are 
displaced, negative particles toward the inner sphere 
and positive toward the outer. The total effect is to 
give rise to surface charges on the boundaries of the dielectric. These charges pro- 
duce a field acting against the field (2), thus reducing the intensity to the value 
given by (1). 

The displacement density between the spheres is 

D r = eE r = e 0 E r + (e — eo )E r . (11-4) 

It differs from the displacement density that would have been produced by the same 
intensity in free space. The difference is called the polarization of the dielectric 

P = (e — e 0 )E. (11-5) 

As another example let us take a pair of conducting planes with a stratified dielectric 
between them (Fig. 4.22). If on the lower plane we have charge q and on the upper 
plane — q then 

D — q = €i El = 6 2 ,E 2 . (11-6) 

We can now say that the dielectric constant is ei everywhere between the conducting 
planes but that in the shaded region (Fig. 4.22) the medium has become polarized 
relative to the surrounding medium. The relative polarization P is defined by 

P = («2 — ei)E. (11-7) 

In the polarized region we now have 

D=eiE+P. (11-8) 

On the boundaries between the polarized and the unpolarized regions E and e t E are 
discontinuous and since this discontinuity is no longer ascribed to a difference in 
dielectric constants, it must be explained by surface charges. At the upper boundary 
the discontinuity in e x E is ei(£i - £ 2 ); by (6) this is equal to (e 2 — «i)£ 2 and there- 
fore to the polarization P. Thus the density of the surface charge on the upper 
boundary is P ; similarly on the lower boundary the density is — P If e 2 < e h P j s 
negative and the surface charges on the boundaries are of the same sign as those on the 
conductors nearest to them. 



Fig. 4.21. Polarization of 
dielectrics. 
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If instead of a stratified dielectric between the parallel plates We have a stratified 
conductor through which an electric current of density ] is flowing, we shall have 
exactly the same results as above with conductivities gi and gi in place of dielectric 
constants ci and <2 and with J in place of q 



Fw 4 22 The medium may be regarded as electrically homogeneous if we assume the 
existence of compensating charges 


More generally let us consider a medium which is homogeneous except for an 
island ’ (Fig 4 23) and suppose that the island is source free Within the island 
we have 

cutl E “ —tun"H, curl H =* {/' + (11-9) 

and at the boundary 

£,' - £7, * H'\, n’H', = 

(g’ + »«')£ = {g" + ,u*")E’^ (11-10) 

Since equations (9) can be written in the form 



Fig 4 23 The cross-section 
ofan island * manothec- 
wise hom ogeneous medi um 


curl E =» —wp'H — M, 
curl H =* (*' + tut')E + /, 


/ =* (t” ~ g')E + r«(e" - «')£> M = t«(n" - 


( 11 - 11 ) 
(1 1-12) 


it is theoretically possible to assume that the electromagnetic constants of the island 
are the same as those of the surrounding medium and that the field external to the 
island has induced in the latter the electric and magnetic currents given by (12) The 
island is said to be polarized relative to the extents! medium and J, M are called polanza 
Uon currents The latter act ».s impressed currents tn addi twa to those producing the 
field 
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Furthermore there is nothing to prevent us from ascribing an arbitrary set of elec- 
tromagnetic constants to the entire medium provided we compensate for the new 
values by introducing polarization currents equal to the difference between the actual 
currents and the currents that would flow in the hypothetical medium in response to 
the same field intensities. Polarization relative to free space may be called absolute 
polarization. 

If the island is homogeneous then div E and div H vanish. Likewise we have 

div / = 0, di v M = 0. (11-13) 

J and M appear to originate on the boundary of the island; from (10) we obtain the 
densities of polarization currents appearing to flow out of the boundary 

Jn = (s' + *W)(£n “ An) = is" ~ g'X + ~ «')£n> 

(11-14) 

Mn = iup'iK - #«) = »»&*" - /)#». 

If co = 0, (14) become 

/„ =(*" M„ = 0. (11-15) 

If g' — g" — 0, the surface charge densities on the boundary of the island are 

q. = (e" - «') £", m. = (jx " - /) H (11-16) 
Within the island we have an electric polarization P“ and a magnetic polarization P m 
P' = ( € " _ «')£, P™ = {jx" - /cO H. (11-17) 


The surface charges (16) are seen to be equal to the normal components of polariza- 
tion 

q. = K, m. = P?. (11-18) 

If the island is not homogeneous then div J and div M represent the sources within 
the island. In nonconducting media we have volume distributions of charge given by 

q v = -div P f , m v = -div P m , (11-19) 

as well as surface distributions (18). 

The reader must have been impressed by the artificial character of the foregoing 
transformations and it should be admitted that from the point of view of wave theory 
alone the concept of polarization is highly artificial and for the most part useless. 
J and M, as given by (12), depend on the a priori unknown field intensities and gen- 
erally cannot be computed prior to the solution of the problem itself; after a solution 
has been found, J and M are only of academic interest. On the other hand, if the 
electromagnetic constants of the island are very different from those of the surround- 
ing medium, it may be possible to obtain an approximate expression for the internal 
field without solving the complete problem and the action of this field on the sur- 
rounding medium may then be evaluated. An outstanding example of this is the 
antenna problem where the properties of the conducting wire serving as an antenna 
are very different from the properties of the surrounding space. Likewise, if the 
constants of the island- and the external medium are nearly equal, the difference may be 
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ignored in the first approximation, the problem solved, and then the polarization 
currents computed and used as secondary sources to obtain the first correction 
Polarization currents are not true applied currents and contribute no energy to the 
field 


4 >2. Special Farms o} Maxwell's Equations in Source Free Regions 

The most useful sets of Maxwell s equations appropriate to source-free regions arc 
those expressed m cartesian, cylindrical or spherical coordinates. The general equa- 
tions and some of the more important special forms will be listed for convenient refer 
cnee. In cartesian coordinates we have 


BE, BE, 

By Bz 


OH, OH, 

-jr ~ = (j + «««)£» 


BE. BE. 




BE, _ BE, 
dx dy 




a//. __ BH, 

Bz dx 
3H, BH, 
dx By 


( g + tux)E», 
{g + um)£. 


( 12 - 1 ) 


In cylindrical coordinates > 
BE, BE , 

dip P dz 


we have 
— iuppH„ 


BE, _ BE. 




OH, OH, 

BH, BH, 

5®- <1+-)*. U2-2) 


B BE. B BH. 

Fp w ~ ^ Fp WW ~ V “ (r+ '«)#»£. 

In spherical coordinates we have 

(sin 6 E,) — = — iwpr sm 6 Hr, ~ (r£j) — - —iwprH,, 

do dq> dr do 

7-, (sin 6 H,) — “ (g + rax )r sin 0 Er, (r/fs) — = (j + tai«)r£ tf , 

off Oja Or off 


BE, _ 

sm0 — (fE,) *= — Kjprsir 0 //«, 

(12-3) 

dHr 

sin 0 ^ (rff f ) * (* + »»t)r sin 6 £ 9 



If the field is uniform in the direction of the z-axis, that is if the field is independent 
of the ^coordinate (3/dz = 0), then the foregoing equations separate into two inde- 
pendent sets Thue m cartesian coordinates we have the following sets connecting 
£„ H,, H, and the remaining components H n £„ E, 


BE. 

5 9 ' 




3£. 




BH, __ BH * 


(r + «««)£„ (12-4) 
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— = (s + iue)E x , = — (g + /w£)£ v , — — ~ - /w/ift. (12-5) 
dy dx dy ox 

In cylindrical coordinates we have 

= —iuppHp, = iupHy, ~~ (p//^) = C?+ /we)p£xj (12-6) 

cfy> dp op dtp 

— = + fcJt)p£ P( “ = — (f + iut)E v , (pE?) ~-~ = ->uppH,. 

do op dp op 

(12-7) 

If the field is circularly symmetric, that is, if it is independent of the (^-coordinate, 
then the general set of six equations again breaks into two independent sets. In 
cylindrical coordinates we have 

= iupH e , — {pE?) = —mp.pH z , = (f + iue)E v ; (12-8) 

dz dp dz dp 

- - (g + *'we)£ p , -j- (p#?) = (g- + iue)pE„ ~ - ~ - ioipH v . 

dz dp dp dz 

(12-9) 


In spherical coordinates we have 

d d 

—(sin 6 Eo) = — /wprsin 0// r , (rE v ) — suprHe, 
dd dr 

(rH e ) - ~ = (f + iwt)rE v ; 
dr dd 

d d 

~ (sin 6 H v ) = (g + Koe)r sin 0 E r , — (rH f ) = — (y + iue)rEg, 
da dr 

d d£ r . 

— (r£fl) = —iwprH v . 


(12-10) 


(12-11) 


If the field is independent of two coordinates, x andy let us say, then equations (1) 
become 


dE z dH v . 

— = -tUpHv, — = — {g+lUt)E z 
dz dz 


(12-12) 


dE„ 


= SbipHx 


dz 
E, — 0, 


dH~ 
dz 

H, = 0. 


= (x + 


(12-13) 
(12-14) 

We shall also have occasion to use the following sets, substantially the same as (4) 
and (S). If the field is independent of the ^-coordinate, then 


dE: dE z , dH z dH v , 

= - lUftHy , — = iupH z , — ^ = (g + iue)E z ; 


dz 


dy 


dy 


dz 


(12-15) 
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CHAPTER V 

Impedors, Transducers, Networks 


5.1. Jmpedors and Networks 

An impedor is any combination of conductors and dielectrics, with two 
accessible terminals (Fig. 2.11). It may be as simple in structure as a 
laboratory resistor or as complicated as an antenna. In the latter case 
the impedor includes the wires of thd antenna proper and the surrounding 
medium, including the earth, the Heaviside layer, etc. The impedor is 
linear if in the steady state the harmonic electromotive force between the 
terminals is proportional to the current 


V** Z/, 


d-1) 


where the coefficient Z, called the impedance of the impedor, is a function of 
the frequency and in general of the oscillation constant. 

Strictly speaking, we should specify the path between the terminals A 
and B, along which we compute or measure the electromotive force. For 
any two paths the difference of the electromotive forces is equal to the 
magnetic current through a surface bounded by these two paths. If H is 
the average magnetic intensity over the surface whose area is S, then the 
difference between the two voltages is* 




V 2 — S — 


. 240ir z SH av 


ho 


(1-2) 


In the immediate vicinities of the wires the magnetic intensity is equal to 
the current divided by the length / of their circumference; hence H av is 
certainly less than I /l, in fact considerably less since the integral of H along 
the radius will vary as log /. But even with / in the denominator of (2), 
the voltage difference is small if the distance between the terminals is a 
small fraction of the wavelength. Thus at low frequencies it becomes 
unnecessary to specify the path, except in precision calculations. At high 
frequencies we shall assume that the path is a straight line connecting the 
terminals, unless otherwise specified. 

In the unrestricted frequency range the impedance is a complicated 

* Assuming that the paths are in free space. 

97 



ELECTROMAGNETIC WAVES 




function of the frequency, but its ex 
pansion m the vicinity of u = 0 gen- 
erally is* 

Z(ua) = + R + + 

(W) 

F “ 51 AW ^ P *‘ an * kCmC IfC= » and R *0, then for suffi- 
ciently low frequencies the lmpedor is 
a resistor , if C = « and R — 0, then the impedor is an inductor, and if 
R = L = 0 but C ^ « , it is a capacitor In practice R and L may be very 
small but they never vanish 

Consider for example a conducting loop (Fig S 1) From Faraday’s 
law (4 1-7) we have 


J 


f £,* + f 

acs ) Jiba; 


(M) 


the first integral being taken along the conducting wire and the second 
along the straight line joining the terminals The impressed electromotive 
force K needed to transfer the charge from B to A against the field pro- 
duced by the charge and the current in the wire must be equal and opposite 
to the second integral 

V-~f E, ds (1-5) 


Substituting in (4), rearranging the terms, and dividing by the current 
flowing out of A, we have 



The first term, representing the ratio of the electromotive force along the 
surface of the wire to the input current, is called the internal impedance or 
the surface impedance of the wire, the second term is the external impedance 
At “ = 0 for a homogeneous wire oflength / and of uniform cross-section 
S, we have 

'“S' 

•Always, for actual physical structures, but for idealized physical structures the 
origin may sometimes be a branch point 
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The impedance of the loop is just its resistance. The magnetic flux $ is 
proportional to I. If L is the coefficient of proportionality at co = 0, then 
at low frequencies the external impedance is approximately proportional to 
the frequency. In the next chapter we shall obtain the next higher term 
in the expansion for the impedance of the loop. 

From (2) we find that except at rather high frequencies the impedance 
of a loop of practical dimensions is small. This impedance may be in- 
creased by winding the wire into a coil (Fig. 5.2). Thus inside a long coil 
the magnetic intensity is approximately equal to the number of ampere- 



Fig. 5.2. A solenoid as an inductor. Fig. 5.3. An electric circuit 

containing a capacitor. 


turns per unit length. The magnetic flux through the coil is then fiStil, 
where n is the number of turns per unit length. The electromotive force 
round each turn is and per unit length it is — iupSn 2 I. The 

impressed electromotive force needed to drive the current through the coil 
against this electromotive force of “ self-induction ” is equal and opposite. 
Hence by increasing the number of turns, the impedance of the coil may be 
raised. 

Consider now another structure consisting of a conducting wire and a pair 
of closely spaced conducting plates (Fig. 5.3). Applying the first induction 
law to the circuit ACDEFBA , we have 

f E s ds + f E, ds + f E s ds = — iw$, (1-7) 

A(ba) A J(DE) 

where the second integral is taken along ACD and EFB. The first term 
is equal and opposite to the impressed electromotive force V. The time 
derivative of the charge q on the lower plate is the current I c flowing into 
the capacitor and 



d-8) 


When co = 0, the charge is proportional to the voltage across the capacitor 
and therefore 



I0O 


ELECTROMAGNETIC WAVES 


except for the terms vanishing with u Hence from (7) we obtain 


Z 


wCJ ' 


( 1 - 10 ) 


where / is again the input current and Z is the internal impedance of the 
wire and the outer surfaces of the capacitor The first two terms are 
small and the impedance is nearly inversely proportional to the frequency 
The ratio IJ1 is substantially unity unless the wires are long The 
meaning of 4 small and Urge,” short and long will be discussed 
in more detail in the next chapter 

From elementary considerations we find that approximately 

C-~. (1-11) 


where S n the area of each plate and s is the separation between them 
This is a smalt quantity even for the smallest practicable values of s In 



Kic 5 4 A method for securing larger Fio 5 5 A short doublet surmounted 
capacitances by two spheres. 

order to increase C and make the impedance smaller, the area S is made 
larger in some such way as shown in Fig 5 4 
Take another structure consisting of two short wires surmounted by 
spheres (Fig 5 5) Applying the first law to the circuit ACEDBA and 
dividing by the input current, we obtain equation (10) in which C is approx 
imately the capacitance between the spheres at &i = 0 
One of the fundamental problems of electromagnetic theory is to calculate the 
impedances of certain baste structures The province of network theory is to 
study the impedance functions of various combinations or networks of such 
structures in order to design networks possessing specified desirable prop- 
erties Wh le it is outside our province to be concerned extensively with 
network theory, we should know its elements in order to present our results 
tn usable form Calculation of impedances usually involves solution of 
auxiliary problems of wave propagation and the ultimate object (from Uie 
point of view of appheat ons) might easily be forgotten 
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Consider a number of impedors connected in series (Fig. 5.6). Assuming 
that their impedances are not too small, we may neglect the impedance of 
the connecting wires and write 

F BC + F DE 4 F FG 4' V n A — 0, (1-12) 

where the separate terms are the electromotive forces of the field which act 
between the various terminals in the order indicated. The last term is 
— F, where V is the impressed electromotive force between H and A. The 
above equation expresses the first Kirchhqff law. From (12) we then have 

V = (Zt + z 2 + z 3 )l, Z = Z x + Z 2 + Z 3 , (1-13) 

where Z is the impedance of the entire circuit. The internal impedances 
of the connecting wires and the external impedance of the connecting loop 
could be added to (13). In the above equations we have assumed that the 
current through each impedor is equal to the input current of the entire 



Fig. 5.6. A series connection of Fig. 5.7. A parallel connection of 

impedors. impedors. 

circuit and thus disregarded the displacement currents between the con- 
necting wires. Since the dielectric constant is small, it may be anticipated 
that these currents are negligible even at comparatively high frequencies. 
In order to obtain more precise information about their magnitudes and 
effect on the input impedance of the circuit we shall have to consider wave 
propagation on wires. 

Consider now a number of impedors in parallel (Fig. 5.7). At a branch 
point the total current flowing in or out is zero; this is the second Kirchhoff 
law and it follows from Ampere’s law of induction if we neglect the displace- 
ment current flowing from the branch point. Thus 

I ~ 4 - 12 4- 13 . (1-14) 

Applying Faraday’s law to various circuits in Fig. 5.7 and to a circuit in 
which the parallel combination is replaced by an “ equivalent ” impedor Z, 
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we have 

V = = Z 2 /j = Zih = 2/ 

Consequently 

1 * — + — + -J- or y = Fi + y 2 + Y 3 ( 1 - 1 5 ) 

2 Z] 2*2 2a 

Let us now consider a more general network {Fig 5 8) We could apply 
Kirchhoff s laws to d fferent circuits or meshes of the network and write 
a number of equations connecting the impressed voltages with the currents 
through various impedors or branches oj the network A simpler set of 



Fio S 8 A network of mpedors 


equations is obtained however in terms of mesh currents as shown in 
Fig 5 8 Mesh currents sat sfy automatically the conditions at a branch 
point Applying the circuital Jaw to the chosen fundamental set of 
meshes, and substituting the mesh currents for the branch currents, we 
obtain the following typical set of equations for an n mesh electric network 

2,,/, + Z l 3 I 2 + Z l3 / S + + Z lK l n = r, 

Z 2 \l i + Z zl I 2 + Z21/3 + + 2 ii vAi — ^2, 

Z31I1 4 - Z32I2 + Z33I3 4- 4 - Z 3 „J„ = {1 16 ) 

Zm\I\ 4 - ZkiIi 4 - 2,5/3 4 " 4 - 2 ,,/, = 

where the V' % are the total applied voltages in the corresponding meshes 
The coefficient Z„ n 13 called the impedance 0/ the m th mesh and the coeffi 
cient 3 Znk are the mutual impedance t between meshes m and k If the 
electric current m the kih mesh is 1 ampere and the currents in the remain 
ing meshes are equal to 2ero then the voltage m the mth mesh is Z,i volts 
In Fig 5 8 we have Z 12 — ~Zar Z13 = 0 Z23 =« — Zcr, etc 
If the matrix of the coefficients in ( 16 ) is non singular, we can solve the 
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equations and obtain 

h = Y11V1 + Y 12 F 2 + Y n Vz + • • • + Y ln F n , 

h = y 21 v i + y 22 y 2 + y 23 y 3 + • • ■ + Y 2 n F n , 

i 3 = y 3J yi + y 32 y 2 + K 33 y 3 + • • • + y 3 „yn, (i-i7) 


/„ - y Bl ^i + Y n2 F 2 + Y n3 F 3 + • • • + Y nn F n , 

where the Ys are the admittance coefficients of the network. If the elec- 
tromotive force in the £th mesh is 1 volt and the voltages in the remaining 
meshes are equal to zero, then the electric current in the wth mesh is Y mk 
amperes. 

Solving (16) for the /’ s and comparing with (17), we have 

Y mk = ~ L f> d-18) 

where D is the determinant of the coefficients in (16) and D km is the co- 
factor of the element Z km in D. 

Similarly solving (17) for the F’s and comparing with (16), we obtain 

(1-19) 

A 


where A is the determinant of the coefficients in (17) and Ajt m is the co- 
factor of the element Y km in A. 

The impedance seen by the generator in the wth mesh is the ratio F m /I m 
when all the F’s, except V m , are equal to zero; hence this impedance is 

Zm = V~ = W~' (1 " 2 °) 

1 mm •L'mm 

The impedance and admittance matrices are symmetric 

Zmh = Z).m, Y mk = Y km . (1-21) 

That is, the electromotive force in the mth mesh due to a unit current in the 
k th mesh is the same as the electromotive force in the kth mesh due to a unit 
current in the mth mesh, and also the current in the mth mesh due to a unit 
electromotive force in the kth mesh is the same as the current in the kth mesh 
due to a unit electromotive force in the mth mesh. This is the Reciprocity 
Theorem. Since it is possible to choose the fundamental meshes in such 
a way that any two given branches belong to two different meshes and to 
no others, the reciprocity theorem implies that an interchange of the posi- 
tions of a generator and an ammeter does not change the ammeter reading. 
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To prove the theorem we shall first establish the following lemma Jet 
y[ t y? I'll he the electromotive forces in the various meshes of the 
electric network and /{, Is, I n the corresponding currents, and let 
l \ , J 2, l’i be the currents in response to another set of electromotive 
forces y'{, V'n, then 

£ kc *= £ y'jr't a-22) 

a » o a -o 

On the left side of this equation we replace a typical voltage V* by the sum 
of the branch voltages in that mesh and group the terms having common 
branch voltages If any particular branch PQ is common to several 
meshes, the voltage V pq multiplied by the respective mesh currents will 
occur in several terms, the sum of which will be y'pctlpQ, therefore 

.? 0 V* 1 " “ <§, “ ^ZpolAilrh, 

where the last two summations are taken over all the branches The last 
expression is symmetric in the pnmcd and double primed I s, hence (22) is 
true and our lemma is proved 

Since l{, l'i, II. and I", /*', /" are two independent sets of quan 

titles, we may set 

K " 1, if « =* m, I'p « 1, if 0 = *, 

=■ 0, if a 9* m, =0, if /J y* k 
Substituting m (22) we obtain 

l'i - Ky and Z km = 

Similarly choosing 

1, if » = m, Vi = 1, if 0=.k, 

= 0, if a y m, = 0, if 0 9* k, 

we obta n 

C = Ik, and Y m * = n. 

Thus the reciprocity theorem has been proved 
S 2 Transducers 

A four terminal transducer or simply a transducer is any combination of 
conductors and dielectrics with Iwo pairs of accessible terminals (Fig S 9) 
The pairs of terminals may be those of a transformer, or of a telephone 
tran«mission line between two cities, or of two antennas In the last case 
the transduce* includes the space between the antennas, the ground, etc 
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If the transducers are linear we have d priori equations 


V l = Z n Il + Z\nl 2, 

( 2 - 1 ) 

V 2 — Z 21 h + Z 22 I 2 \ 

similarly the currents are linear func- 
tions of the voltages 

h = Y n V x + Y 12 V 2 , 

(2-2) 

Jo = Y 2I Y, + Y 22 V o. 



Pig. 5.9. A diagram for a four terminal 
transducer. 


The Z’s and Y’s are functions of the electrical properties of the transducer 
and of the frequency but not of the V’s and /’ s. The coefficient Zn is 
called the impedance seen from the first pair of terminals and Z 22 the im- 
pedance seen from the second pair; Z\ 2 and Z 2 \ are the mutual impedances 
or the transfer impedances. Similarly Yu is called the admittance seen 
from the first pair of terminals and Y 22 the admittance seen from the second 
pair; Y12 and Y 21 are the mutual admittances or the transfer admittances. 

If we leave the second pair of terminals “ open ” so that I 2 — 0, (1) be- 
comes 

V, = Zulu V 2 = Z 2 \I\. (2-3) 


Thus if one ampere is passing through the first pair of terminals, Z n is the 
voltage across this pair and Z 2 1 is the voltage across the second pair. Simi- 
larly if the second pair of terminals is “ short-circuited ” so that V 2 = 0, 
then (2) becomes 

h = Y n V u I 2 = Y 21 V u (2-4) 

Hence if a unit voltage is impressed on the first pair of terminals, then Yjj 
is the current through this pair and Y 2 \ is the current through the second 
pair. 

Consider an w-mesh passive network of impedors with two pairs of acces- 
sible terminals, one pair in the mth mesh and the other in the £th. Then 
in (1-16) all the V's are zero except V m and Vi. Eliminating all the T s 
except and Ik, we obtain equations of the form (2) and hence the imped- 
ance coefficients of the transducer. By the theory of determinants it may 
be shown that the transfer impedances of a transducer consisting of a net- 
work with two pairs of accessible terminals are equal. For each type of 
transducer the corresponding reciprocity theorem should be proved sep- 
arately as there is no d priori reason why the matrix of the impedance 
'•oefficients should be symmetric. In connection with cylindrical waves 
we shall encounter generalized transducers whose impedance matrices are 
not symmetric. 
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The admittances can be expressed in terms of the impedances and vice 
versa, thus solving (1 ) for the I s and comparing with (2), we have 

Y Z « y _ Z IS y = __ Z 21 y _ Zll 

11 D * 12 D ’ 21 D ’ 22 D* 

(2-5) 

D “ 2nZ» — ZijZji = ZiiZu — Zj* 

Similarly we obtain 



(2 6 ) 

A - YnYaa - Y 13 Y„ - Y u Y n - Y,* 

These equations show that if Zjj = Z, 2 then Y 2] * Yu and vice versa 
If the expression for any of the Z t from (6) is substituted in the expression 
for the corresponding Y in (5), we obtain DA — 1 

Multiplying the first equation of set (1 ) by 7* the second by 1$, and 
taking half the sum, we obtain an expression for the complex power 

* =* i(*y? + *VS) = ilZu/.Tf + Z,»(7,7J + 7*7j) + Z 22 7 2 7J] (2-7) 

If /i and 1 2 are the amplitudes of I\ and / 2 and if d is the phase angle 
between them, then (7) becomes 

* - a(Z.i 1? + 2Z.iV. cos •> + Z.,/5). (2-8) 

The real part of ^ is the average power contributed by the impressed forces 
to the transducer 

Multiplying the first equation of the set (2) by P?, the second by 
and taking half the sum, we have the corresponding expressions for the 
conjugate complex power 

** - JIYnW + Yniy x vt + vjr 7 ) + Y M r 2 iqi 

_ (2-9) 

- KViiCi + 1 Y„P,P, a, t + Y„i> S), 

where ^ is the phase angle between V j and V 2 
It ts convenient to express * as the sum of three terms 

* = *u + 2’J'ia + *22, (2-10) 

and to call the term 2'Pji> depending on both 7j and / 2) the mutual power 
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The mutual impedance and admittance can be expressed in terms of *i 2 ; 
thus 

„ _ 2*12 *12 

‘ 2 ”*• ' ( 2 - 11 ) 


lilt + I* I 2 cos ^ 


Yis = 


-12 


V\Vt+V%V* V 1 F 2 cost 

If I\ and I 2 are impressed in phase we can assume their initial phases to 

*12 


be zero, then 


2io — 


7j7 2 


( 2 - 12 ) 


In (1) the electromotive forces V\ and V 2 are the forces necessary to 
sustain I\ and I 2 against the forces of reaction of the transducer; they 
are the total electromotive forces developed by the generators only if the 
internal impedances of these generators are equal to zero. If the genera- 
tors possess internal impedances Z\ and Z 2 , then the total impressed forces 
V\ and Vo are 

Pi = Vi + Zih, P 2 « V 2 + Z 2 / 2 . (2-13; 

Thus it is easy to extend (1) to include the generator impedances; we have 
only to add Zj to Zu and Z 2 to Z 22 

Pi = (Zi + z n )h + z 12 / 2 , 

v 2 = Z 2 \I\ + (Z 2 + Z 22 )/ 2 . ^ ^ 

If in (1) the second pair of terminals is short-circuited, V 2 = 0 and we 
have 

T Z 2 i 

■'2 

Z-22 

More generally if, instead of a generator, an “ output impedance ” Zo is 
inserted across the second pair of terminals, or “ output terminals," the 
“ input impedance ” across the first pair is 

Z?, 

(2-16) 


■Iu V x = (z u - 0 h. (2-15) 


Z=^ = Z 

* h U Z 22 + Z 0 ' 


This is the ratio of the voltage across the input terminals to the current in 
the input circuit and it is obtained from (13) and (14) by setting V 2 = 0 
and Z 2 = Z 0 . The total impedance seen by the generator is 


~= Z„ + Z iy 
■t 1 

where Z g is the internal impedance of the generator. 


(2-17) 



ELECTROMAGNETIC WAVES 




5 3 Iterated Structures 

Consider a semi infinite chain of identical transducers (Fig 5 10) The 
input impedance K of this chain may be obtained very readily since I 0 
and / 1 will not be altered if we replace the chain to the right of the terminals 
A\, B\ by an impedance equal to K Thus we have the following equations 
Z,il Q + Z| } 7] — Vo, Z21I0 + (Z22 4- A)7i ** 0, 73-1) 



Fjc 5 10 A ch*in of Iranjducers 


Ki * = \{z n - z„) ± Vj(z„"+ Z 2 ^r^ 


(3-1) 


where F 0 is the counter-electromotive force of the chain which acts from 
An to Bo and hence is equal to the impressed electromotive force acting 
from Bo to Ao Eliminating 7j, we obtain 

Since by definition the ratio F 0 /I 0 is equal to A, we have 

Z\ i 

k - z "-^Tk 

Solving, we obtain 

A* + (Z„ - Z n )K - (Z U Z 23 ~ Z\ t ) - 0, 


0-3) 

(3-4) 

(3-5) 


The current transfer ratio 7i//o may be found from (1), thus 

Z,2_ _ 2Z,i 

Io Z 21 + K Zti + Z« ± V (Z u + Z M y - 42*2 

, __ (3-6) 

= - (Z n + Z22) ± V(Zii + Zn? £j Z\j 

2 Z n 


where the signs in front of the square root correspond to those in (5) This 
is the common ratio of the currents in two successive meshes of the chain, 
hence the transfer ratio across n transducers is 


4_/i h h 7. (7i)‘ (/or* 

I»~ h 7, h 7«-i </„)' (1\Y* 
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It is evident on physical giounds that the input impedance of the chain 
and the transfer ratio across each transducer are unique and we are faced 
with the problem of choosing the proper sign for the square roots in (5) 
and (6). The product of the two values xij X '2 for the current transfer 
ratio is unity. Thus if the absolute value of xi is less than unity, the ab- 
solute value of xs is greater than unity. In a dissipative chain the ampli- 
tude of the current must necessarily decrease and we must choose that sign 
of the square root in (6) which makes the absolute value of the current 
transfer ratio less than unity. This choice determines uniquely the sign 
in the expression for K. It is apparent from (6) that for small values of 
Z \2 the proper sign is positive. 

We may represent the current transfer ratio as an exponential function 


the constant T is the propagation constant or the transfer constant of the 
chain. The real part of T is positive and is called the attenuation constant ; 
the imaginaiy part of T is called the phase constant. 

Since one of the values of the current ratio in (6) is e~ r and the other 
is its reciprocal e r , we have 


cosh r = 


g r + e~ r 
2 


Z\\ + Z22 


27 


12 


(3-7) 


The current and voltage across the terminals A n , B n may now be ex- 
pressed in the form 


H = Ip- rn , K = Kr Vn , Ft = K+It, 


where the superscript “ plus ” is used speci- 
fically to indicate a wave traveling from the 
source toward the right in an infinite chain 
(Fig. 5.11) of which the semi-infinite chain 
forms a part. For a wave traveling to the 
left in an infinite chain, we should have 

In = Ioe Tn , 

since in this case the amplitude should 
decrease as n decreases. Here the current 
ratio is represented by the second value in 


B-r 


_^o_ 


-5— 



b) 


D 

~ Ah 


Ao 




Fig. 5.11. Two sections of a chain 
extending to infinity in both direc- 
tions. 

(6). For the voltage we have 


k = n = — 


where — K is the value of K in (5) other than the one designated by K + . 
The impedance K~ is the impedance of the semi-infinite chain extending to 
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the left, as seen from any pair of terminals In fact if K + happens to 
correspond to the upper sign in (5), so that 

K+ - }(Z„ - Z„) + vA(Z„ +2„)’-z; i , (3-8) 

then, in accordance with the above definition, 

K- - i(Z„ - Z„) + VjKi+Z z,) ! -Zi, (3-9) 

If the dements of the chain are symmetric, then Z\\ = Zgg and K*~ = K~ 
Since K * and K~ are impedances of passive networks, their real parts 
cannot be negative These two impedances are called the characteristic 
impedances of the chain of transducers 
The expressions for the current and voltage in a chain consisting of a 
finite number of transducers may now be written in the following fotm 
/„ - Ae-^ + Be**, « K'’Ac' r " ~ KrBe r % 

where A and B are constants obtainable in terms of the terminal conditions 
For instance, let the total number of transducers in the chain be m and let 
an impedance Z be inserted across the mt h pair of terminals, then we have 
V m K + Ae~ t ’" - K~Be Tm 
L “ 7* “ Ae~ Xm + Be Tm 

From this equation we can express B in terms 
of A The constant A can then be found in 
terms of the input voltage F 0 or the input 
current /o 

Similarly A and B can be expressed in 
terms of Vq and Jq, or in terms of Vq and 
y m , or in terms of /o and I m In the last two 
cases we obtain equations representing the chain of transducers as a single 
transducer 



Fic 5 12. A symmetric 
T network. 


5 4 Chains of Symmetric T Networks 
A symmetric T network (Fig 5 12) is a transducer whose 1. 
are 

Zu - Za = jz, + Zg, Zij = — z 2 

Substituting in (3-7) and (3 8), we have 

x.-xh±2h. 

IZg 


ipedances 

(4-1) 






(£ + ■)• 


K+ « K~ = JVzT(Hi + 4Zs) 

These are the constants for the iterated network shown in Fig S 13 
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Evidently any symmetric transducer may be represented by a symmetric 
T-network; thus from (1) we have 

Zj = 2(Zu -j- Z 12 ), Z 2 = — -Zi2- (4-3) 

Hence expressions (2) may be used for any chain of symmetric transducers. 



Fig. 5.13. A chain of symmetric T-nctworks. 


5.5. Chains of Symmetric U-Networks 

Consider now a symmetric II-network (Fig. 5.14). Starting with the following 
mesh equations 

2Z t h - 2Z«J + 0 = V u —IZiIi + (Z, + 4Z 2 )7 - 2Z 2 7 2 = 0, 

0 - 2Z 2 7 + IZih = Vi, 


and eliminating the current 7 in the intermediate 
mesh, we obtain 


2Zj(Z\ + 2Z 2 ) , __JZ 
Zi + 4Z 2 Zi 4 Z 2 


— 4Zjj 2Z 2 (Zi + 2Z 2 ) . 

Zi + 4Z 2 Zi 4" 4Z 2 

Hence we have 


^2. 


[izTl T) M 'S) 


Fig. 5.14. Asymmetric 
II-network. 


Zu = z 22 


2Z 2 (Zi 4- 2Z 2 ) 
Zi 4“ 4Z 2 


Zl 2 = — 


4Z% 

Z\ 4Z 2 


Therefore 



Fig. 5.15. A chain of symmetric II-networks. 


K — Vzfi — Z\ 2 — V(Z U + 2i2)(Zh -- Z 12 ) = 2Z 2 */ — 


is the characteristic impedance of a chain of II-networks (Fig. 5.151. 


Zi + 4Z 2 


(5-1) 
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The propagation constant is evidently the same as m the case of the chain of 
T networks, K has a different value only because of terminal differences between 
the two chains In fact, we can obtain (1 ) from the characteristic impedance in (4-2) 
Designating the latter by K and the former by K\ we have 

y> = _ 4ZiK + 2ZiZ, 

k+\Z t + 2 Zi 2K + Z.+4Z,' 

It may be shown that A' is identical with K in (1) 

5 6 Continuous Transmission Lines 

A continuous uniform transmission line may be regarded as a limiting 
case of a chain of transducers If the distributed senes impedance and 
shunt admittance per unit length of the line are respectively Z and Y, then 

where dx is an element of length By (4-2) we have 

K - C0!k r - 1 + Jr« + . I + \ZYJx\ r - Yzyj* 

Thus the propagation constant per " section ” is proportional to the length 
of the section and the propagation constant per unit length is VZY 
5 7 Fibers 

If in the chain of transducers Zi and Z 2 are pure reactances, their ratio 
is real and therefore cosh T is also real Let a and $ be the attenuation 
constant and the phase constant, then 

cosh T = cosh (a -f t0) = cosh a cos fS + t smh a sin 
This expression is real if 

smh « sm 0 * 0, 

that is, if 

a = 0 or 0 = ± mr 

Thus there are three distinct ranges of values of cosh T to be considered, 
namely 

cosh T = cos f3, —1 < cosh F < 1, if a = 0, 

cosh T = cosh a, 1 < cosh V < w, if 0 = 0, (7-1) 

cosh T * —cosh a, — » < cosh r < — 1, if 0 = » 

The value of cosh T depends on the frequency, at some frequencies 
there will be no attenuation while at others the attenuation may be very 
high Hence our chain of transducers will act as 3 fiber The frequency 
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interval of zero attenuation is called the pass-band of the filter; the fre- 
quency interval of nonzero attenuation is called the stop-band. By (4-2) 
and (1) the pass-hand is determined by the following inequality 

-4 < |i < 0, or 0 < - f < 4. (7-2) 

Zo Z2 

The end points of the pass-band are called the cut-off frequencies. The 
pass-band may also be obtained from 



Fic. 5.16. A low-pass filter. Fic. 5.17. A high-pass filter. 


The following are a few simple examples of filter structures. In the 
chain of series inductances and shunt capacitances shown in Fig. 5.16, we 
have 


Z x = iuLi, Zo - y— , —■ 

/ctfGo Z2 

in this case the pass-band is specified by 


-c o 2 Z.,C 2 ; 


0 < 03 < <d c , U> c 


Vl^c 2 ' 


The frequencies below the cut-off are passed and the filter is a low-pass 
filter. As Lx and Co become smaller, ai c becomes greater; in the limiting 
case of uniformly distributed constants all frequencies are passed. 

For the chain shown in Fig. 5.17, we have 

^ 1 „ . r Z\ 1 

A - T~pr , zS 2 - tuL 2 , 5 7- - ; 

/coCi Zo a) L^Cx 

thus the pass-band is determined by 


u > u c , ro t = 


2 VZfflx ’ 


and the chain is a high-pass filter. In the limiting case of uniformly dis- 
tributed series capacity and shunt inductance, no frequency is passed. 
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Our next example is the chain shown in Fig 5 1 

1 I Z\ 

Z\ = tuL\ H — , Z 2 ~ — — - , — = 


Here we have 
■u?L\Cx + ~ , (7-6 


r i t _. 

Fig $ 18 A band pass Alter 




0 < « a £,Cj - ^ < 4, u c <, v < a c '. 



This is a band pass filter If however L u C t C 2 are continuously dis 
tnbuted, we have 

c, 

L, - r, dx, Cl -J x > Cs =» C 2 dx, (7 7) 

where L u Ci and C 2 refer to un t length The upper cut-off frequency 
becomes infinite acid the transmission line has the characteristic of a high 
pass filter with a cut-off given by 


Vtt, 


(7 8 


We shall see that propagation of transverse magnetic waves is governed 
by equations of this type 



Fig S19 A band pars Alter 


For the structure shown in Fig 5 19 we have 


Z t = 


Zi 


Z, 

Z-i 


-JLiC* + 


£: 


(7-9) 
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This structure is also a band-pass filter in which the lower and the upper 
cut-offs are specified by 


/ 

u, = 





(7-10) 


When such a structure becomes a continuous line, then 

Zo , 1 


Ly — h\ f/.V, C*2 — Co dx, Ijn — 


r/.v’ 


/ _ 


- 7 === 


v^ZoCo 


(7-11) 


and the upper cut-off has receded to infinity. Propagation of transverse 
electric waves is governed by equations of this type. 


5.8. Forced Oscillations in a Simple Series Circuit 
One of the simplest electric networks is a circuit consisting of a series 
combination of a resistor, an inductor, and a capacitor (Fig. 5.20). The 
impedance of such a circuit is 

Z - R + ioiL + = R + i Ll - ^ . (8-1) 


The reactance component vanishes when 

1 


01 = 0 ) = 


Vlc' 


( 8 - 2 ) 


the frequency so defined is called the resonant Jrc 
gurney of the circuit. At the resonant frequency 
the reactances of the inductor and capacitor an 
equal except for sign; thus 


-AAA 

R 

— 

Fig. 5.20. A simple series 
circuit. 



(8-3) 


The quantity K is called the characteristic impedance of the circuit. The 
impedance of the circuit at any frequency can now be expressed in the form 




= R + iK 



(8-4) 


At resonance the absolute value of the impedance is minimum and the 
current is maximum. The sharpness of the resonance curve (current vs. 
frequency) is seen to depend on the ratio of the characteristic impedance of 
the circuit to the resistance, that is, the “ 0 " of the circuit 



c cL 1 

R wRC 


(8-5) 
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Th s quantity can be defined in terms of the total energy & stored in the 
circuit at resonance and the average power W diss pated in R Starting 
with the definit ons of the resistor inductor and capacitor (section 2 7) 
and obtaining the work done by the applied electromotive forces, we find 
that at any particular instant the power dissipated in the resistor the 
energy stored m the inductor and the energy stored m the capacitor are 
respectively Rif \LP, where /, is the instantaneous current in the 

resistor or the inductor and f'ict is the instantaneous voltage across the 
capacitor Since at resonance the reactance seen by the generator is zero, 
the energy 5 stored in the circuit is constant and is equal to the energy 
stored in the inductor when the current is maximum and hence the voltage 
across the capacitor is zero, or to the energy stored in the capacitor when 
the voltage across it is maximum and the current is zero, the average 
dissipated power W is one half of the power dissipated when the current 
is maximum, that is, 

6 - \U 2 W - \Rl\ 

where 7 is the amplitude of/. Substituting L and R from these equations 

in (5), we have an alternative definition of Q 

<?-§. ( 8 - 6 ) 

independent of the concepts of resistance and inductance 
The current is proportional to the admittance Y of the circuit The ratic 
of th s adm ttance to the admittance at resonance depends only on Q and 
the ratio ut/u thus 



(8-7) 

(8 8 ) 
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Thus for “ high 0 circuits ” the input resistance and reactance are equal 
when 


25Q = ±1, 5 = ±— • 


( 8 - 10 ) 


At these frequencies the current amplitude is 50 - '' // 2 71 per cent of its 

maximum value and the power absorbed is one-half the maximum power 
that can be absorbed by the circuit. The quantity 


1 , 1 . 21 ^ 21.1 

is called the relative width of the resonance curve. 


(8-11) 



.2. 3. __L L -113 2 

o 20 Q 20 0 2Q Q 20 O 


Fig. 5.21. Universal resonance curves. The heavy curve represents the amplitude and the 

light curve the phase. 

Plotting the amplitude and phase of the ratio RY as a function of 5 we 
obtain the universal resonance curves (Fig. 5.21). The heavy curve repre- 
sents the absolute value of RY and is proportional to the amplitude of the 
current in the circuit when the impressed voltage is constant. The light 
curve is the phase of RY. 

Other useful forms for the input admittance of the series circuit are 


Y = 


CO 

Rco + /(or - u-)L 



(8-12) 
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In the nondissipative case we have simply 


£(«* - w 2 ) 


(8-13) 

Let us now consider the instantaneous energy fluctuations Choosing 
the origin o/ time so that the imt al phase of 1 is zero we have the follow ng 
expressions for the nstant&neous current tn the circu t and the mstan 
taneous voltage across the capac tor* 

J. / cow 

Therefore the energy stored in the inductor and the capacitor is 


The first term of the latter form of $ represents the average stored energy 
and the second the energy fluctuating between the circu t and the generator 
At resonance the fluctuating energy is zero and the average energy stored 
in the inductor equals the average energy stored in the capacitor Evi 
dently the above average energy may be expressed in the form 

S a ~ IX’MP (8 14) 


where X (0) is the slope of the input reactance plotted as a function of u 


“• 9 Natural Oscillations in a Simple Series Circuit 
The natural oscillat on constants />, and P2 are the zeros of the impedance 
function (27-6) The impedance and admittance functions can be fac 
lored and thus expressed in terms of these zeros 


, (P ~ Pi)(P - Pa) 


Y[p) 


Lfp - p l )(p - Pt) 


Depend ng on the relative values of the c rcu t constants the natural 
oscillation constants may be either real or complex Thus if 


2L VZc 


R 2r 2A 


the constants are real and the oscillat ons degenerate into an exponen 
•The impedance of the capac tor is — »/oiC and the voltage is lagg ng beh nd the 
current bv 90 1 
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tial decay. On the other hand if R < 2 K, the oscillation constants are 
conjugate complex 

pi = P = | + i£jy p2 — P* — ^ ~ ,C0 > ( 9 _ 2 ) 

where the amplitude constant f and the natural frequency w are given by 


R W 
2 L~ 2§ ~ 2Q* 



R 
4 K 


2 = Vtf-f 



(9-3) 


For high Q circuits the natural frequency is nearly equal to the resonant 
frequency o> = S. 


5.10. Forced Oscillations in a Simple Parallel Circuit 
The theory of a parallel combination of an inductor, a capacitor, and a 
resistor (Fig. 5.22) is very similar to the theory of the series circuit. The 
input admittance of the circuit is 

Y=G + iuG + ~ (10-1) 

to)L 

Comparing this with the input impedance (8-1) 
of the series circuit, we observe that the equa- 
tions of section (8) can be adapted to parallel 
circuits if we interchange L and C, Z and Y, and Fi- 
replace R by G. We should also replace the 
characteristic impedance K by the characteristic admittance M\ but 
subsequently it may be more convenient to reintroduce K. Thus we have 
the following expression for the input impedance of the circuit 

GZ — , (10-2) 


5.22. A simple parallel 
circuit. 


1 +i 


where Q is defined by 


iQ (" - -) 

\OJ CO/ 


Q = — = 
W 


M 
G ' 


1 

c oGL 


kg' 


(10-3) 


If the input current is fixed, the voltage across the circuit varies with the 
frequency exactly as does the current in the casS of the series circuit (Fig. 
5.21). 

Another type of parallel circuit is that shown in Fig. 5.23. In general 
the frequency characteristics of this circuit are different from those of the 
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circuit in Fig 5 22 If, however, both circuits have high Q values, then 
their behavior m the neighborhood of resonance is approximately the same 
_ _ _ To prove this, consider a parallel combination of two 

I | impedances Z\ and Z 2 such that [ Zt J IS* ) Z\ ] For 

I n > the input impedance Z of this combination we have 

approximately 

z-^h-^zAi- §iW-f 
Zi+Za k zj z 2 

If Z\ is a pure reactance and Z 2 a pure resistance, 
then the last term is positive real and a large resist 
eut ance Z% in parallel with may be replaced 

by 3 small resistance m senes with Z\ or vice versa Hence the circuits 
in Figs 5 22 and 5 23 are approximately equivalent in the neighborhood 
of resonance if 


R >= S> 2 L 2 G or C- 


R 
‘ K 2 


(KM) 


Substituting in {T) and V2>>, we have 
„ K , K 2 \ 


%['+< -Dr <-> 


Hence the maximum input impedance is 

If a generator is connected as shown in Fig 
5 24, then the maximum input impedance is 

7 


Assuming that K , is still large compared Fl ° 514 £ J** 
with R, the effect of shifting the terminals 

of the circuit is to reduce the inductance to L\ and to increase 
the effective capacity The resonant frequency is evidently unchanged, 
but the maximum input impedance is reduced in the following ratio 


Z im „ _ Z? 
Z mu ~ I? 


( 10 - 8 ) 


Of course, if L\ is so small that wL\ is no longer large compared with R, 
the above formulae must be modified 
for the circuit shown in Fig 5 22 and approximately for the one shown 
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in Fig. 5.23 we can obtain an equation similar to (8-14); thus 

S 0 = i5»^ 2 , (10-9) 

where V is the maximum voltage amplitude across the circuit. 


5.11. Expansion of the Input Impedance Function 

The input impedance (1-20) as seen from the terminals of a generator in a typical 
mesh of an electric network is a rational fraction when considered as a function of the 
oscillation constant p. The numerator and the denominator are factorable and the 
impedance may be represented as a ratio of two products 


Z{p) = A 


(p - pi) ip -?:)■" 
ip — Pi)ip ~ pa) ’ ' ’ 


( 11 - 1 ) 


where A is a constant. The zeros p i, p», • ■ ■ of Z{p) are infinities of Y{p ) ; they 
represent the natural oscillation constants of the network when the voltage across 
the input terminals is zero and hence when the terminals are short-circuited. The 
infinities pi, p 2 , • • • of Z(p) are the zeros of Y(p); they represent the natural oscilla- 
tion constants of the network when the current through the input terminals is zero and 
hence when the network is open at these terminals. 

A rational fraction can be expanded in partial fractions. If all the zeros of the 
admittance function are simple we may write Z(p) in the following form 


d\ 

2(? ) = -— r + —^- + ••■+/(?), (11-2) 
P ~ Pi P ~ P2 

where f{p) is a polynomial in p. Multiplying by {p — pi) and letting p approach pi, 
we have 


P P 1 

ai = lim (p - pi)Z(p) = lim as p-^pi. 


Therefore 


Y(p) 


1 


<3l 


consequently we have 


Z{p) = Z 


Y'ipi) ’ 


1 


(p-pr.)Y’(p m ) 


+ /(?), 


where the summation is extended over all the zeros of Y(p). 
Similarly the admittance function may be represented as follows 


( 11 - 3 ) 


( 11 - 4 ) 


T(?) = £ 


1 

(p-p m )Z'(p m ) 


+ sip)- 


( 11 - 5 ) 


In network theory it is shown that/(p) and g{p) are polynomials of degree less than 2. 
We have seen that the complex zeros and poles of Z(p) occur in conjugate pairs; 
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thus for typical pairs of zeros and infinities we have 

?«=£» + Pm “ I- - <“». 

pm - fm + IWm, pZ ~ (rn - tOm. 


(11-6) 


The real parts £m and | m are never positive since positive values would mean that the 
amplitudes of the currents and voltages in the network were steadily increasing 
Then infinite power would be dissipated in the resistors and infinite energy stored in 
the inductors and capacitors without a continuous operation of an impressed force, 
that is, without a continuous supply of energy to the network 
Let us now consider the values of Z(p) and Y(p) on the imaginary axis 


Z(iu) - /J{u) + ,X(u), 
r(t«) - g(w) + «b(m) 


(11-7) 


R(o>) and G(.u) are never negative, if they were negative for some value of «, then at 
this frequency power would be contributed to the generator by the supposedly passive 
network If the network is only slightly dissipative, R{ u>) and G( w) are small In 
this case the zeros of Z(p) and Y(p) are given approximately by 

X(i> m ) - 0, B(u k ) - 0 (II— 8) 


In order to obtain the second approximation we note that 

Z(«6* + S») - Z(ifi»«> + ?«z'(ua.) + -o, 

Y(rWw + 2w)»y(/<a,)+«-Y'(«ai.)+ -0 


(11*9) 


Solving, we obtain 


Z(«*-) YjtUm) 

6 - = YW 


(U-10) 


Differentiating (7) 

iZ'(ni„) ® R'{Ct m ) + »X'(w„), 
=■ G*(tt.) + /B'(oi„), 


(11-11) 


and substituting in (10), we obtain 


R(£>m) 

/?(«-) 

m&rnW (&„) 

X'Qm) ~ lR'(Um) 

X‘(£>m) 

* 1 

G(Om) 

G(av.) 

G(«JG>„) 

~ iG'(o). ) 

" B'(Wm) 

[B'M J* 


( 11 - 12 ) 


Thus the approximate expressions for the real parts of the natural oscillation con 


stunts are 


*(■&,) 

X*(W>' 


i.- - 


G(Um) 


(11-13) 
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Since R and G are positive and the £’s are negative, we have the following inequalities 

X’{£> m ) > 0, > 0. (11-14) 

Substituting the above approximations in the general equations (4) and (5), we 
have* 

zv») = E 5 — ~ +/(*»), 


YV*) = E 


— w 2 — 2 iu>t m )B'(u m ) 
2 ho 


(11-15) 


(aim — to 2 — 2/wf m )A (<o m ) 


— + g(ios). 


Comparing the second of the above equations with (8-12), we find that a slightly 
dissipative network behaves like a parallel combination of simple series circuits whose 
inductances and Q’s are given by 


U = hX'{u m ), Q m = - 


U>m _ 

2\ m ~ 2R(M 


(11-16) 


Likewise we can regard the network as approximately equivalent to a series com- 
bination of parallel resonant circuits whose capacitances and Q's are 


C m — \B (C0 m ), Qm — 


2G(io m ) 


(13-17) 


In view of (8-14) and (10-9), equations (IS) can be expressed in terms of the 
energies stored in the circuit at the various resonant frequencies. Thus we have 


Z(iw) = 



»cocom \ 

Qm ) 


+ /(“»), 


(11-18) 


where S m is the energy stored in the circuit at the wth resonant frequency when the 
input terminals are open and when the voltage amplitude at these terminals is unity. 
Similarly we have 


Y(f») = E 7 rT"r + (11-19) 

where S m is the energy stored in the circuit at the «th resonant frequency when the 
input terminals are short-circuited and when the current amplitude at these terminals 
is unity. 

So far we have tacitly assumed that none of the natural oscillation constants falls 
on the real axis. Let us now suppose that p = /> 0 is a real simple zero of Y(p ). 

* It should be recalled that X(u>) and B(co) are odd functions and therefore X'(ct>) 
and B'(ta) are even. We retain only the principal terms in the final approximations. 
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Then the corresponding term in (4) is not paired with any other it is 

(p —pi})y'(j>o) 


(11 20 ) 


If po is small, we have approximately 


i) equation (20) becomes 

- ^r- 


01 -21) 


G( 0) is the direct current conductance of the network and S'(0) the d rect current 
capacitance, thus 

C(0) -G-JT %, B\ 0) - C - 2S„, (11-22) 



where ff'o is the power lost in the conductance and Se is the energy stored in the 
capacitance when a unit voltage is appl ed to the network The term (21) which is 
to be added to (18), now becomes 


Zn(iu) = — = — ■— 

G + iuC W*-\- ho&t 


(11-23) 


Similarly if Zip) has a simple zero on the real axis we should add to (19) tV 
following term 

Ke( ' w) = W) +7«x r (0) “ R + h*L " )vV+ 2nt&0 ' ° ' * M) 

where R and L are respectively the d-c resistance and inductance of the network 
tfru is the power lost in the resistance and is the energy stored in the inductance 
when a unit current is pass ng through the input terminals 

The foregoing results may be summarized graphically as shown in Fig S 2S A 
purely reactive finite network may be represented either as a senes combination of 3 
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series resonant circuit (or in a special case nonresonant) and a succession of parallel 
resonant circuits or as a parallel combination of a parallel resonant circuit and a suc- 
cession of series resonant circuits. In the first case the series circuit is obtained when 
one of the parallel resonant circuits degenerates into an inductance and another into 
a capacitance; the parallel circuit in the second case is obtained similarly. The 
degenerate circuits correspond to the zeros and poles of Z(p) at the origin and at 
infinity. If the network is slightly dissipative, then in the first approximation the 
equivalent networks will differ from those in Fig. 5.25 only in that each series and 
parallel branch will contain a resistance element. 



CHAPTER VI 
About Waves in General 


60 Introduction 

If the impressed currents are known throughout an infinite homogeneous 
medunv the field can be calculated fairly easily, we need only obtain the 
field of a current element and then use the principle of superposit on The 
solution of th s problem is useful even though most practical problems are 
concerned with fields m media composed of homogeneous parts and not in 
completely homogeneous med a Thus if the med um is homogeneous 
except for isolated islands it is somet mes poss ble to obtain approx mate 
polarization currents which can be used as virtual sources in an otherwise 
homogeneous med um (section 2 11) The first few sections of this chapter 
are devoted to this problem. 

The boundaries between media with d fferent electromagnetic properties 
or the discontinuities may have a profound effect on wave propagation 
In a homogeneous med um for example the energy from a given source 
will travel in all directions but in the presence of parallel conducting wires 
at least a fraction of this energy will flow in the d rection of the wires The 
effects of such discontinu ties will be studied in detail in subsequent chap- 
ters but some general cons derations are introduced in this chapter 

A brief d scussion of electrostatics and magnetostatics is also included 
in this chapter These topics are of interest in wave theory for the follow 
ing two reasons (1) they furnish approximations to slowly varying fields 
(2) they furnish exact solutions of certain two-dimensional wave problems 
6 1 The Field Produced by a Gwen Distribution of Currents in an Infinite 
Homogeneous Medium 

Our problem is to solve the electromagnetic equations (4 4-2) for har 
momc fields This is the most important case in practice, besides, the 
solution of the most general case can then be expressed in the form of a 
contour integral in the oscillation constant plane The usual procedure 
for solving a simultaneous system of equations is to eliminate all dependent 
variables except one In the present case this procedure would be un 
necessarily restrictive since we should have to d fferentiate J and M and 
hence assume that they are continuous and d fferentiable functions In 
practical problems / and M are local zed and for all practical purposes 
126 
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the regions occupied hy them have sharp boundaries. Thus it is conven- 
ient to introduce a set of auxiliary functions, generally called potential 
functions. 

To begin with let us write 

£ = £' + £", H = H' + H", (1-1) 


where ( E' ,H ') and ( E",H ") are solutions of 

curl E' = —icofiH', curl H' — J + (g + iu>t)E', 

(1-2) 

curl E" = — M — iunH", curl H" = (g + iue)E". 


The field ( E r ,H ') is produced by electric currents and ( E",H ") by mag- 
netic currents. Their sum satisfies (4.4-2). 

Taking the divergence of each equation in the set (2), we have 


div H' = 0, 


div E’ — 


div J 

g + iut ’ 


div H" 


div M 
uom * 


div E" = 0. 


(1-3) 


The second and third of these equations require J and M to be continuous 
and differentiable; but one form of the solution of our problem is obtained 
without using these equations. In the other form of the solution which 
depends on them we may assume J and M differentiable to begin with and 
then extend the results to include discontinuous distributions. The first 
and last equations show that H' and E" can be represented as the curls 
of certain vector point functions 

H' = curl A, E" = -curl F. (1-4) 

Substituting from (4) into (2), we obtain 

E' = -iwnA - grad V, H" = -(g+ im)F - grad U, (1-5) 

where V and U are two new point functions which are introduced because 
the equality of the curls of two vectors does not imply that the vectors 
are identical. 

From (4) and (5) and the two remaining equations in (2), we obtain 
curl curl A = J - a 2 A - (g- + im) grad V, 

(1-6) 

curl curl F = M — <r 2 F — ioifi grad U. 

Using (1.8-2) we have 

A A - grad div A = - J + <?A + (g + «oe) gra d V, 


A F — grad div F = — M + <r 2 F + ioifi grad U. 


( 1 - 7 ) 
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Thus we have expressed E and H m terms of two vectors A and F and 
two scalars V and U, the new functions being connected by two vector 
equations So far the vectors are somewhat arbitrary since equations (4) 
are unchanged if we add to A and F the gradients of arbitrary functions 
The functions T'and U are completely arbitrary Hence we have an oppor 
tumty to impose further conditions on these functions to suit our conven 
lence For instance we may set 


V = 


div A 
£ + *««’ 


V - - 


div F 


(1-8) 


o that equations (7) become 

&A - i 2 A - J, &F= <7 2 F- M 


When specified in the above manner, the functions A , F, V and U are 
called wave potentials, the first two being vector potentials and the last 
two scalar potentials More specifically A is called the magnetic vector 
potential, F the electric vector potential, V the electric scalar potential 
and U the magnetic scalar potential Lorentz was the first to introduce 
these wave potentials »n dealing with nondissipative media and he called 
them retarded potentials hr reasons that will soon become obvious In 
general the wave potentials ate not only “ retarded ” but also " atten 
uated,” and the more general designation "wave potentials’’ is more 
appropriate * 

Thus we have the following expressions for the field produced by a given 
distribution of impressed currents 

E = — tunA — grad V — curl F, 

(MO) 


H = curl A — grad 17 — (g -f lwt)F, 


where V and 17 are defined by (8) and A and F are the solutions of (9) 

If /and M are differentiable functions, A' and I7satisfy equations similar 
to (9) Thus taking the divergence of (9) and substituting from (8), we 
have 

A£ ,.^£, + 4r« 

g + lot tUfl 


In nondissipative media div J is equal to the negative time derivative of the 
volume density of electric charge, thus 

div / = —tutjn div M — —sum. (1-12) 

Consequently 


tV = - - q„ A 17= -pU - 


(1-13) 
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From the physical point of view the vector potentials can be obtained 
much more satisfactorily by the method explained in the next section than 
by solving equations (9) formally. 


6.2. The Field oj an Elect > ic Current Element 

Consider a short current filament (Fig. 6.1) and assume that the current I 
is uniform and steady between the terminals A and B so that the entire 
current is forced to flow out of B into the external 
medium and then back into A. If the medium is a 
perfect dielectric this would mean a concentration of 
electric charge at B at the rate I amperes per second 
and an ever increasing electric field around the fila- 
ment. The product II of the current and the length 
of the filament is called the moment of the electric 
current element. 

Let us suppose that the current element is centered 
at the origin along the 2-axis. From a point source the 
current would flow outwards uniformly in all directions; the density would 
then be 




Fig. 6.1. An electric 
current element. 


Hence for two point sources separated by distance / the current density, at 
distances large compared with /, is the gradient of the following function 


Consequently 


/ I \ _ II cos 8 
dz \ 4my 4 irr 2 


Jr = 


II cos 8 
2m- 3 


Je = 


II sin 8 
4m- 3 


( 2 - 1 ) 


The dotted lines in Fig. 6.2 are the flow lines. 

The magnetic lines of force are circles coaxial with the element and in 
order to obtain the magnetic intensity we need only calculate the magne- 
tomotive force round the circumference of a circle PP' coaxial with the 
element (Fig. 6.2). This magnetomotive force is equal to the electric 
current 1(8) passing through any surface bounded by PP'. Choosing the 
surface as a sphere concentric with the origin, we have 


m-ff 


J,r 2 sin 8 dO dtp = 


II sin 2 8 


2 r 


( 2 - 2 ) 
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hence 


1(8) fl sin 8 
2*r sm 6 4»r* 


(2-3) 


Equation (1—10) shows that H is expressible as the curl of a vector A 
From (1-9) we conclude that each cartesian component of A depends only 



Fio 6 i Electric lines of force in the vicinjtj of an electric current element. 


on the corresponding component of the impressed current density Thus 
in the present case A is parallel to the z-axis and we should have 




dA. 

dp 


dA.dr 
dr dp 


dA. 

dr 


sin 


8 


(2-4) 


Comparing with (3), we have 



(2-5) 


Let us now suppose that the current is a harmonic function of time As 
the frequency approaches zero the field must approach that given by the 
above equations where /, A , H are now complex amplitudes of the corre 
sponding quantities and the time factor is omitted From (I) we 
obtain the electnc intensities 


II cos 8 

2Kr + ***»*’ 


-E. 


//sin 8 


( 2 - 6 ) 


Next we seek that solution of Maxwell s equations which approaches (6) 
as « — ♦ 0 At all points external to the current element the magnetic vector 
ptfttwtsai A must satisfy (1-9) "with J ■=■ 0 and by (5) it most be in depend 
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ent of 6 and v>; hence 


dr\ dr) 


This is equation (3.1-15) with k = 0 and its general solution is 

Pe~” , Qe CT 

A z = 1 

r r 

In dissipative media the second term increases exponentially with the dis- 
tance from the element and hence cannot represent the field produced by 
the element. The first term approaches (5) as to (and therefore <r) ap- 
proaches zero if P = Il/4ir. Thus we have 

Hr" 

A z = • (2-7) 

4 rr 

Nondissipative media may be regarded as limiting cases of dissipative 
media and then 

Ile~' Br 

m /rt n \ 


e " cos 8. 


By (1-8) we have 

g + ;coe 02 47ir \ err/ 

The field intensities are now obtained from (1-10); thus 

* vll A , i\ ... „ *11 L , i\. 


( 1 + i) 


£?{' “ s# ' 

iwjiir/ 1 i \ . 

-7 (id b -yi ) e Sln e - 

4rr \ err or/ 


e~' ,r sin 8, 


( 2 - 10 ) 


In nondissipative media we have 


Er 'Lr‘ (’ + //>) COS *’ H " “ 2Xr (‘ + /ft) ' sin 8 > 

£ „,2L'( I+ > . (2 - U) 

2Xr \ t0r jSVy 

If to — > 0, these expressions approach (3) and (6). 

Similarly the field of a magnetic current element of moment Kl is ob- 
tained from the following electric vector potential 


( 2 - 12 ) 
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Any given distribution of applied currents may be subdivided into ele 
meats, and the field can be obtained by superposition of the fields of tndtvid 
ual elements Take an infinitesimal volume bounded by the lines of flow 
and two surfaces normal to them The current in this element is / = J dS , 
where dS is the cross section of the tube of flow, hence, the moment II is 
equal to J dv, where do is the volume of the element Thus we shall have 

'-///£ 


-fffi 


(2-13) 


where r is the distance between a typical element and a typical point in 
space The scalar potentials are then computed from (1-8) 

If, however, / and M are differentiable functions, then V and U can also 
be computed from equations similar to the above We note the similarity 
between equations (1-9), (1-11), and (1-12) and write 

(2-14) 


'-///•! 


-do, 


U 


■///■= 


4irtr ’’ J J J 4 irtar 

These equations can be extended to include the case of nondifferentiable 
J and M by adding appropriate surface integrals, and, more generally, by 
adding line integrals and discrete terms representing the potentials of point 
charges Thus in the case of an electric current element m a nondissipative 
medium (Fig 6 1) we have two point charges at the terminals 


qa = 


and the scalar potential is then 






(2-15) 


(2-16) 


which leads to (9) when / is very small compared with r 
For surface and line distributions of impressed currents, the expressions 
for A and F are similar to (13), the surface and line integrals appearing in 
place of the volume integrals For any filament carrying current l(s) we 
have 

, emc- 


4«r 


- ds, 


(2-17) 


where ds is a directed element of length 
We shall now define the terms “ large distance ” and “ small distance 
as used in wave theory A given distance r is large if | er | » 1 and 
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small if j or \ < 1. In perfect dielectrics this means that r is large if 
f)r = 2x r/A is large compared with unity; r is small if 0r is small compared 
with unity. For example, r = 2\ is fairly large since 2/3X = 4 tt = 12.57; 
on the other hand r = A/80 is small to about the same degree since /3X/80 
= tt/ 40 = 1/12.7. The length r = A/2tt = 0.16X may be taken as the 
reference length. 

At large distances from the element the field is particularly simple. 
Thus in a nondissipative medium we have approximately 

H v = e~ ifir sin 6, E e = V H V , E r = 0. (2-18) 


6.3. Radiation from an Electric Current Element 
The flow of power across an infinitely large sphere concentric with the 
element is* 

J ,2r pX pj2 pi, px 

I EgH*r 2 sin 6 dd dip = „ / / sin 3 6 dd dtp. 

0 Jq 0 


Integrating, we have 


3 ri) 




$1 

X 2 


3 ^ 72 = 40,r2 




40 t r 2 p 2 

Xo 


(3-1) 


where p is the moment of the element; the last two expressions represent 
the power radiated in free space. 

This radiated power must come from the source; it can also be calculated 
from the work done by the electromotive force impressed on the current 
element. From (2-11) we have the electric intensity on the axis of the 
element 




iP 

2 r 



The first two terms are in quadrature with / and on the average do no work; 
but the third term is 180° out of phase with I and work is done against the 
field by the impressed electromotive force. The in-phase component of 
this force is then 

re(n = — / re(.E-) = (3-2) 

* By properly choosing the origin of time we can make the initial phase of I zero' 
hence I will be real and II* — 1~. 
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The work done by this force per & 
ratio 

K-*P. 


is seen to be equal to fVm (1) The 


3X* 


= 80 1 2 




(3-3) 


is called the radiation resistance of the element. 

The reactive forces in the vicinity of the element are very large Assum 
ing a finite radios for the element, we can compute these forces at the ele- 
ment itself, since, however, they de 
pend on r, we should subdivide the 
element into smaller elements and then 
integrate the effects In order to 
sustain a uniform current the im 
pressed forces must be distributed along 
e the entire element It will be shown 
(section 6 8) that if the element is 
energized at the center (Fig 6 3), the current distribution is approximately 
linear Then the moment of the current distribution is 


(3-4) 


Flu 63 A short wire energized s 


t- Jimji- in, 


where I is now the input current at the center If the element is short the 
distant field and hence the radiated power will be determined by the mo- 
ment Thus from (I) we obtain 


IV 


10 

~^T' R 


ao '*3 


(3-5) 


It is sometimes convenient to express the field of the current element in 
terms of the radiated power From (1) we obtain 


VTlirlV Bv Xq VfV 
P fisT* ^ tv 2*VW * 


(3-6) 


hence for the distant field in free space we have 

I*!-;''®*’-* 


(3-7) 


6 4 The Mutual Impedance between Two Current Elements and the Mutual 
Radiated Power 

Consider two infinitesimal current elements of moments I\di\ and 
I 2 ds 2 , and let ^ be the angle between the positive direction of one element 
and the E vector of the other (Fig 64} Let E\ he the e/ectnc intensity 



ABOUT WAVES IN GENERAL 


135 


due to the first element and E 2 the intensity due | 
to the second. The electromotive force of the J I z ds a 

field of the first element acting along the sec- ^ 

ond element is Ey t ,(s 2 ) ds 2 , where Ei.afo) is the 1 ‘ 
component of E\ in the direction of ds 2 ; hence / 
the electromotive force which should be im- T i ds 1 

pressed on the second element in order to counter- 
act the force of this field is Fl °- current 

-E u ,(s 2 ) ds 2 . (4-1) 

The ratio of this impressed force to the current in the first element is the 
mutual impedance between two current elements 

„ Ei,,(s 2 ) ds 2 E 2 .,( Sl )dsi 

Aa = ~ r r 

J - 1 -<2 


h 

E\ {s-i) cos ip ds 2 
_ 


E 2 {s\) cos \pds 1 

h 


The reciprocity implied by this equation follows immediately on writing 
explicit expressions for the forces involved. For 
example, the mutual impedance of two distant 
i,cj z , ! 2 dz 2 parallel elements, perpendicular to the line joining 

their centers (Fig. 6.5) is 


Fig. 6.5. Txvo parallel cur- 
rent elements. 


Z 12 = 


■ dz y dz 2 . 


If the reactive components of the self-impedances Z u and Z 22 are tuned 
out, then 

y 1 = Rn/i + Z12/2, 

(4-4) 

y 2 — Z\ 2 I\ + R 22 I 2y 

where y 1 and V 2 are the applied electromotive forces. If the elements are 
of equal length, then 

R\i — R + Ri, R 22 — R + R 2 , R = 8Chr 2 ^0 , (4-5) 

where Ry and R 2 are the internal resistances of the elements and R is the 
radiation resistance. 

If y 2 = 0, then 

T Ey 2 Iy 


h = - 


R + R 2 5 
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and the power dissipated in Ra is 



(4-7) 

This is the power “ received ’ by the “ load ” resistance Ra 

If Ra = 0, the received power is zero, if Ra = °o , the received power is 
also zero For some value of Rj tbc received power must be a maximum, 
this maximum value is obtained from 

dRa 

(4-8) 

Thus we find that for max mum reception the load resistance m 
the radiation resistance 

ust " match” 

(O’ 

(4-9) 

The received power is then 



(4-10) 


Substituting from (3) and (9), we obtain* 

w -giLfr'l!. 


(4-11) 


In terms of the power radiated by the first element, we have 

2 jr, 

R ’ 

hence the received power is 




IV T = 


4£r 2 




,8ir r) 


TV, = 0 0142 




Equation (12) gives the power received by the load resistance Ra, the 
total power O' received by the second element may be taken as 

ir -\iR + R,)hii ( 4 - 13 ) 

of which the following amount 

IV * \RIil | 




2(R + R-) s 

Th« first expression holds for any dielectric and the second is for free space 


(4-14) 
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is “ reradiated.” When R 2 = R, we have 

W T = W= \W, (4-15) 

and the power absorbed by the load is equal to the reradiated power. If 
R 2 = 0, the “ received ” power is completely reradiated and 

W = W = hit. (4-16) 

IK 

The power radiated by the two elements is the real part of (5.2-8) 

W = §(Rn/f + 2 Riatih cos t? + i? 22 /|), (4-17) 

where l x and 1 2 are the amplitudes of I\ and I 2 and t? is the phase differ- 
ence. In this equation Rn and R 22 are, of course, the radiation resistances 



Flo. 6.6. Two current filaments. 


of the elements and do not include the internal resistances of the generators 
driving the currents. We have seen that the R’s are proportional to the 
products of the lengths of the elements 

Ri 2 — k\ 2 dsi ds 2 , R\\ = &n ds\, R 22 — k 22 ds\. (4—18) 

It is also evident that 

' ^11 = ^22- (4-19) 

The total power radiated by any two current filaments of arbitrary 
shape and length (Fig. 6.6) can be expressed in the form 

W-W , u + 1W 12 + tV 22 , (4-20) 

where Wu is the work done by the impressed forces in sustaining the cur- 
rent in the first filament against the forces produced by this current, with 
W 22 defined similarly for the second filament; JV \ 2 is the work done in 
sustaining the current in the first filament against the forces produced by 
the current in the second filament. While W X \ and W 22 are inherently 
positive, W\ 2 may be either positive or negative. For the mutual power 
radiated by two arbitrary filaments we have 

2W 12 = J J k\ 2 {s\' s 2 )I(si)l(s 2 ) cost? ds x ds 2 


(4-21) 
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Crap 


For coincident filaments this becomes 

= rr ia 


= hj f '*i*(- f i cos # dsi ds 2 (4 22) 


If the elements as 


where E r is due t 

■merits, obtain 


: collmear (Fig 6 7), then 

(1-23, 

o the lower element Using (2 11) we 


[ sin 0(zi — za) 

‘ 




1r{ti — 2j) 2 L 0(*i — 2j) 
f sin (3 fa - z 2 ) 


cos 0(zi - z 2 ) <*! dz 2 , 


2w{zi 


j r £i 

i 


(«4) 


- cos (9(* l - Za) I 


- **) L P(*i - 2 j) 

where | zi — Zj | is the distance between the centers of the elements 
Expanding k\ 2 in a power series we obtain 

2x a (z, - z,)» 2t*(z, - z t )* 

S\ a + 35X 4 


_2s[\ 

1 3PL 1 


(4-25) 


6 S Impressed Currents Varying Arbitrarily xctth Time 

In nondissipative media the vector potential of a given electric current 
distribution varying harmonically with time is 

Oil 


- ffl‘ 


4 rr 


-do 


(5-1) 


If the phase of / is at the phase of the correspond ng component of the 
vector potential is at — ()r * a(t — (r/p)], where e is the characteristic 
velocity of the mtdum The tune delay r/v is independent of the fre 
quency, hence all frequency components of a general function /(*«y,z, t) 
are shifted equally on the time scale and A will depend on J[x,yy,j — (r/p)] 
Thus we have 




///% 




\ similar equation t: 
obtained from 


obtained for the scalar potential 
BA 

= — |i~r grad V R = curl A 

ct 


> (5-2) 

Then the field is 

(5-3) 
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Representing / by a contour integral of the form (2.9-10), the proof can be 
made more formal. In the dissipative case no simple formula analogous 
to (2) exists. 

Let us now consider an electric current filament of length / along the 
z-axis at the origin and suppose that the current starts from zero at t = 0 
and is an arbitrary continuous function of time thereafter; thus 

/(/) = 0, t < 0; is finite. (5-4) 


The charge q(t) at the upper end is zero when t < 0 and 

q{t) — f I(t) dt when / > 0. 

Jo 


(5-5) 


At the lower end the charge is —q(t). 

Computing the field we find that it is composed of three parts. One of 
these parts depends only on the time derivative of the current; 

another ( E" ,H ") depends on the current alone; the remainder E’" de- 
pends on the charges. Thus we write 


£ = £' + £" + £"', H = H' + H" + H'", H m = 0, 




£,' = r,H' 9> 

-El 

11 

0 

II 


— sin 

4ir vr 


t»1 
^ >» 

II 

w ^ 

£'/ = IE” cot 6 t 

h'; = 

*(/-? 
\ V/ 

). 

- sin 6$ 

4irr 2 


Iqlt - 

77/// \ »/ 

A * — ' o'” 

1 < 

. sin 6, 

£'" = 

4-0 

« 0 

cos 9. 


To an observer moving radially with velocity v the first part ( E',H ') of the 
total field would appear varying inversely as the distance from the element, 
the second part (£",//") inversely as the square of the distance, and the 
third part inversely as the cube of the distance. At sufficiently great 
distances only (£',//') will be sensibly different from zero although this 
particular fraction of the field is very small unless the electric current is 
changing very rapidly. The entire field is zero outside the spherical surface 
of radius vt with its center at the element. This sphere is the wavefront 
of the wave emitted by the element and on it ( E",H ”) and {E"'fl") 
vanish. At the wavefront £ and H are perpendicular to the radius. 
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6 6 Potential Distribution on Perfectly Conducting Straight IVires 
Let the current I(z) on a perfectly conducting straight wire of radius 
"a" (Fig 68) be longitudinal and be distributed uniformly around the 
wire This is substantially the case under anv conditions if the wire ts 
thin, if the “ wire ” is a cylindrical shell of large radius, circulating currents 



FlC 6 8 A cylindrical wire 


will exist on it unless the electric intensity is impressed uniformly around 
the shell Under the postulated conditions the vector potential is parallel 
to the axis of the wire Let its value on the surface of the wire be II (2), 
then the corresponding value of the scalar electric potential V is 


V = 


j_an 

u* at 


( 6 - 1 ) 


Since the electric intensity tangential to the surface of the wire is zero 
except in the region of impressed forces, we have 

E,{a) = —tun II — ~ = 0 (6-2) 


Thus we have obtained two equations connecting the values of V and n on 
the surface of the wire 


dV 

— — — iumU, 


dn 

ds 


— iimF 


Eliminating either TI or V, we find 


d# 




<«> 

(6-4) 


hence V and II are sinusoidal functions of the distance along the wire and 
the velocity of propagation is equal to the characteristic velocity of the 
surrounding medium The equations, however, do not show where the 
nodes and antinodes of V and II are located with respect to the ends of the 
wire Since the radial component E, is determined solely by the gradient 
of F, V can be defined as the electromotive force acting along a radius 
from the surface of the wire to infinity, but V is not a quantity which can 
readily be measured 

Consider now two parallel wires (Fig 6 9) energized in “ push pull " 
Of the total impressed electromotive force V* one half is in senes with the 
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lower wire and the other half is in series with the upper wire and acts in 
the opposite direction. Under these conditions the currents in the two 



1 

1 




i 

I 






1 

-y - 


1 

J-v 1 * 

2 


Fic. 6.9. Two parallel wires energized in push-pull. 


wires are equal and opposite. Let F u Hi be the values of the potential 
functions on the surface of the lower wire and /V, n 2 the corresponding 
values on the upper wire; then w r e have 


dJF i 
dz 


— ito/Ltlli, 


(fill 


— iutF i; 


(6-5) 

dV 2 . „ dn 2 

—— - — /tuixllo, —T- = — tueF* 
dz dz 

everywhere on the wires except where the impressed forces are acting. 
Subtracting we obtain 

dV . „ dll 

tutF, (6— 6) 

where 

v = i\ - f 2 = 2 F l, n = nj - n 2 = 2n a . (6-7) 

The potential difference F is now the transverse electromotive force acting 
from the lower wire to the upper along any path between the wires, lying 
completely in the plane normal to them. When the distance between 
the wires is small, F is a measurable quantity. 

If the impressed forces acting on the wires are equal and in phase, the 
currents will also be equal and, then, F and II in (4) refer to either wire. 

If the generator is in series with one wire, we can replace it by two pairs 
of generators, one pair acting in push-pull and the other in phase 

ip* T l/t . 

2' j 2> , 


(6-8) 
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Equations (3) apply only to those parts of the wire which 
impressed forces If Pfe) is the impressed intensity, then 


and 


Pfe) -£,(*) 
dV 

— 4- E*fe) 

dz 


free from 


(6-9) 


6 7 Current and Charge Distribution on Infinitely Thin Perfectly Conducting 
Wires 

We shall now prove that on a perfectly conducting wire of vanishingly 
small rad us the current and charge are sinusoidal functions of the distance 
along the wire except in the immed ate vicinity of the nodal points of the 
current and charge and in the vicinity of sudden tends If /( i) and 9(1) 
are the current and charge in the wire per unit length, then 


life) 


tH. 


where the integration is extended over the length of the wiie. 


r = + (2 — z) a , 


(7-2) 


and a is the radius of the wire As a approaches zero the major contn 
button to H and V is made by the current and charge in the vicinity of the 
point J “ ' Thus we shall have approximately 


X ‘ + * dz r ,Jrl dz k 

t = *'fe> m - ?(=)J^ ^ ^ - -?fe), (7 3) 

where / is small and 

*-/?£ 

Calculating £ we have 

t _ j. dt 1 r‘ dx 

W, 1 vV + fe - 2) J W-j Va*+1? 

-ii« ( .+v7+?)[ t (7-5) 

Assuming that u is small compared with /, we obtarn 

Vf, + '’~'( 1 + |i) • ' + 5' k ’h h K I 7 ® 
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The quantity k increases indefinitely as the radius of the wire approaches 
zero and / is kept constant. The contributions to II and V from the rest of 
the wire remain finite; hence equations (3) represent first approximations 
to II and V everywhere except in the neighborhoods of the nodes of I and q, 
where the principal terms become small and contributions from more 
distant parts of the wire must be included in these first approximations. 

Substituting for II from (3) in (6—3), we have 


w 

dz 




a 7 
dz 



(7-7) 


Substituting for V horn. (3), we have also 


dq 

dz 


= —itiifitl, 


dl 

dz 


tug. 


(7-8) 


The second equation in this set is really exact; it 
from the principle of conservation of charge. 

Thus we have proved the theorem stated at 
the beginning of this section for the case of 
straight wires. If the wire is curved (Fig. 
6.10), our arguments are still valid except in 
the immediate vicinity of “ angular points ” 
where the wire suddenly changes its direction. 

In this case the exact equation connecting the 
vector potential becomes 


may be obtained directly 



Fig. 6.10. A bent wire, 
scalar potential with the 


dV 

ds 




The same approximations can be made as for straight wires except in the 
vicinity of angular points. Our conclusions are still valid if the radius of 
the wire is varying so long as the rate of change is finite. 

Let us now return to the case of two parallel wires energized in push-pull 
(Fig. 6.9). Here IIx, as defined in the preceding section, consists of two 
parts 

Hi - n( + nr, 

each due to the current in one of the wires. If the distance d between the 
axes of the wires is small, the approximate expressions (3) are particularly 
good since the contributions from distant portions of one wire are nearly 
canceled by contributions from similar portions of the other wire. For k 
we have 
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as long as d and a are both small compared with / Thus k has become u 
dependent of the indefinite length / By (6-7) and (3) we now have 

~ = ~u*U ~ = -mCT, (7-9 

dz dz 


(7-10) 


6 8 Radiation from a Wire Energized at the Center 
We are now in a position to calculate the power radiated by an infinitely 
thin perfectly conducting wire energized at the center * We have proved 
that the current distribution is sinusoidal, the ends of an infinitely thin 
wire must be current nodes, and the 
current 7(2) must be an even function 
of the distance z from the center (Fig 
611) Therefore 

7(2) - 7sm0(/- z), 2>0 

(8-1) 

-/ Ml 0(f + S>, 2<0 
where 7 is the maximum amplitude of the current 

If the length 2/ of the wire is equal to a half wavelength, (1) becomes 
7(2) - 7 cos 02, (8-2) 

where the maximum amp! tude is now at the center The radiated power 
can be calculated by (4-22) Using only the first three terms of the power 
series for ki 2, we obtain (for free space) 

W = %RP, R- 73 2 ohms (8-3) 

More accurate calculation gives R = 73 129 In Chapter 1 1 we shall prove 
that the exact value of the input resistance depends on the radius of the 
wire, particularly for lengths greater than a half wavelength, there we 
shall obtain expressions for R as well as for the reactive component of the 
input impedance as functions of the radius of the antenna 
6 9 The Mutual Impedance between Two Current Loops the Impedance of a 
Loop 

Let us now consider two current loops carrying uniform currents Zj and 
It in phase with each other (Fig 6 12) The component of the vector 
* Or at any cither po nt for that matter The general formulae wilt be obtained ir 
Chapter 9 



Fie 6 11 Current distribution on a wire 
of finite length energiied at the center 
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potential due to 7 2 , along the element dsi, is 


A. 






cos p 


ds 


f!2 


2> 


(9-1) 


where p is the angle bettveen the elements ds\ and ds 2 . The electromotive 
force round the first circuit due to the field of the second is 




A s ,\dsx 


iu filo f* C 

~£T J J 


e ,3r,! cos p 

ns 


ds\ dso, 


(9-2) 


since the integral of dV/ds round the circuit vanishes. The electromotive 
force which should be impressed on the first circuit in order to sustain 7j 



against the electromotive force induced by I 2 is the negative of (2). The 
ratio of this impressed electromotive force to I 2 is the mutual impedance 
between the two loops 


Z J2 


£// 


e >3r ‘- cos -p 
’’12 


ds\ ds 2 . 


(9-3) 


The real and imaginary components of this impedance are 


R\2 — 

X 12 = 



sin /Sri 2 
*'12 

cos /Sri 2 
?'12 


cos p dsi ds 2} 
cos p ds\ ds 2 . 


(9-4) 


/?i 2 represents the mutual radiation resistance. 

The above expressions are exact if 7i and I 2 are uniform as we have 
assumed; but uniform currents can be sustained only by properly distrib- 
uted impressed forces. The usual method of energizing a loop is to impress 
an electromotive force between a pair of terminals (Fig. 5.1.) In section 7 
it has been shown that the current distribution on an infinitely thin wire 
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is represented by a sinusoidal function of the distance along the loop 
Furthermore the current entering the loop from the generator at A equals 
the current leaving the loop at B, hence the current is an even function 
of the distance j from the midpoint C of the loop The even sinusoidal 
function of s is cos fit and this is nearly constant for small values of s 
Thus the above equations should apply approximately to small loops 
energized by concentrated impressed forces 
Furthermore for loops which are not too far apart we have approximately 




neglecting ^(S 2 rn and smaller terms m the integrand This is seen to be 
proportional to the frequency and the coefficient of proportionality 




is the mutual inductance between the two loops For loops of small but 
finite radms the integration m these double integrals is performed along 
the axes of the wires, although for more accurate computation the wires 
must be divided into elementary filaments 
If the loops are coincident the mutual impedance becomes the self imped 
ance of the loop Except at rather low frequencies the current is distrib- 
uted near the surface of the wire The vector potential of such a current 
distribution, at points external to the wire, can be computed by assuming 
that the current is distributed along the axis, but the second integration 
should be performed where the current actually happens to be and the 
corresponding curve of integration in the above double integrals must be 
taken on the surface of the wire In particular these remarks should be 
kept in mind in computing the self reactance or self inductance of a loop, 
when calculating its radiation resistance, no great error is made if both 
integrations are taken along the axis of the loop The reason for this is 
that the error involved in shifting the second path of integration from 
the surface to the axis is greatest for small values of r I2 , and for these values 
the integrand m Rn is nearly independent of r 12 On the other hand the 
greatest contribution to Xu comes from small values of r 12 
Even if the current is distributed throughout the cross-section of the 
wire the “ external ’ inductance of the loop is obtained from (6) by inte 
grating once along the axis of the wire and once along a parallel curve on 
its surface The internal ' inductance is computed separately 
The mutual impedance between two closed uniform current filaments 
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can also be expressed as follows: 

= (9-7) 

-*2 

where $12 is the magnetic flux through the first loop due to the current 
in the second. Equation (6) shows that $ 21 = $ 12 . The radiation resist- 
ance appears through the component of <f>i 2 in quadrature with / 2 . 

For the power radiated by two loops carrying currents differing in phase 
by t?j the mutual power term contains the factor cos tS; this factor appears 
in the expression for 4' for any transducer as shown by equation (5.2-8). 
If two current elements or two filaments are in quadrature they radiate 
independently of each other. 


6.10. Radiation from a Small Plane Loop Carrying Uniform Current 
If the loop is small, we may obtain an approximate value for the radiation 
resistance by retaining only the first two terms of the power series for 
sin /3;-i2 in (9^4) ; thus we have 


R 


-%SJ« 


(Vd' 1 ’'^) C0S * ds\ dsn 


= j /cos* ds x ds 2 — / / rf 2 cos * ds x ds> 


( 10 - 1 ) 


Let t?i and t? 2 be the inclinations of the elements ds\ and ds 2 (Fig. 6.13); 
then 


d.X\ 

• 0 dy 1 

sin i?i = — , 
ds\ 

di x ' 

C4 I 
> 

“4 1 

dy 2 

sin vo = j 

dso 

ds 2 ’ 

COS (l?i 

dx 1 dx 2 4" dyi dy 2 

J. 3 . 


ds\ dso 


Remembering that dx x and dy\ are independent of dx 2 and dy 2 , we obtain 
/ / cos * dsi ds 2 = //<*■ dx 2 -}- dyy dy 2 ) 

~ J dx 1 / dx 2 + / dy x J dy 2 = 0, 

since the total change of either the abscissa or the ordinate around a closed 
curve is zero. 
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Similarly we have 

If* cos f ds\ ds 3 — j' J' [(** - *i) 2 4- 0's — Ji)*K**Fi d *t + dyidyi) 

— 2 (/*<>)’- j CM’ --«* 

where S is the area bounded by the loop All other terms in this integral 
vanish because the total variation of either a coordinate or a function of 
the coord nate vanishes for the complete cycle 



Substituting these results in (1), we have 

K- (10-2) 

In free space this becomes 

s 2 y 3 

R ■XntfS) 2 - 320a 4 ^ 31,000 (10-3) 


611 Transmission Lines and Wave Guides 

We have seen that even in nondissipative homogeneous media the amph 
tude of a wave decreases with the distance from the source On the other 
hand the equations of section 7 show that the current in perfectly conduct 
ing wires is approximately sinusoidal and that consequently the amplitude 
of the waves is independent of the distance along the wire or wires The 
wires act as transmission lines or tease guides We shall use the term 
* transmission line in a restricted sense for wave guides whose transverse 
dimensions are small 

Of course, if the wires and the medium are dissipative, the amplitude of 
guided waves will also decrease with the distance because of power absorp 
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tion. More general transmission equations for a pair of parallel wires 
(Fig. 6.14) may be derived directly from the fundamental electromagnetic 
equations. Applying Faraday’s law 
to the rectangle ABCDA in which 
AB = 1, we have 

Fab + Fbc + Vcd + F da — —iu&. 

( 11 - 1 ) 

If the internal or surface impedances 
of the wires per unit length are Z\ I 

and Z 2 , then for the particular trans- Fig. 6.14. Two parallel wires. 

mission mode in which the currents in 

the wires are equal and oppositely directed we have 

F ab = ZJ, V CD = Z 2 I. (11-2) 

If F is the transverse voltage between the wires, then 



F bc + F DA = Fbc — V AD = — . 


(H-3) 


Finally, $ is proportional to /;' consequently equation (1) becomes 


dV 

dz 


- (Z 1 + Z 2 + iuL)I. 


(11-4) 



Applying Ampere’s law to the circuit ABCDEFA on the surface of the 
lower wire (Fig. 6.15) we have 

U A b + U B cd + Ude + U E fa = It, 
or 

Uecd + U EFA = 

The left side is the difference between the currents flowing in the wire at A 
and B; if AB - 1, then 

Ubcd + Uefa =——=/(. 

(72 


(H-5) 
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On the other hand the transverse current is proportional to the voltage 


/ (G + tuC)V (11 6) 

and consequently 

— = -(G + u*C)V (117) 

dz 


The transmission equations (4) and (7) apply equally well to coaxial 
cylinders (Fig 6 Id) only the expressions for L, G, C are d fferent If the 
radii of the ■wires or coaxial cylinders vary slowly with the distance z along 



Flo <16 Two coamiJ cyi nderi Flo <17 Illustrating « Flo <18 Electric lines 
possble distribution of nsde a metal tube 
the longitudinal dis 
placement Current in 
side « metal tube 


the wires, then L, G, C are functions of z Generally these transmission 
equations are approximate but in Chapter 8 we shall find that under 
certain conditions they may be exact 

Let us now remove the inner conductor of the coaxial pair and see if wave 
transmission is still possible The return path for the current in the metal 
tube is now the dielectric inside the 

r y q tube If the tube is perfectly conduct 

v J } ing, the longitudinal electric intensity 

14 ?J must vanish on the boundary and 

1 the longitudinal displacement current 

, might be distributed as shown in 

' ~ Fig 6 17 The lines of displacement 

Fic 6 19 A metal tube and a rectan- current flow would then look like 

fir gJisfOr"* » *6 K Mi » 

symmetr c, magnetic lines are circles 
coaxial with the tube Let V be the transverse voltage from the axis of 
the tube to its periphery and I the total longitudinal displacement current 
(Fig 6 19) Applying Faradays law to a rectangle ABCDA we obtain 
equation (1) The voltage is given by (2) similarly we have equa 
tson (3), but V ab is now equal to the longitudinal electric intensity on 
the axis 


Vi-B = £o 


(11-8) 
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In the case of a coaxial pair this voltage is small, equal to zero, in fact, if the 
inner conductor is perfect; but with no inner conductor there is every 
reason to suppose that it will prove to be significant. 

Assuming that the longitudinal electric intensity is maximum on the 
axis, we have 

Er = E 0 f( p ), m = 1. (11-9) 


Since the total current is 

/ 

we have 


= iio (£ 0 J J'/(p)p dp d<p, 


( 11 - 10 ) 


where S is the area of the cross-section of the tube. The quantity in paren- 
theses is the average value of f(p) over the cross-section of the tube. $ is 
proportional to I but the coefficient of proportionality L is naturally differ- 
ent from that for coaxial pairs. Equation (1) now assumes the following 
form 

£--(* + **+£)/. <u-m 


This equation differs from the equations for coaxial pairs and parallel pairs 
in that it contains a term representing distributed series capacity This, 
of course, was to be expected. 

The second transmission equation is simply the equation of conservation 
of electric charge 


dl 

dz 


iwq, 


where q is the charge on the surface of the tube per unit length. This 
charge is proportional to the radial component E p of the electric intensity 
and therefore to the transverse voltage V\ taking into consideration our 
convention with regard to the positive direction of V , we have 

~ = -iuCV. (11-12) 


Comparing (11) and (12) with (5.7-6) and (5.7-7) we find that the metal 
tube behaves as a high pass filter. The cutoff frequency is determined by 


w c 


1 

VlC' 


(11-13) 
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It is easy to make a rough estimate of this frequency From the physical 
p cture underlying the present transmiss on mode it is clear that the error 
will not be excess ve if we assume a un formly distributed longitudinal dis 
placement current Then j{p) 1 and £ = tS — tira 2 In this case the 
inductance per unit length is L = m 4t Substituting in (13) we have 


2 b ra 

a'fpt ' K 


(11-14) 


Thus the cutoff wavelength is equal roughly to the circumference of the 
wave guide divided by 2* Longer waves are not transmitted The 
exact cutoff is determined if we use 2 40 instead of 2 More powerful 
methods for obtaining the cutoff frequencies w 11 be described m later 
chapters The above estimate has been made in order to show that, 
Starting from a physical p cture of a given field and applying the electro 
magnetic laws in the r integral form it is possible to obtain qualitative 
and even fa rly satisfactory quantitative results 



Fig 6 20 Cron-sectraas of metal tubes of rectangular and tenu-circuUr cr wa- 
ste t on and magnetic fines 


In tubes of noncircular cross section magnetic lines w 11 be deformed 
(Fig 620), the numerical values of L C & will be altered but the essential 
p cture will remain the same We can even make an 
estimate of the cutoff wavelength by express ng X* for 
the circular guide in terms of the area of the cross 
sect on instead of the radius 

The direct on of the conduction current in the tube 
is related to the direction of the magnetic lines of force 
If the magnetic lines are counterclockwise the current 
Fig $21 Illustrating m *be tu be ^ ows awa } from the observer Consider 
a transm ssion mode now a circular tube with an infinitely thin perfectly 
do®cdma°neticlines^ con ducting axial partition (Fig 6 21) and assume 
ose agne c nea waves of equal intensity of the type shown 

in Fig 6 20 have been set up in such a way that at all times one 
set of magnetic I nes is counterclockwise and the other clockwise The 
total current in the ax al partition is zero and the partit on has no effect 



* On the energy basis L — p/8x and X =* 2xa/2 8 Much better results are ob- 
ta ned bv talc ng/(p) = 1 —p/a or cos KxpJZa) so that /(«) — 0 
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on the field inside the circular tube. This partition can, therefore, be 
removed and we are left with a new mode of transmission in a circular tube. 
In this mode the conduction current flows in opposite directions in opposite 
halves of the tube; longitudinal displacement currents also flow in opposite 
directions. The cutoff frequency for this mode is higher than that for 
the first mode; the ratio of these frequencies is equal to die ratio of the 
cutoff frequencies for the first mode in the circular tube and in a semicircular 
tube of half the area. Hence, the approximate ratio of the two cutoff 
frequencies is V2 or 1.4; the exact ratio is nearly 1.6. The magnetic 
lines “ avoid ” the corners in the semicircular tube and this tendency makes 
the effective area of the tube smaller than the actual area. 

This synthetic method of construction of field configurations can be 
extended. The circular tube can be divided by radial planes into an even 
number of sectors. Assuming a wave in each sector, traveling in the first 



Fic. 6.22. A transmission mode 
with si\ sets of closed magnetic 
lines. 



Fio. 6.23. A possible mode of trans- 
mission in a tube of triangular 
cross-section. 


mode, and assuming relative directions of magnetic lines so as to make 
radial planes current free and hence removable, we obtain a sectorial wave 
in the circular tube. Any rectangular tube can be divided into equal 
rectangular tubes of smaller cross-section (Fig. 6.22); assuming the first 
mode in each in such a way that the adjacent lines of magnetic force point 
in the same direction, we obtain a higher transmission mode in the original 
tube. All these field configurations can be constructed on the basis of 
symmetry. They furnish us with qualitative ideas when symmetry is no 
longer a guide. V e feel certain, for example, that in the tube whose cross- 
section is shown in Fig. 6.23, there exists a mode with two sets of magnetic 
lines of force as shown in the figure; but without more complete analysis 
we do not know just how the available space is divided between these sets 
of lines. All we can say is that the area of the left sector will be larger than 
that of the right sector because the magnetic lines avoid corners, particu- 
larly sharp corners. The magnetic lines surround the longitudinal dis- 
placement current which is proportional to the longitudinal electric inten- 
sity; but the latter must vanish on the boundaries of the tube and it will 
approach zero more rapidly when two boundaries are close together. In 
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coaxial pairs similar waves can exist, thus in the circularly symmetric 
case the longitudinal displacement current may be distributed as shown 
in Fig 6 24 

AI! waves of the above type are called transverse magnetic waves or TM 
waves because the magnetic vector is perpendicular to the direction of wave 
propagation If the electric vector is perpendicular to the direction of 
wave propagation, then the waves are called transverse electric waves or TE 
waves Finally, if both vectors are perpendicular to the direction of wave 



Fin 6 24 A possible distribution 
of the longitud nal d spin ce- 
ment current between coaxu] 
cyl nders. 



Fso 625 A rectangular metal tube 


propagation, then the waves are transverse electromagnetic (TEM waves) 
In general both field intensities have longitudinal and transverse compo 
nents, such waves are called hybrid waves There are no electromagnetic 
waves in which either the electric intensity or the magnetic intensity is 
totally longitudinal 

A genera! idea of transverse electric waves may be obtained as follows 
Consider two parallel metal stnps, whose width is large compared with the 
d stance between them Such strips form a transmission line similar to a 
pair of parallel wires Between the strips the electric field is almost uni 
form, except near the edges, the magnetic lines surround each strip and 
between the strips they are nearly parallel to them The wave is trans 
verse electromagnetic The longitudinal currents tn the stops flow in 
opposite directions and the circuit is made complete with the aid of trans 
verse displacement currents Let us now connect the edges of the strips 
metallically and form a rectangular tube (Fig 6 25) The electric mteev- 
$ ty, which we assume to be parallel to the y axis, must vanish at the bound 
anes to which it is parallel Let us assume that E is maximum in the 
middle plane ABCD and that it is distributed as shown in Fig 6 26 Mag 
nettc lines cannot cross the conducting boundaries and must form loops 
(Fig 6 27) surround ng the transverse displacement current The longi 





ABOUT WAVES IN GENERAL 


155 


tudinal magnetic intensity is associated with the transverse conduction 
current in the tube. 

Now let I be the total longitudinal current in the lower face of the tube 
and —I the corresponding current in the upper face. Let V be the voltage 
from the lower face to the upper along a typical “ central ” line AB. This 
voltage is equal to the total longitudinal magnetic current flowing through 



Fig. 6.26. A possible distribution Fic. 6.27. Magnetic lines in planes normal to the 
of the transverse displacement E-vector, 

current in a rectangular tube. 


the rectangle ABEF in the negative z-direction, or the total current through 
ABGH in the positive direction. Assuming that the tube is perfectly 
conducting and applying the first law of induction to the rectangle ABCD , 
we obtain the first transmission equation. Expressing the variation of 1 
with z in terms of the shunt displacement and conduction currents we 
obtain the second transmission equation. Thus we have 


dV 

dz 


— —ioiLI, 



(11-15) 


Thus in the case of transverse electric waves the tube also behaves as a high 
pass filter (Fig. 5.19). The constants can be calculated if more specific 
assumptions are made with regard to the distribution of the transverse 
displacement current. However, in Chapter 8 we shall obtain the complete 
and exact solution of this problem. The purpose of the present discussion 
is to stimulate the development of physical ideas as we proceed with mathe- 
matical analysis. 

In Chapter 10 we shall solve rigorously the problem of cylindrical wave 
guides and confirm the existence of an infinite number of transmission inodes. 
Each mode is characterized by a definite field pattern in a typical plane 
normal to the guide. This field pattern determines completely the con- 
stants in the transmission equations (11) and (12) or (15), depending upon 
whether the wave is of transverse magnetic or transverse electric type. 
The propagation constant and the velocity in the guide depend upon the 
frequency and the particular transmission mode. The cutoff frequencies 
for various transmission modes may be arranged in ascending order of 
magnitude. The lowest of these frequencies is called the absolute cutoff 
frequency for the guide and the corresponding mode is the principal or the 
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dominant transmission mode If the guide is energized at some frequency 
lower than the absolute cutoff frequency the propagation constants for 
all modes are real (if there is no d ssipation) and the field intensity ap- 
proaches aero with mcreas ng d stance from the generator If however 
the frequency is above the absolute cutoff but below the next higher then 
at a sufficient distance from the generator the wave will be traveling along 
the guide substantially in the dominant mode All the other modes repre 
sent only the local field in the vicinity of the generator As the frequency 
increases and passes successive cutoff frequencies the energy suppl ed by 
the generator will he transferred along the guide in an increasing number 
of transmission modes 

Transmission modes are analogous to oscillat on modes in electric net 
works A simple senes circuit has only one natural frequency and one 
oscillation mode an n mesh network has n oscillation modes, and a sect on 
of a transmission line has an infinite number of oscillation modes Actual 
physical circuits are always multiple circuits possessing in fact an mfin te 
number of oscillation modes The lowest natural frequency of some cir 
cults however is so much lower than all the others that in a limited fre 
quency range they may be approximated by simple circuits possessing only 
one natural frequency Similarly all physical wave gu des admit of an 
infinite number of transmission modes but some wave guides such as 
coaxial pairs, adm t of one mode for which the cutoff frequency is zero and 
of other modes with very high cutoff frequenc es In a restricted frequency 
range such wave guides may be treated as simple transmission lines pos 
sess ng only one transm ssion mode The absolute cutoff of metal tubes 
is high and the cutoff frequencies of higher modes are close to it (on the 
ratio basis) in such cases the existence of other transmission modes cannot 
be forgotten even if the operating frequency is such that only the dominant 
mode takes part m energy transm ss on However at frequencies between 
the first and second cutoffs the h gher transmission modes "represent only 
local fields in the vicinity of discontinuities such as generators, receivers 
sudden bends or changes m the transi erse dimensions of the guide Under 
these condit ons the wave guide acts as a simple transmission line m wh ch 
the local fields associated with the d scontmuities are represented by re 
actors either in senes or in shunt with the line 

6 12. Reflection 

In sections 1 and 2 we have calculated the field produced by a given 
distribution of sources in an infinite homogeneous medium Let us now 
mppose that the medium consists of two homogeneous reg ons separated by 
a surface ( S) Without loss of general ty we may assume that one of these 
regions i« source free If the sources are d stnbuted throughout both 
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regions, we may regard the total field as due to the superposition of two 
fields, each produced by sources located in one region only. 

Thus let the sources be in region (1) as shown in Fig. 6.28. If the two 
regions had the same electromagnetic properties, the 
field of these sources would be found from the equa- 
tions of sections 1 and 2. But when the electro- 
magnetic properties are different the field ( E\H ') 
thus obtained is not the actual field. In region (1) 
it represents the primary field of the sources and is 
called the impressed field. The field ( E r ,H r ) which 
must be added to give the actual field in region (1) is 
called the reflected field. We may think of the re- Fic. 6 . 28 . A surface en- 
flected field as produced by polarization currents in the field. " source ° 
region (2); in so far as these virtual* sources are 
concerned region (1) is source-free and the reflected field should satisfy 
the homogeneous form of Maxwell’s equations 

curl E r = — iwp\H r , curl H r = (gj + ioitfiE. (12-1) 

Let the actual field in region (2) be ( E‘,H‘ ); this field is called the trans- 
mitted (or “refracted”) field and it also satisfies the homogeneous equations 

curl E 1 — — iioti 2 H‘ j curl H l = (g 2 + iucfiE 1 . (12-2) 

At the interface (S) of the two media the tangential components of E and 
H are continuous 

E) + E\ = E‘, Hi + H\ = H\. (12-3) 

This set of equations constitutes one formulation of the problem of 
determining the field of a given system of sources when the medium con- 
sists of two homogeneous regions. The method can be extended to any 
number of homogeneous regions. 

If the boundary (S) is a perfectly conducting sheet, then the tangential 
component of E should vanish on (.S') 

£! + £? = 0, or E\ = -E t . (12-4) 

A perfecdy conducting sheet can support finite electric current and the 
tangential component of H is no longer continuous across (.S’). In fact, 
energy cannot flow across a perfect conductor and the field in region (2) 
due to the sources in region (1) is equal to zero. The component of H 
tangential to (S) in region (1) represents the current density / on (.S’). 
By the second law of induction J is normal to the tangential component of 
//; hence if n is a unit normal to (S), regarded as positive when pointing 

* As distinct from true sources. 
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into the source-free region (2), then 

J = {Hi + IT,) X n (12-5) 

Since the vector product of n and the normal component of H is zero, we 
can drop the subscript tangential ” and write 

/ = (ff + H r ) X n (12-6) 

More generally if the impedance Z„ normal to the boundary is prescribed, 
then the relation between the tangential components in region (1) is 

£| X», or El + EI - Z'W + Hi) X n (12-7) 

W ave propagation in wave guides may be regarded as a case of reflection 
We start with a certain system of sources inside a metal tube, for example, 
then the total field inside the tube is the sum of the impressed and reflected 
fields in the sense defined in this section 


6 13 The Induction Theorem 
Let us rewrite (12-3) as follows 

£!-£; = £, H 1 ,- (T,- H), (13-1) 


and concentrate our attention on the 4 induced " field (2?,f?) consisting of 
the reflected field (EI,H r ) in region (1) and the transmitted field (£*,#') in 
region (2) This field satisfies the homogeneous equations (12-1) and 
(12-2) everywhere except on (J) and it may be obtained from a distn 
button of sources on (5) as well as from the original sources 

It has been shown in section 4 5 that the discontinuities in E and H across 
(S) could be produced by current sheets on (S) of densities 


M = (£j - F.) X » - F, X r>, 
J = nX(H\~ HI) - nY.H\ 


03-2) 


Since the vectoT product of n and a normal component of the field is zero, 
we have 


M ~ E? X n, J = nXH\ (13-3) 


Thus if we wish to determine the field whose only sources aTe the currents 
on (J) given by (3), we have to solve exactly the same equations as those 
used in the preceding section to obtain the induced field In other words 
the induced field (E,H) could be produced by electric and magnetic current 
sheets of densities given by (3), this is the Induction Theorem. 


6 14 The Equivalence Theorem 

Let us now suppose that (S) is a surface in a homogeneous medium, sepa 
rating a source free region (2) from the rest In this case the “ reflected ” 
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field is evidently zero and the transmitted field is the actual field in the 
source-free region. Thus we obtain the following Equivalence Theorem: 
the field in a source-free region bounded by a surface ( S ) could be produced 
by a distribution of electric and magnetic currents on this surface and in 
this sense the actual source distribution can be replaced by an “equivalent” 
distribution (13-3). 

6.15. Stationary Fields 

Stationary fields are fields independent of time and may be regarded as 
special cases of variable fields. For example from (1-10) and (2-14) we 
obtain the following expression for the electrostatic field produced by a 
given distribution of electric charge in a perfect dielectric 

E = -grad V , V - f (15-1) 
J 47 rer 

where dq is a typical element of charge. The function V is now called the 
electrostatic potential. A similar expression may be obtained for the 
magnetostatic field of a given distribution of magnetic charge 

H = -grad U, 17= (15-2) 

J ^TTfir 

where dm is a typical element of magnetic charge. In this case the function 
U is called the magnetostatic potential. These expressions are also the 
limits of the harmonic field when u approaches zero. 

In an infinite homogeneous conductor we have from (2-13) and (1-8) 

A = d5-3) 

where dp is the moment of a typical impressed current element. From 
(1-10) we have 

E = -grad V, H = curl A. (15-4) 

The field due to currents in conductors surrounded by a homogeneous 
dielectric medium can be obtained from 

curl H = S E + /*' (15-5) 

if we use (1.8-6) and recall that in the absence of magnetic charges 
div H = 0. Thus we have 

H = < 15 -« 

This formula can also be used, of course, for homogeneous media but it is 
more complicated than (3) and (4) which give H in terms of the impressed 



360 


ELECTROMAGNETIC WAVES 


Ch*» 6 


currents alone Thus the latter equations give immediately the field of an 
impressed current element (equations 2 3, 2 5, 2-6) while this could only 
be obtained from (6) bj integrating over the entire infinite medium 
6 16 Conditions in the Vicinities of Simple and Double Layers of Charge 
Consider a stationary distribution of electric charge on some surface (£) 
or a simple layer (Fig 6 29) The normal component of £ is discontinuous 
across the layer, thus by (4 3 2) we have 


where qs <s the charge on the layer per unit area and t is the dielectric 
constant of the surrounding medium The tangential component of E 
is continuous In terms of the electrostatic potential V these boundary 
conditions become 

3F, dV t dVx 6V, qs /l/L.Tl 

VI 7' W7 <16 ' 2) 

From the expression for the potential m terms of the charge distribution 
it is evident that the potential is continuous across the simple layer, this 
condition implies the continuity of the tangential components of V 



Fio 6 29 A surface layer of charge Fig 6 30 A double layer of 

charge 


Two close layers of equal and opposite charges constitute a double layer 
(Fig 6 30) Such a layer may be subdivided into elementary doublets 
If qs *s the charge per unit area and l is the reparation between the simple 
layers, then dp — q s l dS is the moment of an elementary doublet The 
moment x per unit area is called the strength of the layer For an ideal 
double layer / is vanishingly small and qs is infinitely large, while their 
product x is finite We have seen that the potential of a doublet is 


xcos 


(16-3) 


where \f- is the angle made with the axis of the doublet by the line joining 
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the doublet with a typical point P (Fig. 6.31). The potential of the entire 
layer is therefore 


F{P) = 


±ff 

4t re «/ J (s) r 


(16-4) 


By the definition of the double layer and by (4.3-2) the normal com- 
ponent of the electric intensity is continuous; hence this is also true of the 
normal derivative of the potential of a double layer in a homogeneous 
medium. On the other hand, the potential itself is discontinuous. Inside 
the layer the electric intensity is —qsfc and the poten- 
tial rise across the layer in the direction of the normal 
as indicated in Fig. 6.30 is 

V 0 = — = - • (16-5) 

e e 



In terms of this potential discontinuity across the Fig 631 An element 
layer, the potential outside the layer given by (4) be- of a double layer, 
comes 



r 2 


(16-6) 


If a conical surface is generated by sliding the radius from a fixed point 
along a closed curve, the space enclosed is called a solid angle. The measure 
A of the solid angle is the area intercepted by the angle on a unit sphere 
with its center at the apex of the solid angle. The solid angle at P sub- 
tended by an element of the double layer of area dS (Fig. 6.31) is 


da = 


cos ip 

o 

r 


dS, 


(16-7) 


if cos \p is positive. We shall regard this equation as defining the solid 
angle subtended by a “ directed element of area ” by permitting cos \p to 
assume negative values as well as positive. This will make the solid angle 
subtended by a closed surface zero for an external point and ±4rr for an 
internal point. Substituting from (7) in (4) and (6), we have 


If the layer is uniform, then 


nP) - £ - £ "° fl - 


where A is the solid angle subtended at P by the layer (Fig. 6.30). 


(16-9) 
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Similarly the potential of a magnetostatic double layer in an infinite 
homogeneous medium is 

U(P) = £rJ xJa ~bf v ‘ ia> (1M0) 

where x is the strength of the magnetic layer, defined as the magnetic 
moment per unit area, and (ft is the sudden rise of the magnetic potential 
in passing across the layer If the layer is uniform, then 

u<f) ~t^-'h u ° a a«-m 

For an infinite homogeneous conductor the potential is given by (8) 
with g in place of « 

617 Equivalence of an Electric Current Loop and a Magnetic Double Layer 
Consider a uniform magnetic double layer (Fig 6 30) of strength 
X =* t iUt, The magnetomotive force along a path ABC leading from a 
point A on the posittve side of the layer to an opposite point C on the nega 
tive side is Uo, since the total magnetomotive force round ABCA is zero 
Imagine now an electric current loop along the edge of the double layer 
and let the current 1 in the loop be regarded as positive when it appears 
counterclockwise to an observer on the positive side of the layer The 
magnetomotive force of the field produced by this current, round any 
contour such as ABC in Fig 6 30 is / Thus in so far as points external 
to the layer are concerned, the layer and the loop are equivalent if 

/-K o (17-1) 

Inside the layer the two fields are, of course, very d fferent Substituting 
from (1) in (16-11) we have the magnetic potential of an electric current 
loop 

(17-2) 

at all points outside some surface {$) bounded by the loop 
Let us now consider an infinitely small plane current loop of area S and 
the corresponding magnetic double layer The total moment of this mag 
netic doublet is ytlS Assuming that I is variable, the magnetic doublet 
becomes a magnetic current element of moment 

t-KI-pS^, (17-3) 

where K is the magnetic current and / is the length of the element * 

* In dealing with magnetic current elements we are concerned only with the moment 
Kl, and apart from this product neither A nor / need ha\ e definite values 
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For harmonic currents we have 

p = Kl = iupiSL (17-4) 

This relationship between elementary current loops and magnetic cur- 
rent elements makes it very easy to obtain the field of the loop. We have 
already calculated the field of an electric current element of moment II. 
We have also seen that the fields of magnetic currents are obtainable from 
an electric vector potential F which differs from the magnetic vector poten- 
tial A only in that magnetic currents appear in the place of electric cur- 
rents. Thus for an electric current loop in a nondissipative medium we 
have 

Kle~ aT iwnSIe-’”' i v pSIe-' ?r 


F = 


E* = 


Arr 

r£SI 

Aitr 


4ar 


4- it 


( 1 + i) 


i/3r 


sin 6, 


sin Q, 


fi *SI( 1 1 \ 

H >=-1 + 

H r = ( 1 + e-V' cos 6. 

2v r 2 \ i(3r/ 

At great distances from the loop the field is 

pSIe-'t' sin 6 ■wSIe~'® T sin 6 


(17-5) 


He = - 




47 rr 

vHg, Hr = 0, 


X 2 r 


while near the loop it is 
SI sin 0 


He = 


4t!T 3 


Hr = 


SI cos 6 
" 2tt r 3 : 


E,= - 


i ton SI sin 6 

4ttt 2 


(17-6) 


(17-7) 


A large loop carrying current /, uniform over the loop 
but varying with time, is also equivalent to a uniform 
double layer over a surface (S) bounded by the loop. In 
order to show this we need only imagine that ( S ) is 
divided into a large number of elementary loops filling 
the entire surface, each carrying current / in the same 
direction (Fig. 6.32). The electromagnetic effects of the 
currents in adjacent sections of the elementary loops 
cancel out, and the system of loops is equivalent to 
the large loop. But each elementary loop is equivalent 
to a magnetic doublet or to an element of the double 



Fig. 6.32. Represen- 
tation of a large 
loop carrying uni- 
form current by 
subdivision into 
small loops, each 
carrying the same 
current. 
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layer, and hence the loop as a whole will be equivalent to a uniform double 
layer over ( S ) 

6 18 Induction and Eguita/ence Theorems for Stationary Fields 
Next in. simptic ty to a homogeneous infinite medium is a medium which is homo- 
geneous in each of two regions (1 ) and (2) separa ed by a dosed surface (.?) (Fig 6 28) 
Let us suppose that we have a distribution of el -etne charge in region (1) while region 
(2) is source free Lee F' be the potential of this d stnbution in an infinite medium 
with a dielectric constant «i, equal to the d electric constant of region (1 ) we shall 
call this potential the impressed potential and the corresponding field the impressed 
field Let the difference between the actual potential in region ( 1 ) and the impressed 
potential be 1", we shall call this the reflected potential and the corresponding field 
the reflected field Finally let the actual field in region (2) be represented by the 
transmitted potential V' The reflected and the transmitted potentials satisfy 
Laplace s equation 

M" - 0, A/''* — 0 (18 1) 


Assuming that there are no sources on the interface ( S) between the two regions, we 
have the following conditions to be satisfied ovtr (S) 


V +y' = 


3F> 3F' 

"*r + ' , 'te 


dt" 
<J dn 


(18 2) 


The first of these conditions states that there is no double layer of charge over (S) 
and the second that there is no s mple layer The above equations together with 
supplementary requirements of finiteness, continuity and proper behavior at infinity 
suffice for the calculation of V’ and V* 

Equations (2) may be rewritten as follows 

3F* 31" 31" 

F'-F’-F', (18-3) 


dn 


Suppose now we have a double layer m region (1) at the boundary (S), with potential 
discontinuity F\ and a simple layer of density 


Furthermore let the rest of space be source-free. In order to obtain the field of these 
surface sources we have to satisfy equations (1) and (3) and supplementary require 
ments of finiteness, contmu ty, and proper behavior at infinity which are the same as 
in the previous problem In other words the two problems are indistinguishable and 
the field consist ng of the reflected field in region (1) and the transmitted field in 
region (2) may be produced by the postulated s mple and double layers of electric 
charge This is the electrostat c version of the Induction Theorem 

If the dielectric constant of region (2) is equal to that of region (1), then there is 
no reflected field and the transmitted field is identical with the impressed field given 
by / * The induction theorem becomes now an equivalence theorem which states 
that the simple and double lasers defined by (3) produce a field which is equal to zero 
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Fig. 6.33. A system of 
conductors. 


in region (1) and to the actual field in region (2); that 
is, the field in the source-free region (2) produced by a 
system of sources distributed throughout region (1 ) may 
also be produced by a proper system of sources over the 
boundary (S) separating the two regions. 

In the situation contemplated in the above equiva- 
lence theorem the entire space is homogeneous and the 
expression for the potential of the simple and double 
layers over (S) can be written at once. Dropping the 
superscript i, we have 


i rr (\dv Fcos A i r r [\ev a /TV] 

''<« - s j L * + — )** - vJ J w Us - 


(18-5) 


The magnetostatic field can be treated similarly. 


6.19. Potential and Capacitance Coefficients of a System of Conductors 

Consider a system of n conductors K i, AT;, • • • , A'„ (Fig. 6.33) with total charges 
respectively equal to q \ , q«, • • • , q„. The potential V is a linear function of the total 
charges on the conductors 

n P) = fm + /*?* + • • • +/«*., (19-1) 


where the coefficients fufi, •••,/« are functions of position. The function f m repre- 
sents the potential due to a unit charge on the mth conductor when the remaining 
conductors have zero charges. On a conductor electricity moves freely so that, when 
a steady state has been reached, the tangential component of the electric intensity 
vanishes and the surface of the conductor becomes an equipotential surface. Desig- 
nating by V\, Vo, • • • , V n the potentials of the conductors, we have 

V X = pwqi + pnqi + Puqs + b p i„q„, 

Vi — pi\q\ + paqi + prsqs d + pi n q n , 

(19-2) 

Vn — pniq\+ pniqt + Pn3?3 + ’ ‘ - + Pn n qn, 

where the p’s are the corresponding values of the /’ s. These coefficients are called the 
potential coefficients. The set p\ m , p?m, , pnm represents the potentials of the con- 
ductors when a unit charge is placed on the with conductor while the other conductors 
remain uncharged. 

Solving (2) for the q s we have 

q\ — C\\V i + c\iV j -(- c\sV 3 + • • • + c\ n V n , 

?2 = Ci\V 1 + CooV 2 -J- C23 V 3 + • • • + CinV „, 

(19-3) 

In = C n \V 1 + C n oV 2 C n %V 3 + • ■ ■ + C nn V„. 

The capacitance of a conductor is defined as the ratio of its charge to its potential 

when all other conductors are kept at zero potential. Accordingly, c lh ca, 

are the capacitances of the respective conductors. The remaining c’s are known as 
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the coefficients of mutual electrostate induction From (3) we find that fi„, ci„ , 
c* m are the charges on the conductors if the potential of the with conductor is unity 
while all the other conductors are kept at zero potential 
We shall now prove the following electrostatic reciprocity theorem 

Pmk = Ph«, I'm* = Cbm (19-4) 

Let the potentials of Ki, Kt , K, be f'l, Vi, , V n when the charges on the 
conductors are respectively 91, gj, , g,, let the potent als be V lt V' } , P’J, when 
the charges arc ,; 2 , q’, Forming the following expressions 

l'„ dS\ dSt 


5 


4 * 

(19-5) 

- *ISJ*SSJ£-SSJSJ*2P’ 

and comparing, we find 

£#•*£ - &£*'- (19-6) 

From the way in which th s equation has been derived, it « evident that either all 
the charges or all the potentials are arb trary Choosing 

9m m 0, if tnyt a, q' n - 0, if m ft 

09-7) 

•1, if # = «, - 1, if m - ft 

and substituting in (6), we have 


Thus the potential 0/ K„ do 
to a unit charge on K« 

S milady if we let 

Vm - 0, if m^o 
-I, if m = o 

and subst tute again in (6), we obtain 


V'. -- V, 

unit charge on K fl is the so 


09-8) 

e at the potential of Kj> due 


(19-10) 


that is, the charge on Kg when K* rj kept at a unit potential and the remaining conductors 
at zero potential, t s the same as the charge tm K„ when K* is kepi at a unit potential white 
the remaining conductors are at zero potential Equations (8) and (10) are equivalent 
to (4) 

6 20 Representation of a System of Conductors iy an Equivalent Network of Capacitors 
In practical applications it is convenient to represent systems of conductors as net 
works of capacitors (Fig 634) In this diagram each conductor appears as a terminal 
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Since c m i = r*m, the number of independent c’s in a system of n conductors is 
n t n q. i)/2. This is equal to the number of capacitors in the corresponding network 
provided we regard the ground (or infinity, in the case of a system in free space) as the 
(n + l)-th terminal. 

On the two plates of a capacitor the electric 
charges are equal but of opposite sign and are 
proportional to the voltage between the plates. 

Our object is to express the relations between 
the actual potentials of the conductors and the 
charges on them in terms of the capacitances of 
the network. The charge q\ on conductor K\ 
is represented in the network as the sum of the 
charges on all plates connected to the termi- 
nal (1). The charge on each plate is the prod- 
uct of the capacitance of the capacitor and the 
electromotive force from this plate to the oppo- 
site plate. This electromotive force is equal to the difference between the potential of 
the first plate and that of the second. Thus we have the following set of equations 

qi = Ci*r 1 + Cl t(F x - V t ) + Cu(l'i -!'*) + ■•■ + Cm(Fi - V n ), 

qi = Ch(F s - Vi) + Cw,Vi + Cn{V s -V 3 ) + --- + Cm(V a - V n ), 

( 20 - 1 ) 

q« = c n i(V n - Vi) + C„2(V n - V 2 ) + C n3 (V n - Vt) + • • • + c nK v n , 

where C mx is the direct capacity of the rnth conductor to infinity (or to ground) which 
is taken at zero potential. Collecting terms according to the V's and comparing the 
result with (19-3), we obtain 

cxi = Clw + Cl J + C13 + • • • + Cl„, 

C 22 = Cia> + C 21 + C 23 + ’ * ' + C 2 „, 

( 20 - 2 ) 

Cjin = C nK + C n i + C n 2 + * • • + C B> n-I, 

Cmk “ Cmf. if 111 7 ^ k 3 C m h — Cjtm. 



Fig. 6.34. Representation of a system 
of conductors by a network of ca- 
pacitors. 


Solving for the C’s, we have 

Cmi = —Cmic, if m^k, m,k- 1, 2, 3, •••», 

Cmx = Cml + Cm2 + C m 3 + • • • + C mm + • • ■ + f mn . 


(20-3) 


Since the capacitance of a capacitor is essentially positive, the coefficients of electro- 
static induction are essentially negative. The quantity C l2 is called the direct capac- 
itance between conductors Ki and K 3 \ Ci K is the direct capacitance between K i and 
the ground or infinity. The capacitance of a given conductor is seen to be equal to 
the sum of the direct capacitances between this conductor and the remaining conduc- 
tors, including the ground or infinity. 
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6 21 Energy Theorem for Stationary Fields 
The energy theorems for stat onary fields are special cases of the general theorems 
der ved n sect on 4 8 Cons der for example an electrostatic field Dur ng the 
period when electr c charges are separated and moved to their final pos t ons or to 
infinit) electr c currents flow and impressed forces perform work Th s work i= 
represented by equat on (4 8 2) w th M = 0 The surface (-S') surround ng the sepa 
rated charges is chosen so far from them that the electrostatic field outs de it is van sh 
mgly small When the charges assume their final positions and thus the impressed 
currents stop flowing H vanishes and E becomes stationary within a rapidly expand 
ing volume hence (4 8 2) becomes 

iv *///, tE 1 dr + IV * (21 1) 


where fV is the total work performed by the impressed forces and fVo is a constant 
represent ng the first and third terms on the right hand s de of (4 8 2) Th s constant 
IV t represents the energy lost in heat and by radiation and it can be made arbitrarily 
small bj moving the charges sufficiently slowly We account for the work IV by 
saying that the system of charges has acquired potential energy The idea that this 
energy is d stnbuted throughout the field s consistent with equation (I ) but natu 
rally th s » not a necessary conclus on from the equation 
By Green s theorem (17 1) we can transform (1 ) into 


fv=\t J J' J'e’Jii- ItJ' J J' (grad V, grad V) do 

- -»•//„ r %‘* - “///'"’* -«•//„ r T, is ’ 


where n ■$ the normal pointing into the volume occup ed by the field and (K) repre 
sents the surface cons st ng of the surfaces of all the conductors together with a surface 
at infin ty The latter however contributes nothing to IV Over the surface of 
each conductor V is constant and 




Subst tut ng in (2) we have 


(21 ^) 


y-S £ p-fc 


( 21 - 4 ) 


In view of (19-2) and (19-3) we also have 

(21-5) 


An equation s m lar to (1) may be obtained for a magnetostat c field 
r + fV, 


(21 0 
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This equation holds also for the stationary magnetic field due to steady electric 
currents except that TV o will not be constant. It will be remembered that one of the 
terms in TV o represents the energy transformed into heat by currents flowing in con- 
ductors and in a stationary state this term is proportional to time. 

6.22. The Method of Images , 

The potential of a system of isolated electric point charges in an infinite homo- 
geneous medium is 


V = 


4:r«‘i 47r«ro 4irer n 


( 22 - 1 ) 


where ther's are the distances from a point in space to the corresponding point charges. 
Imagine now that an infinitely thin perfectly conducting sheet is introduced over an 
equipotential surface. Since the component of E tangen- 
tial to an equipotential surface is zero, the boundary condi- 
tion at the conducting sheet is satisfied by the existing field 
which is therefore unaltered. The charges on one side of 
the sheet are said to be the images of the charges on the 
other side. If all the charges are on the same side of the 
sheet, they are the images of a point charge at infinity. 

For example, in the case of two equal and opposite 
charges (Fig. 6.35) the plane perpendicular to the bisector ^ic. 6.35. A point charge 
of the line joining the charges is an equipotential. Here ancTi ts*! '|, UC p ' anc 
the two charges are “ mirror images ” of each other. The 
potential 




( 22 - 2 ) 


determines the field of the two charges both before and after the introduction of the 
conducting sheet. Let us now remove the charge — q to infinity below the plane. 
This movement will not affect the field above the plane and will reduce the field below 
the plane to zero. Above the plane the effect of the image charge is replaced by a 
distribution of charge on the plane. The density of this distribution is 


n c q d ( 1 l\ 

(22-3) 

where the differentiation is performed at the plane. If h is the distance from the point 
charge to the plane, then (3) becomes 


D 


n — 


_qh_ 

27T7- 3 ' 


(22-4) 


Thus the density of the charge induced on the plane by the given point charge varies 
as the cube of the distance from the point charge. By integration we can demonstrate 
that the total induced charge is —q. 
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Sim larly we find the potential of * po nt charge ins de a quadrant formed bv two 
perpendicular conducting planes (Fig 6 36) in the form 


V 


j-(± 
4ire \.n 


i + 1 

r-j ft 


-o 


(22 S) 


In the case of two parallel planes the number of images is infinite Let the two 
planes (Fig 6 37) be z = 0 and z = c and the po nt charge be at 2 A By plac ng 
an image charge — q at 2 = —A we make z — 0 an equi potential plane In order to 



w.i ' "i ’p r 1 •' 


Fro 6 36 A point charge in a Fio 6 37 A po nt charge between two 

J uadrant formed by two con parallel planes and its images 

acting planes and its images 


make 2 - e an equipotential, we place a charge — q at r — 2r — A and another charge 
q at 1 — 2c + A These charges change the status of * — 0 and in order to make 
this plane once more an equipotential we place q at 2 “ — (2r — A) and — q at 
2= — (2c + A) This process has to be cont nued indefinitely thus we have an 
infinite system of charges 

q A, — 2e + A, 2r + A, — 4r + A 4r + A 

(22-6) 


— q —A, 2c — A, — 2r — A, Ac — A, —4 c — A 


and the potential of the given point charge between the two planes may be expressed 
as an infinite senes 


1 -r-^- rr — — — (H-7) 

4re Vpi + (2 — A + 2»c)‘ 4irt -« V p ' + ( z + h + Ine) 7 

where p is the d Stance from the line of charges 
The method of images can be used to sat sfy other boundary cond t ons Thus if 
the image source in Fig 6 35 is of the same s gn as the given source the normal denva 
live of the potential will vanish at the plane Th s is the boundary condition at a 
perfect magnetic conductor ” in the case of electrostatic fields at a perfect electric 
conductor in the case of magnetostatic fields, and at a perfect insulator in the case of 
steady electric current flow In each case either the normal component of d splace- 
ment or the normal component of current density is required to vanish Thus if 
instead of a po nt charge q in Fig 6 33, we have a point source of electric current I, 



ABOUT WAVES IN GENERAL 171 


then the potential in 
insulating plane is 


the semi-infinite homogeneous conductor bounded by a perfectly 


V = 



(22-8) 


where g is the conductivity of the medium. 

To summarize: the image of a simple source in an infinite plane is equal in strength 
to the source but of opposite sign if the potential or the tangential component of the 
field intensity is required to vanish at the plane; the image is equal in strength to 
the source and has the same sign if the normal derivative of the potential or the 
normal component of the field intensity has to vanish at the plane. 



It 


It 



+ m 


-m 


i 



It 


•< 

-If 


-m -*m 

• — » — • I 


K t 


-Kt 


-m 

+m 


i 


• — * — • 

-m +m 


Kt 


Fiq. 6.38. The images of various doublets and current elements 
in a perfectly conducting plane. 


This rule can be broadened to include doublets and current elements. Consider 
for example a perfectly conducting plane and a variety of doublets and current 
elements (Fig. 6.38). The images of the following sources have the same sign as the 
sources: the electric doublet and the electric current element normal to the plane; 
the magnetic doublet and the magnetic current element tangential to the plane. 
The remaining sources have images of opposite sign: the electric doublet and the 
electric current element parallel to the plane; the magnetic doublet and the magnetic 
current element normal to the plane. 

It is easy to verify that the above rule applies to electric and magnetic current 
elements with variable moments. The rule for the images of electric loops is identical 
of course, with the rule for magnetic current elements. 
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We shall now extend the method of images in another <3 rection Let the plane be an 
interface between two homogeneous dielectrics (Fig 6 39) Consider a point charge q 
at point A in the upper medium As has been expla ned in sect on 18 we may regard 
the total field in this med um as the sum of the impressed field defined as the field of 
the point charge on the a»sumpt on that e» = e i and the reflected field We already 
know that m at least two cases the reflected field is equal to the one produced by an 
image charge at po nt B wh ch is the geometric image of point A Thus f e* =■» f> then 
the displacement density in the lower med um is identically aero and therefore the 
normal component of the d splacement dens ty in the upper med um should vanish 
at the boundary, in this case the image charge * producing the reflected field is 
if — q If (» — oo then the electric intensity in the 
lower medium must vanish, or else the displacement 

density would be infinite in this case the tangential 

C component of the electric intensity m the upper 

B# medium should vanish at the boundary and the re 

fleeted field could be produced by q’ — —q Further 
Fig 6 24 Illustrating the tm more if t» = t , the reflected field should vanish. 
media' e0ry f0t tW ° d,ek<tn<: Wtth this information in mind we assume tentatively 
that the reflected field tn general could be produced 
by an image charge at B having the following value 

01 - 9 ) 

The ratio q r /q defined in this manner reduces to I —1 and 0 in the three cases con 
sidered above but naturally this does not mean that (9) is tme in general In fact, 
we do not even know tha- in the general case the reflected field could be produced by 
an isolated point charge we merely start with (9) as a hypothesis which can be e th-r 
proved or d sproved 
The potential of the pair of charges is 

(22 10 ) 

■e respectively the distances from A and B The potential along 


where r, and ri ; 
the boundary is 


p+r 


9 + <f 


4rari 2x(«i + fj)rj 
The normal component of the displacement density (also at the boundary) is 

r ! r- , /<r+f) (>->)< 

82 4 rr[ 


Naturally the field of <f is source free in the lower regioi 


(22 13) 

where it satisfies Laplace’s 
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equation. Assume tentatively that the transmitted field in the lower region is given by 

//' = = q - . (22-14) 

47re;ri 2?r(ei + €s)ri 

At the boundary this potential is equal to that given by (1 1 ). Thus both boundary 
conditions are satisfied and we may finally say that the field of a point charge q, 
located at a point A in a semi-infinite homogeneous medium separated by a plane 
from another semi-infinite homogeneous medium, may be represented as follows: 
(1 ) on the same side of the boundary as point A , the field is the sum of the fields which 
would be produced in an infinite medium by the original charge at A and by an image 
charge q r at B % assuming that the dielectric constant of the medium is ei; (2) on the 
other side of the boundary the field is the same as that which would be produced by a 
charge q‘, placed at A, in an infinite medium with the dielectric constant e 2 . 

For magnetic fields we have a similar theorem. In the above formulae electric 
charges are replaced by magnetic charges and e’s are replaced by p’s. The rules for 
doublets can be formulated very readily since doublets are pairs of point charges. 

These dieorems do not apply in general to variable fields. That this is the case 
is obvious when the intrinsic propagation constants of the two media are different; 
the fields of simple point sources cannot possibly be matched along the entire plane 
boundary. But it is conceivable that such fields could be matched when the propaga- 
tion constants are the same; and this is actually found to be the case. 

6.23. Two-Dimensional Stationary Fields 

A two-dimensional field is defined as a field depending on two coordinates and, in 
particular, as a field depending on two cartesian coordinates. While such fields are 
special cases of three-dimensional fields, the simplifications resulting from the decrease 
in the number of effective coordinates are so great that two-dimensional fields are 
usually studied separately. Assuming that the field is independent of the z-coordinate, 
we obtain the following equations for source-free homogeneous regions under different 
conditions. 


For an electrostatic field the potential satisfies the two-dimensional Laplace’s 
equation 


d 2 y 

(23-1) 

which in polar coordinates becomes 


d ( a /A , d-v __ 
p d P \ p dp) + <v- 

(23-2) 

The electric intensity is equal to —grad V\ thus 


E ~- dV F - dV 
k, ~ ex’ E "-'sP 

(23-3) 

op pdip 

(23-4) 

Exactly the same set of equations describes the steady current flow. 

For magneto- 
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Static fields the equations are similar, w th the magnetic potential V taking the place 
of the electric potential V and H appearing in place of £ 

Magnetic fields produced by electric currents are der vable from the vector potent al 
A which, when the current is parallel to the z-axis has only one component A 
Thus such fields depend essentially on one scalar function A, *= ty, usually called the 
stream Junction In terms of this function we have 


(23-5) 

m-b) 


In source free regions the stream function satisfies equations (1) and (2) 

A two-dimens onal electrostatic field is produced by a system of un form filaments of 
electric charge parallel to the »-axis These filaments may form either a discrete or a 
continuous set A uniform tine source is an elementary source of such a field in the 
same sense as a point source is an elementary source of a three-dimensional field. 
The potential of a line source is independent of the ^-coordinate- Hence from (2) we 
have 

p-~ P, P P log j> + constant (23-7) 

dp 

Therefore, 

— (23-*) 

P 

If q is the electnc charge per unit length of the filament then by talcing the radial 
displacement over the surface of a cjhnder concentric with the filament we obtain 


ItpiE, - q, and P - - X (23-9) 

Substituting m (7), we have 

^--~log^* (23-10) 

where a is a constant length which rerna ns arbitrary For the electnc intensity 
itself we have 


e. = ~ ir/ £ * ,=0 pmo 

The last two equations can be denved without using Laplaces equation Thus(ll) 
follows directly from symmetry considerations and from the divergence equation 
(4 3-2) Furthermore it is evident that E can be expressed as the grad ent of a func 
t on depending only on p and that this function is given by (10) Laplace s equation 
becomes of real value, however, when only a part of the complete distr but on of elec 
tnc charge is known and the information regarding the remaining charges is replaced 
by boundary conditions Consider for example a conduct ng cylindrical tube and a 
known line charge parallel to the axis of dus tube Instead of be ng given the dis- 
tribution of electnc charge on the cylinder we are required to find it, using the bound 
ary condition that the component of £ tangential to the tube vanishes This time our 
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problem is to find a reflected field satisfying (2) and having a tangential component 
equal and opposite to the tangential component of the field which would be produced 
by the line charge in an infinite medium. 

In the case of magnetic fields produced by a distribution of parallel currents the 
elementary line source is a uniform infinitely thin current filament carrying current /. 
By (4.6-1) we have 

tf P = 0. (23-12) 

/7Tp 

When the field is steady, there is no displacement current parallel to the filament and 
(12) is valid at any distance from the element, not only in its immediate vicinity. 
Comparing (12) with (6), we find that H may be obtained from the following stream 
function 

= — 2- log - > (23-13) 

2ir a 


where a is an arbitrary constant. 

The value of the stream function becomes evident when we attempt to find the 
field of several current filaments. Such a field may be 
calculated directly from (12) by adding vectorially the 
magnetic intensities of the individual current fila- 
ments. On the other hand the stream function is a sca- 
lar and the addition of stream functions is much simp- 
ler. For example in the case of two filaments (Fig. 

6.40) one passing through point (// 2,0) carrying 
current/ and the other through (—7/2,0) with current 
—I, we have 



I . O'* 

2ir pi 


(23-14) 


Fig. 6.40. The cross-section of 
two infinitely long parallel 
wires carrying equal and op- 
posite currents. 


When pi and p» are large compared with 7/2, we have 



P2 = P + ^ COS tp, pi = p 

7 

- T COS tp. 

(23-15) 

and (14) becomes 

II cos tp 

*-- 5 — 

27 rp 


(23-16) 

By (6) we now have 





_ 77 sin tp 

H » 2V 

II cos tp 

27T P 2 

(23-17) 


It should be noted that in general V and T become logarithmically infinite at 
infinity. But when the total charge is zero, while the total amount of charge of either 
sign is finite, then the potential vanishes at infinity; similarly when the total current 
is zero, while the currents flowing in either direction are finite, T vanishes at infinity. 
This is rertainlv the case for a pair of oppositely directed current filaments. Any 
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other distribution, for which the total current is zero, may be subdivided into pairs of 
oppositely directed current filaments Thus we have the general theorem 
The method of images can evidently be applied to two-dimensional fields TTie 
rules for the magnitudes and the signs of the images of line sources are the same as for 
corresponding point sources 


6 24 The Inductance oj a Sj tem o] Parallel Current j 

Generally, in the case of steady parallel currents, the stream function satisfies the 
two-dimensional Poisson s equation 




d*9 d*t 
dx* 9y * 


(24-1) 


where J is the total current density The energy of the magnetic field produced by 
this current distribution may be expressed in terms of i thus the energy per unit 
length m the z-direction is 

"• - + '/[( 0 + (I)‘] « 

where the integration is extended over any plane normal to the 2 -axis 

To begin with let us consider the above integral extended over a finite area. By 
Green s theocem we have 

IT - It JV ^ ds - iuj J' W dS, (24-31 

where the line integral is taken over the periphery of the chosen area Let this area 
increase indefinitely in both linear dimensions and assume that / is distributed over a 
finite area If the total current in the ^direction is different from zero JY will also 
increase indefinitely On the other hand if the total current is aero, as is the case itv 
practice, then 'S' varies ultimately as* 1/p and d'S’/dn as 1/p*. consequently the line 
integral in (3) approaches zero Substituting from (1) in (3), we thus obtain 

IY - Sm J JjidS. (24-4) 


Effectively this integration is extended only over the areas occupied by the current 
Let us now consider a s> stem of parallel wires and let the currents m these wires be 
uniformly distributed throughout their cross-sections In this case J is constant for 
each wire and (4) becomes 


w -'^-SL 


(24-5) 


where St, Jj> are the cross-sections of the various wires Introducing the average 
values of the stream function 'P over each cross-section 


f f ■idS, (14-6) 

JtS*) 

* i may contain a constant which does not affect the field and hence maybe taken as 
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and noting 
into 


that the total current I m in the mth wire is 7 m 
IV = 


= JnS m , we transform (5) 
(24-7) 


If there are only two wires, carrying equal and opposite currents, then 

h = 7, 7. = -7, 

and the energy of the field per unit length along the wires is 

IV = -*;)7. (24-8) 

The values of 'i'l and 'Ts are proportional to 7 so that 

IV = bLP, 


where the coefficient L is seen to be the inductance per unit length of the wires and its 
value is 


L = 



(24-9) 


For two pairs of wires let 

It = — 7i, It = —72; 

then equation (7) becomes 

IV = - ¥»)7i + 5M(^2 ~ *4)7 2 . (24-10) 

The average values of the stream functions are linear functions of 7i and 7 2 : thus 
/iGA — SF 3 ) = Lnl\ + 7.127", 

p(4 / 2 — '4 , <) = Li\I\ + Lizlt. 

Substituting in (10), we have 

IV — \Lul\ + §(7,12 + Z.2i)7i72 + \Liil\. 

These formulae may be extended to n pairs of wires. 

Thus in order to compute the inductance coefficients of a system of parallel currents 
we have to compute first the stream function SE' and then its average values over the 



Fig. 6.41. The cross-section of two parallel cylinders. 

cross-sections of the different wires. Two examples will illustrate the procedure. 
First let us take a pair of wires of circular cross-section (Fig. 6.41). We have already 
assumed that the current distribution is uniform throughout the cross-section of each 
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wire From symmetry considerations we conclude that the stream function for each 
wire, in the region external to it, is equal to the stream function that would be obtained 
if the entite current were concentrated along the axis of the wire. Thus for points 
external to both wires the stream function is given by (23-14) Inside the wire A the 
magnetic intensity due to the current in the wire itself is 

G4-11) 


where (pvpi) are cylindrical coordinates referred to the axis of A and «■ is the radius 
of the wire VVe now obtain that part 4'' of the total ’J' which is due to the current 
in A by integrating (23-fj) using (11), thus 

v-A-a 


- + p> 


(24-12) 


where P is a constant of integration This constant is determined sc 
continuous at the surface of the wire, thus 


- — log a - - -- + P, P~ 2 T~ *°* 


and equation (12) becomes 


o make 'S' 


4ir4* 4 t 2t 

This is the stream function due to the current in A, adding to it the stream function 
due to the current in the wire B we have the total stream function in the region pi< a 
in the following form 

*-£fc.*+»'-ii,e +; i(.-d) 

Similarly for the region ps < &, where i is the radius of the wire B, we have 




Having determined the stream functions inside the wires, we proceed to compute 
then average values over the cross-sections of the wires The average value of log pj 
over the cross-section of A is log /, where l is the mteraxial distance between the wires 
This result follows at once from the senes for log p» in terms of the polar coordinates 
referred to A, in which the constant term is log /and the remaining terms are periodic 
functions of pi and therefore disappear after integration with respect to <pi from 0 to 
2ir The total averages for the wires A and B are respectively 


= 


- log/- —log a + - 


'f'j = — r— log/+ — log# — 
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Substituting in (9), we find the inductance of the pair of wires per unit length 

/ , M 


T P U P l ^ I™ 

L — lOg + — lOg y— 

27T 4tt 7T V 


4?r 


The simplicity of this method for calculating 
complications arise in tlje case of several pairs, 
pair are already known, we need to calculate 
only the mutual inductances. For the two 
pairs of wires in Fig. 6.42 we have to find the 
averages of t,he logarithms, of the distances from 
A and B over the cross-sections of the other 
two wires and vice versa; these averages are 
the logarithms of the interaxial distances. 
Paying proper attention to the algebraic signs, 
we obtain 


inductances is remarkable and no 
Since the self-inductances of each 



Lit 



UdIbc 

Lchio 


Fig. 6.42. The cross-section of two 
pairs of cylinders. 


Incidentally we have proved the reciprocity theorem for the mutual inductance 
coefficients. 


6.25. Functions of Comptex Variables and Stationary Fields 


We have seen that in source-free regions static potentials and stream functions 
satisfy the two-dimensional Laplace' s-equation. This equation is also satisfied by the 
real and imaginary parts of an arbitrary monogenic function of the complex variable 
z — x + iy. In the theory of partial differential equations it is shown in fact that the 
most general solution of 


dW 

dx 2 


d 2 fV 



(25-1) 


may be represented in the following form 


IV = F(z) + G(z*), 

where F and G are arbitrary functions and 


(25-2) 


2 = * + iy, z * = x - iy. (25-3) 

If IV is to be real, then F and G should be chosen as identical functions of their respec- 
tive variables; hence the most general potential in a source-free region may be re- 
garded as the real part of a “ complex potential ” IV. The same real potential is the 
imaginary part of iW, which is also a function of the complex variable 2 . Likewise 
the stream function can be represented either as a real part or as an imaginary part 
of a “ complex stream function ” IV. 

If the real and imaginary parts of a complex potential are separated 

W = V + i% 


(25-4) 
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then the imaginary part V is the negative* of the stream function for the field repre 
seated by the potential V Thi# follows from the definitions of the potential and 
stream function inherent m (23-3) and (23-5), and from the Cauchy Riemann 
equations Similarly if the stream function unrepresented by the real part of a com 
plex stream function, then the imaginary part represents the potential of the same 
field 

Consider for example the following complex potential 


its real part represents the potential of a I nc charge of density g The same field can 
also be obtained from the imaginary part with the aid of an electric analog of equations 
(23—6) If g/* is replaced by I, then the real part will represent the stream function 
fot the field produced by an electric current filament 
The field intensities may also be represented as the real and imaginary parts of 
appropriate complex functions Thus for an electrostatic field we have 


ar ov ar a* w 

* *** dx dy dx ‘ dx dx 


(25-6) 


Hence the real and imaginary parts of the derivative of the complex potential give, 
except for an algebraic sign, the cartesian components of the electric intensity and 
the magnitude of the intensity is 


(25-7) 


Starting from any complex potential, we can obtain a disTibution of sources which 
s capable of producing the corresponding field Take, for example, 


which differs from (5) only by a constant 


- 1 The real potential is 


(25-8) 


(25-9) 



This function happens to be a multiple valued function 
while the electric potential in source-free regions is single- 
valued If we make (9) single-valued by restricting <p to 
the interval (0 2 t), we assume in effect that the sources of 
the field are located on the positive .ts-plane. Since the 
potential nse across this plane is qlf, there must be a 
double layer on this plane of strength g (Fig 6 43) The 
electric intensity is 


Flo 6 43 A half plane 
double layer 


E '~°' < 2S -'°> 


* The algebraic sgn of potential and stream functions is a matter of convention 
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Since E<? is continuous, there are no simple layers of charge. The electric lines are 
circles and the equipotential lines are radii. 

Since the radial planes are equipotential, we can assume any pair of them to be 
perfect conductors insulated from each other along the line passing through the origin 
(Fig. 6.44). The displacement density along one plane, passing through the *-axis, is 

* -**-&• (25-11) 



Fig. 6.44. A wedge Fig. 6.45. Illustrating the conformal transformation of a 

formed by two half- region bounded by a closed curve into the upper half-plane, 

planes. 


The displacement density at the other plane is the negative of this. Since the poten- 
tial difference between the planes is gd/lre, where t? is the angle between them, the 
capacitance between the planes per unit area at distance p from their adjacent edges is 


C — 


pi? ' 


(25-12) 


Let us now consider the general problem of a line charge in the presence of a per- 
fectly conducting cylindrical boundary whose generators are parallel to the line charge. 
Let (C) be the contour of the conducting boundary (Fig. 6.45) and let the complex 
number z 0 designate the position of the line charge. Suppose that we have found a 
function 

w = u + h = /( z), (25-13) 

such that the curve (C) goes point by point into the «-axis and the interior of the region 
bounded by (C) goes into the upper half of the tf-plane. Let w 0 be the point cor- 
responding to zo and assume that a line charge of density g is passing through w 0 . 
The complex potential of this charge is 


= - 2 we *° S ^ _ W °*' (25-14) 

If a perfectly conducting plane is assumed to pass through the tt-axis, then its effect 
on the field in the upper half-plane may be represented by the potential of the image 
charge of density — g, located at the image point ti>J; this image potential is 
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The total potential w therefore 



2m a — w J 

(25-16) 

Jfno 

w we substitute from (13) into (16), we obtain 



9 ./(?) -/(*»> 

r "'I 

(25-17) 

which is the complex potential of the I nc charge passing through z 0 n 
the conducting boundary (C) The real part of ( 1 7) reduces to zero o 
our choice of /(z) In the neighborhood of z = zo, we have 

i the presence of 
n (C) because of 


/(*) -JM - (a - 

(25-18) 

hence tn 

i this neighborhood (17) becomes 




(25 19) 


The first term of this expression represents the potential of the line charge in the 
infinite medium and the second term its modification due to the boundary The 
second term is constant and does not affect the charge density on the source, hence 
the real part of (17) satisfies all the requirements of our original problem 
More generally (17) may be represented in the form 


w m ~ log C* - *o) - ~ log — 


2« (t- *.)[/<*)-/*tol 


in which the effect of the boundary on the potential is given explicitly The second 
term in (20) has no singularities m the region bounded by (O 
If instead of an infinitely thin filament, we assume a thin circular wire of radius a, 
the complex potential of the wire is given approximately by (19) In this approxima 
tion we ignore the redistribution of charge round the wire due to the fact that the re 
fleeted potential is not reallj constant but varies from point to point, actually the 
wire is in a transverse electric field which forces some positive charge from one side 
of the wire to the other In fact, following this line of thought we may obtain a more 
accurate expression for the field of charge on a conducting wire of finite radius How- 
ever, if the radius is small compared with the shortest distance from the wire to the 
boundary, then (19) is a good approximation and in this case the capacitance of the 
wife per unit length is 


Cm i 2 m 

y log I /(*>) — /’{aJI - log I/'( 2 o) l - log a 


(25-21) 


In the above problem the image source was the negative of the given source If 
the boundary condition is such that the image source is of the same sign as the given 
source, then instead of (17) we have 


w - - fog [/(*) -/(*.)!/(*) -/•(*)! 


(25-22) 
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With a few appropriate modifications all the above formulae can be used for the 
magnetic field produced by an electric current filament in the presence of a perfectly 
conducting cylinder. The real part of the complex function 

W — — — log (tv — tvo) (25-23) 

27T 

is now taken to represent the stream function. This stream function satisfies the 
same boundary condition as die electric potential. Hence our final result will be (17) 
with q/e replaced by J. The inductance per unit length of a thin wire of radius a is 
found in the same way as the capacitance; thus we have 

L - f [log 1/(5.) -/*(*) I - log |/'(z„) I - log a ] . (25-24) 

2t 


We shall now consider a few special problems. Figure 6-46 
of a wedge formed by two perfectly conducting planes. 
Let a line charge be at point z 0 . The function 

w = s" = pV* (25-25) 

is positive real for <p = 0 and negative real for n<p = v. 
Hence if we choose n so that 


shows the cross-section 



77# = TT, 77 


7T 
— 7 




Fig. 6.46. The cross- 
section of a wedge and 
14 lb) a c ), ar g c( j filament. 


then one boundary of the wedge will go into the positive real axis in the tv-plane and 
the other into the negative axis. For the intermediate values of tp the imaginary part 
of tv is positive and the points interior to the wedge are transformed into the upper half 
of the tv-plane. Hence by (17) we have 


= __£_ log 0 
27T« 


2 "-*r 


(25-27) 


The real part of this expression is 

y 9 ■ P 2n ~ 2p n po cos n{<p - y?o) + Po” 

27T6 P=" - 2p n pp COS 77 (v? + <po) + Po” 


If # = jt/2, then n = 2 and (27) becomes 


IP— — log - 2 * 


27TC 


2* — <*)■ 
** aja 


J__ , (a ~ so)(z + gp) 

2tre (z- 2 *)(z-FzJ) 


(25-28) 


(25-29) 


This shows that the effect of the wedge can be represented in this case by three image 
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sources at po nts — *«, zj and — zj the first of these image sources is of the same sign 
as that at zo and the remain ng sources are of the opposite sign 
If it is an integer then 

z» - < = Cz — z«)(z - *#e*“)(z - o) (a - (25-30) 

where i9 is the wedge angle Similar))' we can factorize the denominator of (27) 
This factorization leads to (2a — 1) image sources and Fean be expressed in terms of 
the logarithms of the distances from a typical point to the source and its images 

•Z» 


Fio £ 47 A charged filament and a conducting half plane 


When n is not an integer there is no system of image sources which could represent 
the effect of the wedge For example a half plane (Fig 6 47) can be regarded as a 
wedge with & « hr and n — i In this case (27) and (28) become 




Vz-Vz* 


1 [, c >~ iVpppcos $(y>— yo) + p» . 
2 ** p — 2 V ppt cos JOp + fa) + po 


(25 311 


and no factorization is possible 



Fio 6.48 Illustranng the transformation of a region enclosed by a polygon into the 
upper half plane 

A general function transforming a polygon (Fg 6 48) in the z-plane into the real 
ax s of the tp-plane was discovered by Schwarz Let us set up the following integral 

2 - 4 J* (» — ®i)* (to — u>i) , *’(w — tej)*' du> (25-32) 

and examine the changes in z as we follow the real axis in the to-plane, indented at »i 
n>i etc The indentations may be taken as infinitely small semicircles in the upper 
half plane and are needed to make the integrand an unambiguous funct on of to when 
the n s are fractions As we follow the u-ax s in the positive direction the phase of the 
integrand rema ns unchanged so long as we are on the straight part of the path 
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lienee the increments of 2 are in phase and 2 must follow a straight line. Let us suppose 
that we are on the left of wy In the 2 -plane we are on some straight line z„zi and 
are moving toward the point corresponding to toi. As we go round the first infinitesi- 
mal indentation, all the factors of the integrand except (u> — u>i)"' are constant. 
The absolute value of (w — dw is r" 1+ 1 , where r is the infinitesimal radius; hence 
if n\ + 1 >0, the magnitude of the increment in 2 is infinitely small during the 
motion round the semicircle. But while 2 remains unchanged, its new increments 
beyond w\ will have a different phase. This is because the phase of w — wi has 
decreased by ~ and therefore the phase of (to — u>i)”' has changed by = — «i~. 
The new increments make an angle t?i with the old ones and we now follow a straight 
line 2122 making the angle t?i with 2 „zi. The second bending of the path takes place at 
2 ; corresponding to 102 , etc. The transformation (32) can now be expressed in the 
form 

2 = A f W (w- toi)-* /T (to - - ui s )-' ,t/T ■■■dw, (25-33) 


where t?i, t? 2 , etc. are the external angles of the polygon. 

If from the point at infinity on the positive z/-axis we follow round an infinite semi- 
circle in the upper half of the te-plane, the path in the to-plane becomes closed. The 
total change in 2 around this path is zero since there are no singularities in the upper 
half-plane. Thus we shall return to the original value of z. 

The region enclosed by the polygon is transformed into the 
upper half-plane. The term “ enclosed ” is defined as follows: 
that region is enclosed by a curve which is on the left of an ob- 
server following the boundary counterclockwise. 

As our first example let us take a wedge (Fig. 6.49). In 
order to transform the region ( S ) into the upper half-plane we 
follow its boundary in the counterclockwise direction and im- 
agine that the contour is completed with an arc of an infinitely 
large circle. Choosing the vertex of the wedge to correspond to the point w = 0 and 
seeing that the angle is positive and equal to tt — i?, we have 



Fio. 6.49. A wedge of 
angle t?. 


2 — A ^ w dw = w' , ^ T = 


Air 

t? 


(25-34) 



s' 

Fig. 6.50. The com- 
plementary wedge. 


where we have taken A = t?/w. This agrees with (25). 

If we wish, we can transform the complementary region (S') 
into the upper half-plane; then we must follow the contour 
round this region in the counterclockwise direction (Fig. 6.50). 
In this case t?! is negative and its absolute value is it — t?; 
hence 




>(>— Wr _ 


Air 

2ir-t}' 


pdi— f)/r _ -,.(2r— 0)/r 


(25-35) 


Since 2r - t? is the angle of the wedge (S') in the same sense as 0 is the angle of (S) 
the two results agree. 
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it example (Fig 6 51 ) let the vertices A and B correspond to to =* — ! and 


= +1 Here t?e *■ i? j - 



Fig 6 51 The eross-secoon hence 
of a Cylindrical surface 

with a charged filament to = cosh — (25-37) 

inside ■</ 

The constant A can be expressed in terms of the distance AB = l between the planes 
Separating the real and imaginary parts of (37) we have 

ti» — + V tosh ~ cos —j 4- » smh — am ~ (25-38) 

A A A A A 

When y «■/,«» must be real, therefore II A - ir and 

tv — cosh ~ (25-39) 

Hence by (17) the complex potential of a line charge q at io is 


2 ire . TZ TJa 

cosh — — cosh — 


This can be transformed into 


-Xi~. E E — , 

„**£+*> BAtStni! 


As zo moves to the right away from they-axis, the first term approaches zero and m 
the limit we have the potential of a line charge between two parallel planes 

H' = - ^2. ^log anti * ( -~ Zo) - log (25-42) 

In the arrangement shown in Fig 6 52, we haie 

a = AJ (tv + l) w *(n> - l) lll dw = A f" vV -T\ Ju (25-43) 

Integrating, we obtain 

z — 2 Alts'/ tv 2 — 1 — cosh -1 tv] (25-44) 

Unfortunately in this case it is im possible to express tv explicitly as a function of z 
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As our last example, let us consider a line charge in a tube of rectangular cross- 
section (Fig. 6.53). We shall represent the comers of the rectangle by two pairs of 
points in the ic-plane symmetric about the origin. The Schwarz integral becomes 


z = A f = A sn 1 tv; (25—45) 

Jo V (1 — o> 2 )( 1 — k 2 w 2 ) 

hence 



Fio. 6.52. The cross-sec- Fig. 6.53. A rectangular metal tube and a charged 

don of a cylindrical sur- filament inside it. 

face with a charged fila- 
ment outside. 

where sn x is the elliptic sine of x. The constant A and the modulus k are determined 
by the dimensions of the rectangle. Thus if the complete elliptic integrals K and K' 
are defined by 


*■_ r 1 dt r 1 dt 

Jo V (1 - / 2)(1 - k-t-) ’ Jo V (1 _ /=)(! _ k' 2 t 2 ) ’ 


* 2 + *' 2 = 1 ; 


a - K b _ jr, K ' 2b 

u~ K ’ a~ k ’ 7f = 7- 


(25-47) 


(25-48) 


The last equation defines the modulus k; then A may be calculated from either of the 
first two equations. The transformation becomes 

2Kz 

w = sn ~>‘ (25-49) 

hence the complex potential of the line charge is 




CHAPTER VII 

Transmission Theory 


7 0 Introduction 

In section 6 U we have shown that in source free regions the approxi- 
mate equat ons connecting the harmonic transverse electromotive force V 
between two parallel wires (Fig 7 1) and the longitudinal current 7 in the 
lower wire (or the magnetomotive force round the wire) are 

~ZI -YV, (0-1) 

dx dx 

where the distributed senes impedance Z and shunt admittance Y per unit 
length are complex constants 

Z R + iuL, Y -G+ tuC (0-2) 


g — L- j> and x » the distance along the hne The 

. positive direction for V has been chosen from 

t,J J v (2) the lower wire to the upper and that for I 

0 -- 1 — in the direction of increasing x coordinate 

— x *" c If one of these positived rections is reversed 

Fic 71 A diigram representing a the negative signs m equations (1) become 
section of* trinsmus on line positive If the distance between the wires 
is variable, Z and Y are functions of x and tbe equations arc general 
linear d fferential equations of the first order 

Equations (l) are not restricted to transmission 1 nes atone but play an 
important role in the general theory of wave propagation In the case of 
waves in three dimensions the field intensities E and 77 usually appear in 
place of V and 7 This difference is superficial since E is the electromotive 
force and H the magnetomotive force per unit length and V and 7 are the 
integrated values of E and H It happens that at low frequencies it is 
easier to measure V and 7, while at very high frequencies E and H are more 
readily measured In the case of waves in three dimensions the field 
intensities are generally functions of three coordinates nevertheless under 
certain conditions wave propagation along, let us say, all x lines is the same, 
and the remaining coord nates may be ignored in so far as wave trans 
mission in the ^-direction is concerned Moreover the more general types 
of waves may frequently be decomposed into simpler types traveling m 
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accordance with equations (1). For expository convenience however we 
shall discuss these equations as applied to a pair of parallel wires. 


7.1. Impressed Forces and Currents 

Sources of energy may be of two types: (1) electric generators of zero 
impedance in series with the line, and (2) electric generators of infinite 
impedance in shunt with the line. The first type is represented by an 
impressed electromotive force 2s(.v) per unit length of the line and the 
second by an impressed transverse current J{x), also per unit length of 
the line. The assumption that the internal impedances of the generators 
are respectively zero and infinite will not restrict the generality of our 
results since the actual internal impedances may be included in Z and Y. 
The transmission equations in regions with given source distributions may 
be obtained by the method used in section 6.11 for deriving (0-1). Let us 
assume that the impressed electromotive force E(x) per unit length is 
acting in series with the lower wire* and 

let the positive directions of E(x) and — j ; — 

J(x ) be as shown in Fig. 7.2. By taking 
the electromotive force round a rectangle 
ABCDA in which AB = 1, we obtain equa- 
tion (6.11-1) in which the electromotive 
force of the field along AB is now given 
by Fab = ZJ-E{x) and not by (6.11-2). 

Similarly the expression for the total 
transverse current per unit length is 
It = (G + iuC)V + J(x ) and not the one given by (6.11-6). Thus the 
transmission equations become 


Tj(X) 


EIX) A 8 

Fic. 7.2. The convention regarding 
the positive directions of the im- 
pressed series ejn.f. per unit length 
E(x) and the shunt current per 
unit length J{x). 


f- -2/ + £(,), | 


(1-1) 


7.2. Point Sources 

In practice the impressed sources are sometimes distributed over long 
sections of a transmission line and are sometimes highly concentrated in 
the vicinity of a point. An example of one type of distribution is furnished 
by a radio wave impinging on an open wire telephone line and an example 
of the other type is an ordinary generator connected to the line. In theory 

* Strictly speaking the series impressed forces should be applied to both wires in a 
balanced " push-pull ” manner, that is -i-£(.v) in series with the lower wire and — \E{x) 
in series with the upper wire. Otherwise the longitudinal currents in the wires will not 
be equal and opposite (see section 6.6). Our assumption does not affect the results in 
so far as the balanced mode of propagation is concerned. The unbalanced mode will 
be considered in Chapter 8 in connection with waves on a single wire. 
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it is convenient to idealize concentrated distributions and regard them as 
point sources 

Let E(x) be d str buted in the interval £ — s/2 < * < £ + s/2 and let 
/(*) = 0 Integrating (I 1) in this interval, we have 

K t+ 2 ) - ''(« - 0 - - C/ u * + C.l m 
4 + 0-4 -0 

Assume that as s approaches zero the appl ed electromotive force ap 
proaches a finite limit 

hm. r + ’ 3 £(*)<& />(£) as z— +0 (2-2) 

•'I •/* 

If Z V / are fimte, the rcmatmng integrals in (l) vanish in the limit 
and we obtain 

*T£ + 0) - F(£ - 0) = P 

(2-3) 

I(£ + 0)-2(£-0)-t) 

Thus the current is continuous at * = £ while the transverse voltage rises 
by an amount P Everywhere else V and I satisfy the homogeneous 
equations (0-1) These are the conditions for a point generator of zero 
impedance in series with the transmission line 

Similarly if £(*) = 0 and J(x) is concentrated at * = £> we have 

j["~’ /(«)*-/<!) (Ml 

and the conditions for a point generator of infinite impedance in shunt with 
the line at x = £ become 


V{1 + 0) - fT£ ~ 0) = 0, 
/« + 0)~J(£-0)= -1 


(2-5) 


In this case the voltage is continuous and the longitudinal current drops 
by an amount / Everywhere else V and I satisfy the homogeneous 
equations (0-1) 

In the above equations P and / may be regarded as general discontinui 
ties tn the transverse voltage and longitudinal current and not merely as 
applied voltage and current Thus if an impedance 2. is inserted at * = £ 
in series with the fine the voftage drop across the impedance is 2f and the 
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discontinuity P in the transverse voltage across the line is P = —2,1. 
Similarly if an admittance 2 is inserted in shunt with the line, the trans- 
verse voltage is continuous and the discontinuity in the longitudinal 
current is / = 2V . 

If the solutions of the transmission equations, subject to whatever 
supplementary conditions may be necessary, are known for point sources, 
then the general solutions of (1-1), subject to the same supplementary con- 
ditions, may be found by integration. We need only superpose the waves 
of elementary sources E dx and / dx. 

7.3. The Energy Theorem 

The method of obtaining the energy equations for transmission lines is 
the same as in the general case of three dimensional electromagnetic fields. 
Starting with the fundamental equations (1-1), multiplying the first by I* 
and the conjugate of the second by V, and adding, we obtain 

dV dl* 

I*P + V— = -ZII* - Y*VV* + El* - VJ*. 
dx dx 

The left side is the derivative of VI*; hence multiplying each side by \dx, 
integrating from .vj to x 2 , and rearranging the terms, we have 

A f (El* - VJ*) dx = i JJ 2 (ZII* + Y*VV*) dx 

+ §^(* 2 )/*(* 2 ) - \V(xi )/*(*). (3-1) 

The left-hand side represents the complex work done by the impressed 
forces and hence the power introduced into the transmission line; thus 
\EI* dx is the complex work done by an elementary applied electromotive 
force in driving the current I while —\VJ*dx is the work done by an 
elementary shunt generator which introduces the current J dx against the 
transverse voltage V of the line. If we designate this total complex power 
by fk and replace Z and Y by their values from (0-2), we have 

*= i Pull* dx + % P GW* dx + /« P (\LII* - A CVV*) dx 

t/xi Vxi J XI 

+ -hnx 2 )I*(x 2 ) - %V(x t )I*(xi). (3-2) 

The real part of 'k is the average power contributed to the line. The first 
two terms on the right represent the average power dissipated in the sec- 
tion (.ti,* 2 ). The difference between the power contributed to the section 
and that dissipated in it is represented by the real part of the last two 
terms. The power may be either entering or leaving the section at its 
ends; hence we may interpret the real part of \V(x)I*(x ) as the average 
power passing across the point at of the transmission line in the direction of 
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increas ng ^-coordinate The imaginary term represents the fluctuating 
power 

If the sources of power are located at points x < x ir then $ = 0 and 
(2) becomes 

RH* + GVV* dx 

+ ™f** (|£H* - \CVV*) dx + In* 2 )/*(* 2 ) (3-3) 

In this case the complex power ■J' = \F{x{)I*{x{) is entering the Ime at 
x = xi and it is accounted for by the various terms on the right 
In the above interpretation of (1) we have implicitly assumed that the 
impressed intensity E acts on the total longitudinal current and that the 
impressed current / is acted upon by the total transverse voltage This 
is necessarily true when the longitudinal current is local zed as in conven 
tional two conductor transmission lines But if the longitudinal current is 
distributed, as in hollow metal tubes, for instance then the left side of (1) 
will no longer represent the complex power contributed by the sources and 
the interpretation of other terms in the equation must be correspondingly 
modified In these more general situations it ts better to rely on the three- 
dimensional energy theorem (4 8-7) of which the present theorem is a 
special case, than to try to obtain appropriate modifications of the fore- 
going equations The various energy terms will usually differ from those 
in this section by a constant factor 

7 4 Fundamental Sets oj IFaoe Functions for Uniform Lines 

Consider now a source free section of a uniform transmiss on line If 
either V or / is eliminated from (0-1), we obtain a second order linear 
differential equation with constant coefficients, thus 


% * 2 -* 

(4-1) 

where the propagation constant T is defined by 


r = VZY - V(R + tu,L){G + tuC) 

(4-2) 

The general solutions for V and I may therefore be expressed either as 
exponential or as hyperbolic functions 

Expressing 1 in terms of exponential functions, we have 

/(*) = I + e~ r * -b I~e T \ 

(4-3) 

where T* - and 1~ are arbitrary constants By (0-1) V is 

completely deter 
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mined by I; thus 


F(x) = 


I- = Kp-e~ r * 
Ydx 


- KI~e Tx , 


(4-4) 


where the characteristic impedance K is defined by 

[Z_ !r+]uL = __T_ = R±±L 
VY ~ Y G + mC G + mC T 

By definition T is a complex constant which lies in the first quadrant of 
the propagation constant plane or on its boundaries* and the equations 

/+(.v) = J + e ~ Tx = j+ e —«x—'0 x = i+r ax r ipx , F+(x) = KI+(x ) 

represent a progressive wave moving in the positive .v-direction, with an 
amplitude which is attenuated at the rate of a nepers per meter. Likewise 
the equations 

/-(*) = I~e Vx = re ax e ifix , J^{x) = -KI~(x) 


represent a progressive wave moving in the negative ^-direction with an 
amplitude which is also attenuated at the rate of a nepers per meter. The 
constants I + and I~ are the amplitudes of these progressive waves at 
x = 0. They can be expressed in terms of the values of either the voltage 
or the current at the terminals (1) and (2) of the section of the line 
(Fig. 7.1). If the terminals C, D are at infinity and the generator is con- 
nected across A and B (or to the left of A, B), then 1~ — 0 and only one 
progressive wave is present. In this case the impressed voltage in the 
direction from B to A is given by = KI + . On the other hand if the 
terminals A , B are at infinity and the generator is connected across C and 
D, then /+ = 0 and we have only the progressive wave moving leftward. 
For this case the voltage impressed from D to C is 

F~(l) = -KI~{1) = — KI~e vl . 


Expressing the wave functions in terms of the applied voltage we have 

V~{x) = F-{l)e~ T{l - x \ /“( x) = - e~ ni ~ x \ 

K 


More generally we can arbitrarily assign either the values of the voltages 
or of the currents at each pair of terminals, or the voltage at one pair of 
terminals and the current at the other pair, or the voltage (or the current) at 
one pair and the voltage/current ratio at the other. To start with let 

* For non-negative values of R, G, L and C the two values of the complex constant 
are respectively in the first and third quadrants. Jt is a matter of convention 
ivhich value is designated as + T, 
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us consider some simple special cases and obtain a wave function for which 
the current vanishes at * = 0 This function follows from the general 
express on (3) if we let I~ *= —I* For future convenience, however, 
let us first express the general solution in terms of hyperbolic functions 

7(x) A cosh Tx + B sinh Tar (4-6) 

The corresponding expression for V is derived by differentiating as in (4), 
tnus 

V(x) - -KA sinh IV. - KB cosh r* (4-7) 

It is now immediately obvious that the wave for which I vanishes at x = 0 
corresponds to A — 0 Expressing the remaining constant B in terms of 
the voltage at * ■* 0, we have 

y(x) - V(Q) cosh Tx, 7(x) - - ~ sinh Tx (4-8) 

A 

This wave corresponds to the case in which the line is electrically open at 
X = o Similarly the wave for which the voltage vanishes at x = 0 is 
expressed by 

7(x) - 7(0) cosh Tx, F(x) - - KI(0) sinh Tx (4-9) 


This condition exists when the line is short-circutted at x = 0 The wave 
for whtch the voltage and the current assume given values at x = 0 is 
obtained by superposition of (8) and (9), thus 


V{x) - F(0) cosh Tx - KI(0) s mh Tx, 
/(x) = — ~jp ~ sin ^ rjr + J(P) «»h rx 


14-10) 


The wave for which the current vanishes at x = / is 

r(x) « V(l) cosh r{/ - x), /(x) - ~r smh T(7 - x) (4-11) 


These equations may be obtained from (8) by regarding x — / as a new 
origin of the coordinate system and then substituting x — 1 (or the new x 
Similarly the wave for which the voltage vanishes at x = / is 

7(x) = 1(1) cosh T(/ - x), F(x) = KI(1) smh r(/ - x) (4-12) 

And finally the wave whose voltage and current assume given values at 
< — l is obtained by superposition of (IV) and , tirois 
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(4-13) 

7(.v) = —■ sinh r(/ - x) + I{f) cosh r(/ - x). 

K 

For nondissipative lines we have 

T = ;‘|3 = iuVLC, K = ^ J^‘ (4-14) 

In this case the hyperbolic functions can be replaced by circular functions 
cosh Tv = cosh // 3.v = cos fix, 
sinh Tx = sinh ifix = i sin fix. 

Waves represented by the corresponding nondissipative forms of (8), 
(9), (11) and (12) are standing or stationary waves. There is no change 
in phase along the line (except for a complete reversal each half wave- 
length); the voltage waves are in quadrature with the current waves; 
and consequently on the average there is no transfer of energy along the 
line. In the dissipative case there are no standing waves in the strict 
sense of the term; but for convenience we shall apply the term to all wave 
functions of the type (8), (9), (11) and (12). 

7.5. Characteristic Constants of Uniform Transmission Lines 
In most transmission problems the derived constants K and T are more 


important than the primary constants R, G, L and C. 
always be expressed in terms of the former, thus 

The latter can 

R -f* itssL = Ar, G -f- io>C = — • 

A 

(5-1) 

For nondissipative lines these equations become 


r fi 2ir 

i oL — K\ 3 — > oj C 

A A K\ 

(5-2) 

and the series reactance and the shunt susceptance per wavelength depend 
solely on the characteristic impedance 

coL\ — 2irK, coCX = — • 

A 

(5-3) 


Since u — 2irv/\, L and C can be expressed in terms of the characteristic 
impedance and velocity 




(5-4) 
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In slightly dissipative lines we have approximately 

1 - 7 } 

Hence the attenuation and phase constants are given by 

The first order effect of d ssipation is to cause the amplitude of progressive 
waves to decrease with the distance from the source, the second order 
effect is to diminish the wave velocity 

"~“e~ vfe[‘ “sKi-Dl <s_6) 

These approximations are applicable when the resistance per unit length 
is small compared with the reactance and when the conductance per unit 
length is small compared with the susceptance 

The effect of dissipation on the characteristic impedance is to introduce 
a small reactance, thus we have 

K -fc- •£(&.- £c) <”> 

In transmission lines which are used for efficient transmission of energy and 
for communication purposes the reactive component of K is very small and 
may usually be neglected Over long distances the attenuation may be 
large even though the attenuation constant is small Even the small term 
of the second order in the expression for the wave velocity has to be re 
tamed when distortion of signals is being considered In practical apphea 
tions very small correction terms may be important under some conditions 
and much larger terms unimportant under other conditions 
Using for K the approximation given by the first term in (7), we have 

“~s +i aK !S_8) 

The attenuation constant may be expressed in terms of the power W 
curried by a progressive wave across a given cross section of the line and 
the power }P~ per unit length which is dissipated in the line, thus 
R1I* , GK 3 II* RTI* + GW* 
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Since \KII* is the power carried by a progressive wave, %RII* the power 
dissipated in the series resistance and \GVV* the power dissipated in the 
shunt conductance, we have 


2 W' 


(5-10) 


This formula is convenient for the calculation of a when R, G, L and C 
are not explicitly given. For this reason we shall prove it from a more 
general viewpoint. If the power IV carried by a wave is dissipated uni- 
formly, then 


dJV 

IV 


— kdx, 


(5-11) 


where £ is a constant and x is the distance in the direction of the wave. 
If the change in W is due to dissipation of power in heat, then 



(5-12) 


is the power dissipated per unit length and consequently 


k 


W' 


(5-13) 


This is the attenuation constant for power. From (11) we have 

W = IV 0 e~ kx . (5-14) 

If W is proportional to the square of some quantity such as voltage, or 1 
current, or one of the field intensities, the attenuation constant for the 
latter is \k and we obtain equation (10). 


7.6. The Input Impedance 


Let us assume that a section of a transmission line of length 1 (Fig. 7.1) is 
terminated in an impedance Z(/) at C, D. Since 

ZU) V{1) 

Z( ] I{1) ’ 

(6-1) 

the “ input impedance ” at A, B is obtained from (4-13) 


V(0) Z(I) cosh Tl + K sinh Tl 

{ ’ 7(0) K cosh Tl + Z(/) sinh Tl ' 

(6-2) 

If the line is short-circuited at x = /, then 


Z(0) = K tanh 17; 

(6-3) 
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and if the line is open, then 

Z(0) - k coth Tl (6-4) 


If the* output impedance Z(J) is equal to the characteristic impedance 
then 

Z(0) = K (6-5) 

and the input impedance is equal to the characteristic impedance for all 
values of / Thus we expect the voltage-current distribution in the section 
of the line to be the same as for an infinitely long line which is indeed the 


At times it is more convenient to express various relations in terms of 
admittances These forms are analogous to those involving impedances 
Thus for the input admittance we have 


. Y(I) cosh Tt+M sinh I V 
X M M cosh 17 + Y(l) sinh 17 » 


( 6 - 6 ) 


where the characteristic admittance M is the reciprocal of K 
For nondissipative lines the input impedance is 


2 ( 0 ) 


,, Z(J) cos fit + tK sin pi 
K K cos 01 + tZ (/)sin pi 


(6-7) 


When / — «X/2, where 
put impedance 


If / *= n\ ± X/4, then 


is an integer, the input imped: 



equals the out 


( 6 - 8 ) 


(6-9) 


In this case if tne input impedance is small compared with K then the out 
put impedance is large and vice versa Either impedance is said to be the 
inverse of the other with respect to K The ratio Z(0)/K depends only 
on the ratio Z(!)/K and on (3/ 

There exists a very simple and useful geometric interpretation of the 
behavior of the input impedance of a nondissipative line when the output 
impedance is fixed and the length of the line is varied If the numerator 
and the denominator of (7) are divided by cos fit, we have 


Z( 0) = K 


Z[l) + tK tan 01 
K + tZ{[) tan d / 
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In a complex plane Z( 0) is a bilinear function of another complex variable 
w, the latter assuming only the real values w = tan pi; hence (section 2.1) 
the input impedance Z( 0) must describe a circle. The center of this 
impedance circle is on the real axis. Thus if any point Z is on the impedance 
circle, its inverse K 2 jZ with respect to the circle of radius K is also on the 
circle. This follows from equation (9) which relates the input impedance 
of a section of length / and the input impedance Z(A/4) of a section of 
length / — X/4. Since K is real, the phase of the inverse impedance is 
equal to the phase of the original impedance and opposite in sign. This 
would be impossible if the center of the impedance circle were off the real 
axis as there would then be some points on one side of the axis whose phases 
would be larger than the phases of all points on the other side. 



Fic. 7.3 The impedance circle. 


Since the impedance circle passes through points Z(l ) and its inverse 
K 2 /Z(l), we can draw a perpendicular through the midpoint of the line 
joining these points and thus determine the center. The impedance circle 
(Fig. 7.3) is useful for visualizing certain properties of the input impedance 
as a function of the length of the line. Thus the impedance circle is 
unaltered if the output impedance is replaced by its inverse. The im- 
pedance circle becomes the imaginary axis if Z{J) is a pure reactance. If 
Z(l) is a pure resistance, then one of the two values Z{1) and K 2 /Z(l) is 
the maximum input impedance and the other is the minimum. If | Z{1) \ 
is small compared with K, then R(l) is nearly the minimum of Z( 0) regard- 
less of X(l) and K 2 /R(J) is nearly the maximum. The maximum reactance 
may be either positive or negative and its value is represented by the radius 
of the circle. For large impedance circles, the maximum resistance (and 
the maximum impedance) is nearly 2X mXL and the minimum resistance 
(as well as the minimum impedance) is nearly K 2 /2X max . 

The position of the center of the impedance circle can be obtained by the 
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methods of complex variables or analytic geometry, thus the abscissa x of 
the center is 

K*+\Z(l)\ t 

x ‘ mo 

The radius r of the impedan ce circle is obtained at once from the triangle 
OAC/y thus r = v'** - K 2 

For dissipative lines the impedance circle becomes a spiral converging to 
the point K If the attenuation constant or the length l or both are so 
small that al is small compared with unity then the input impedance can 
be expressed in the following approximate form 

= K IZ(Q + Kal\ cos ftl + ,[K -f a/Zffll sin ftl 
K ’ \K + alZ(I)) cos ftl + t\Z{ l) + KeJ] sin ft l 
Furthermore, if Z(l)al is small compared with K, then 

. AZ(l)+KcJlco 3 ftl + ,Ks n ftl 
W A cos 01 + ,LZ(l) + KoJ\ sin ftl 


In th s case, in so far as the input impedance is concerned the section of tne 
hue may he regarded as tiondtssipative provided we add a resistance K«l to 
the output impedance This added resistance is also equal to \ Rl 4- iK?Gl 
S milarly if alY(l) is small compared with the characteristic admittance M, 
then the input admittance is approximately represented by a nondissipa 
tive section terminated in an admittance Y(f) + Mai the added con 
ductance is equal to \Gl + \M}Rl 

The voltage and current distribution may be expressed in terms of the 
output impedance and either the input voltage or the input current, thus 
from (1) and (4-13) we have 


Z(l) cosh rl + K smh 17 

, . _ K cosh r(/ - x) + Z(T) sinh T(/- *) 

W K cosh rl + 2(0 smh r / { > 


If the line is short-circuited, then 


K(*) = 


Sinh r(/ — *) 


no), m = 


cosh rc/ — at) 


and if the line is open 

_ cosh V(l — x) t 
cosh r/ 


V(x) = 
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7.7. Transmission Lines as Transducers 
A section of a uniform line is a symmetric transducer. By (5.2-3) its 
self-impedances are equal to the open-circuit impedance of the line and 
the transfer impedance may be found from (6-12); thus 

Zn = Z 22 = K coth 17, Z X2 — — K csch Yl. 

If the transmission line is represented by a T-network (see Fig. 5.12), then 
by (5.4-1) the impedances of the shunt arm and of each series arm are 
respectively 

Z 2 = K csch Tl, \Z X = K tanh . 


Regardless of the length / of the section we have 

Z U Z 22 - Z \, 2 = K 2 . 


7.8. Waves Produced by Point Sources 

Let a section of the line of length / be terminated in impedances Zi and 
Z 2 (Fig. 7.4). Let V 1 (v,£) and I\(x£) be the voltage and the current at 
point x — x when a unit electromotive force is impressed at x = £ in series 
with the line.* To the left and to the right of the generator we have 
respectively 


I x (*,£) = Pi cosh T# + Qi sinh Tv, 

Pi (v,£) = — K[P X sinh T# + Q x cosh Tv], x < £; 
h (*,£) = P 2 cosh r(/ — x) + Q 2 sinh T(l — x), 

P 1 (*)£) = K[P 2 sinh r(/ - x) + Q 2 cosh Y(J - *)], * > £. 


At x = 0, the voltage-current ratio is —Z\ and therefore P\ = PK, Q\ = 
PZi, where P is a disposable constant. Similarly at x = l the voltage- 
current ratio is Z 2 and therefore P 2 = QK, Q 2 = QZ 2 . At x - £ we have 


m + 0,£) -Pi(£-0,£) =0, 

Pitt + 0,£) - Pitt - 0,£) = 1. 


(8-1) 


Making the necessary substitutions we obtain 

Q[K cosh T(/ - £) + Z 2 sinh T(/ - £)] = P[K cosh T£ + Z x sinh T£], 

Q[K sinh Y(l - £) + Z 2 cosh T(l - £)] + P[K sinh T£ + Z x cosh T£] = — • 

K. 

The first of these equations is satisfied if we let 

DQ =K cosh T£ + Z x sinh T£, DP = K cosh T(l - £) + Z 2 sinh r(/ — £). 
* The coordinate .v is the distance from Zi. 
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Substituting in the second, we have 

D = K[K cosh r| + Zi smh TQ[K smh r(/ - {) + Z 2 cosh f (/ - {)1 
+ K[K sinh n + Z t cosh rfJ[A cosh T(/ - f ) + Z 2 smh T(l - ?)] 
Multiplying and collect ng terms we have 

D = X{(A* + ZjZa) s nh T/ + X(Z 2 + Z,) cosh r/J 
Thus all disposable constants are determined and we have 
DI\(x£) — (AT cosh Tx + Zi smh r*l X 

[AT cosh T(/ - f) 4- Z 2 smh r(/ - £)] * < £ 

- [X cosh Tf + Z , smh T{] X 

[X cosh T(1 — x) + Zi smh r(I — x)] x > t 

( 8 - 2 ) 

0F,(*£) « -XI X smh Tx + Z, cosh Par] X 

{X cosh r(/ - £) + Z 2 smh T(1 - £)) * < £ 

- X{K cosh rc + Zi s nh rfl X 

IX smh T(l - x) + Z a cosh r(/ - *)] x>( 

It is easy to see that Jt(x £) ts symmetric 

AbJQ - AG*) 



Fig 71 A section of a I ne energized by Fig 7 5 A section of a I re energized by 

a senes generator of zero mpedance a shunt generator of infin te impedance 


This proves the reciprocity theorem under the conditions stated at the 
beginning of the section The arrows in Fig 7 4 show that the current 
at the generator flows in the d rection of the impressed electromotive force 
on both sides while the transverse voltages are in opposite directions on the 
two sides 

If a unit current is impressed at * — £ in shunt with the line (Fig 7 5) 
then the voltage and current waves Fj(x {) and Ii{x£) satisfy the following 
conditions at x £ 


F a tt + 04) - y 2 <x - 0^) =o. 


A(( + Of) - - Of) 


(8-3) 
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In this case we obtain the following solutions 
Dh (#,£) = K[K cosh Tx + Z x sinh Tv] X 

[K sinh r (/-£) + Z 2 cosh r(/ - £)], * < £, 

= - K[K sinh r£ + cosh r£] X 

[Iv cosh T(/ — x) Z 2 sinh T(/ — *•)], x > £, 

(8-4) 

DV 2 (x£) = -K 2 [K sinh Tx + Zi cosh r.v] X 

[K sinh T(/ -t)+Z* cosh T(/ - {)], .v < £, 

= -/f 2 [K sinh n + 2i cosh r£] X 

[IC sinh r(/ - x) + Z 2 cosh r(/ — *)], x > £. 


K 


Fig. 7.6. A series voltage and a shunt current 
applied at the same point of the line. 



The voltage wave function is now symmetric 


= r 2 (&). 


The arrows in Fig. 7.5 show that at the generator the voltage is in the 
same direction on both sides while the currents are in opposite directions. 
In the special case when Z\ — Z 2 = K, we have 


/i(-v,f) = — e~ ri( ~ x \ *<£; 


- f) 

5 


= -L .-r(i-{) 
2/C 


•v > £ 


(8-5) 


for a unit electromotive force impressed in series with the line. Similarly 
for a unit current impressed in shunt with the line, we obtain 

^(*>£) - - f / 2 (v,£) = .V < £; 

( 8 - 6 ) 

= -f c-r^, =-i,-r(x- {)j Jf>t 

If a current — / is impressed in shunt with the line and a voltage V = KI 
in series at the same point * = £ (Fig. 7.6) then from (5) and (6) we find 
that the wave to the left of x - £ vanishes and that to the right becomes 
F(.y,£) = KIe~ T ^\ /(*,£) = /r~ r( *-«>. 
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This conclusion could easily be reached from considerations of symmetry 
and of the relative directions of the voltages and currents at the generators 
as illustrated by the arrows in Figs 7 4 and 7 5 Once we have come to 
the conclusion that, for given values of applied current and voltage, there is 
no wave to the left of * = 5, it becomes evident that the impedance K at 
the left end of the line could be replaced by any other impedance and the 
left section could be completely removed 
In practice these conditions can be realized only approximately since 
they demand generators of zero impedance (or ' constant voltage genera 
tors ) and generators of infinite impedance ( constant current gen 
erators ") 

7 9 Waves Produced by Arbitrary DtJtrtbu/ions oj Sources 

Knowing the wave functions corresponding to point sources we can 
immediately construct the wave functions corresponding to any given dis- 
tribution of sources by proper superposition Thus if a senes electromo- 
tive force £(*) per unit length and a shunt current /(*) per unit length are 
distributed in the interval (x^i) then we have the solutions of (1-1) in 
the following form 

- £ E«sfv,«« a \ £ m a, 

( 9 - 1 ) 

7 w - £e(qi,m a + £mbte) a 

That these functions satisfy (1-1) can be proved by direct substitution 
It should be recalled, however, that ^i(x,0 and 7 s (x,() are discontinuous 
and hence nondifferentiable functions of x at x = { For this reason we 
break up the integrands as follows 

y (*) - £ E«)r, <*B‘i(+£ t mri(xjQ*+£mr.M*, 

(9 2 ) 

1 M - £ acWiM) A + jT ° /ft )/, (»4) A + £ /(i )/< (*,0 A 

Each integral is now a differentiable function In taking the derivatives 
of V{x) and I(x) we use 

££x*l)A- ££/to)A+/M. 

S £/M> A - f'i/M A -/(-,«) 
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Thus we have 

d_F '• I “° 
dx 


- ^ "" w) * + C m £ * 

+ E(x)V 1 (x,x - 0) - E(x)V l (x,x + 0) + J */(«) £ f'sfoO 


Since V\ and Vo are solutions of (0-1) we may substitute — ZI\ and — ZI 2 
for the derivatives under the integral signs; by (2) the sum of the integrals 
is then equal to* —ZI(x). The remaining two terms are equal to E(x) in 
virtue of (8-1). Thus we have proved that the first equation in the set 
(1-1) is satisfied. Similarly we can show that the second equation is 
satisfied. Finally it can be verified that the boundary conditions are 
fulfilled. 


7.10. Nonuniform Transmission Lines 

Let us now assume that Z and Y are functions of x. Eliminating first 
I and then V, we find that in source-free regions both variables satisfy 
general homogeneous linear differential equations of the second order 


d 2 V 

dx 2 


/fdV 
Z dx 


- YZV = 0, 


d 2 I 
dx 2 


Lg-r^o. 


( 10 - 1 ) 


A second order differential equation of this type possesses two linearly 
independent solutions and its general solution is a linear function of these 
solutions. Thus we have 

/(*) = dl + (x) + BI~(x), 


where A and B are two disposable constants. The corresponding solution 
for V is then 

V(x) = AV+(x) + BV~(x), 


where V + and V aie obtained from 

_i_ dj^) _ _J_ dl~(x) 

Y(x) dx ’ V(.y) dx ’ 



( 10 - 2 ) 


Alternatively a pair of fundamental voltage wave functions might be 
selected and the corresponding current wave functions then defined as 
follows 


/+(*) = - 


1 dV + (x) 
Z(x) dx ’ 


I~(x) = 


* This is true even if Z is a function of \ 


1 dV~(x) 
Z( x) dx 


(10-3) 
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A wave impedance may be associated with each fundamental pair of 
ware functions, thus 


K* Or) 


f + W 


1 41+ 
~YI+Jx 


zv+ 




<10-4) 


K~{x) 


' f w 


i di~ 
Yfdx 


ZV~ Z 



00-5) 


In the strict sense of the term there are no progressive waves in nonumform 
transmission lines since any local nonuniformity in an otherwise uniform 
line will generate a reflected wave However, in some instances wave 
functions may exist which bear considerable resemblance to the exponential 
wave functions and hence may be said to represent progressive waves 
in nonumform lines This is apt to happen when Z and Y are slowly vary 
mg functions of x Even then it may be more conven ent to select other 
sets of wave functions for the fundamental set Thus in general we should 
look upon K+fx) and K~{x) as facton to be used in passing from a given 
current wave to the corresponding voltage wave and. vice versa- 

Other ratios are useful in the general theory Thus the collage transfer 
ratios are defined by 


^t(*i>*i) 


r+M * 


M* l*i) 




( 10 - 6 ) 


Similarly the current transfer ratios are defined by 
*?■(* = ° 


CM 

•r-(*0 


(10-7) 


Consider now a section of a nonumform line extending from * >= x* to 
x = Xi If the output impedance at x = x s is Z(x 3 ), then it is easy to show 
that the input impedance is 


r*w !+<*,) ( i) r^<* 3 ) 

Z(x 2 ) - 

/“(**) | f^{xi) r-(x t ) 

Z(*i) = (10-8) 

/+{*») !*{*,) I + M r+M 

Z{x t ) - 

I'M i~M I'M r~M 


In order to obtain the impedance of the section at * -= Xt when an imped 
ance Z(x t ) is across the line at x = *i, we merely interchange *i and x 3 m 
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(8) and reverse the signs of Z(x x ) and Z(x 2 ). The reversal of the sign cor- 
responds to the change in the direction of the impedance. 

7.11. Calculation of Nonuniform Wave Functions by Successive Approxima- 
tions 

Consider a section of a nonuniform line of length l and let 

Z — Z 0 +Z, Y-Yo + *; (11-D 

where Z 0 and Yq are constants. These constants may be taken to represent 
the average values of Z and Y in the interval (0,1) 

Z 0 = }£z(x) dx, Y 0 = j£ Y(x) dx. (11-2) 

Assuming that there are no sources in the chosen interval, the transmission 
equations are 

~ = -Z 0 I -2.1, ~= -Y 0 F - tV. (11-3) 

dx dx 

We now seek that solution of these equations for which the initial values 
of the voltage and current are given 

V(0) = V a, 1(0) = / 0 . (11-4) 

For this purpose we first find the solution of 

?=- Zo/ ’ fx =~ Y ° F > V-V 

which has the following discontinuities in V and I at x = £ 

nt + 0) = V(i - 0) - A /(? + 0) = I (i - 0) - (11-6) 

In the interval (0,{) we evidently have (see equation 4-10) 

V(x) = F 0 (x) - V 0 cosh IV - K 0 I 0 sinh r 0 .v, 

(n-7) 

I(x) = I 0 (x) = - — Ssinh r 0 A- + h cosh r 0 v, 

-n-o 

where 

r 0 = V%Yo, = (11-8) 

At * = £, V and I are decreased by ^and / and in order to obtain the solu- 
tion in the interval ($,/) we need only add to equations (7) analogous expres- 
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sions in which the initial values are — ^and — thus 

F(x) » Ftix) - P'cosh r 0 (* - f) 4- KqT smh r Q (r - ?), 

(U-9) 

I(x) = I 0 {x) + ~ sinh r 0 (* - t) - I cosh r 0 (x - {) 

We now consider a “ continuous dtstcibution of discontinuities ' 

p- 2«>i(!)4, i - nano#, m-io) 

and construct the following solution of (3) 

i (*) - Vfy) - r Zivm cosh r.(* - f )<JZ + KojT fttWS) S’nh r„(x - S) 4 , 

J (*) «* AM + ^ f 2<£)m sinh r„(* c«h r,(x- {) 4 

(U ii) 

We have not really solved the original differential equations since the un 
known functions appear under the integral signs, but we have converted the 
differential equations into integral equations 
That these integral equations define functions satisfying the differential 
equations (3) and the initial conditions can he proved d rectly At x =■ 0 
the integrals vanish and F(0), 1(0) evidently reduce to V 0 , lo Differenti- 
ating V(x) we have 

- J -~ - r « X * ZlMm ” nh r «<* - 0 < - 2 M w 

+ z> £ n one) cost r„(jr - e « 

The right hand side of this equation is identical with the right hand side of 
(3) if we take into account the expression (11) for I(x) and the following 
equatton 

Jr„to 

~zr " 2 ° 7,w 

Similarly st can be shown that the second equation of the set (3) is satisfied 
From the integral equations (II) V(x) and l(x) can be calculated by 
successive approximations Thus we set 

v(x) = f 0 (x) + not) + r t (x) + 
m = Mx) + am + i 2 (x) + 


(11-12) 
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where 


K+l(x) = - rmintt) cosh T 0 (x - 0 

v 0 

+ K 0 f Vft)P»G) sinh r 0 (* - {) 

J 0 

I„+l(*) = ~ f X min(H) Sinh r 0 (.V - «) 4 

- cosh r 0 (* - I) 

Jo 


(11-13) 


Evidently the differential equations (3) can be transformed into other 
integral equations in which Z 0 and To are not constants provided we can 
obtain solutions of the corresponding equations (4) and (5). Just as 
equations (11) are most useful when the transmission line is only slightly 
nonuniform, other integral equations may be particularly useful when a 
given nonuniform line deviates slightly from another nonuniform line with 
known wave functions. 

It should be noted that the solutions (12) are valid even if 2(.v) and Y(x) 
are discontinuous functions. 


7.12. Slightly Nonuniform Transmission Lines 
When Z and Y are nearly equal to their average values Z 0 and T 0 , so 
that the relative deviations Z/Zq and Y/To are small, only the first correc- 
tions V i (x) and I\ (a*), or at most the second corrections and I 2 , need 
be considered. When the deviations are large in a given section of the line, 
the section may be subdivided into smaller sections. Taking n = 0 in 
(11-13), substituting from (11-7), and rearranging the terms, we obtain 
the first corrections 


T 1 (x) = V o[B(x) cosh r 0 v — A(x) sinh Fo-v + C(x) sinh r 0 .v] 

— KqI 0 [A(x) cosh r 0 * — B(x) sinh r 0 * + C(.v) cosh r 0 v], 

( 12 - 1 ) 

fiW = — TT [-2(*) sinh T 0 x — A(x) cosh T 0 v + C(.v) cosh r 0 vl 
A o 

+ h\A{x) sinh r 0 * — B(x) cosh r 0 * + C(.v) sinh r 0 v], 

where 

-hf o (jr - K 0 Yj cosh 2r 0 f 4, c(x) = $ fj(^ + 

B(x ) = I J Q (Jr - K 0 Yj sinh 2r 0 { d£. (12-2) 



210 ELECTROMAGNETIC WAVES C»*p 7 


In some nonuniform transmission lines the product ZY is constant, 
then we choose 


r 0 = Vzv, Zo = z„. 


(12-3) 


We now have as the first approximation 



(12-4) 


Consequently C(x) <* 0 and 

KoJ(x) -fj 2 (t) coshlTatJl, K 0 B(x) - f‘ 2(i) s.nh 2r„l (12 S) 


7 13 Reflection in Uniform Lines 

Consider a semi infinite uniform transmission line terminated in an tm 
pcdance Z and let a progressive wave arrive from infinity If Z — K, 
the voltage associated with this incident wave is exactly equal to the 
voltage across the terminal impedance if the entire incident current should 

~ flow through this impedance The terminal im 

■■ J z pedance * absorbs” the incident wave completely 

L < and causes no disturbance in the line 

^ On the other hand if Z ^ K, the absorption can 

Fiq 7 7 Reflection in a not be complete and a reflected wave is initiated at 

tr2n ‘.'TJ 0n '‘r V * the terminals Let P', I' be the incident voltage 
point of discontinuity , , - , 

and current at the terminals of Z , let the reflected 
voltage and current be P*, P, and the total or " transmitted ” values be 
V \ P. Since the voltage and current must be continuous at Z, we have 


+ yr = r 1 , p + r = P 


(13-1) 


The reflected wave travels back to infinity and hence is also a progressive 
wave Thus we have the following conditions 

P' = Kp, P T =-KP, P 1 = ZI‘ (13-2) 


Substituting from (2) in (1) and solving we obtain the following expressions 
for the reflection coefficients 

r k-z 1 -k z 

qt V K + Z~ \ + k‘ K’ 

(13-3) 

r z-k k - i 

** p* Z+K^k+X’ tr ~ fz ’ 
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and the corresponding expressions for the transmission coefficients 

P 2 K 2 

p 1 P K + Z 1 + k + qj ’ 

(13-4) 

V 1 2 Z 2k 
Pr ~F i ~K + Z~l + k~ + qv ‘ 


Thus the reflection and transmission coefficients depend on the ratio of the 
terminal impedance to the characteristic impedance. If this ratio is unity, 
the impedances are said to be “ matched,” and there is no reflection. If 
k equals either zero or infinity, the reflection is complete; in the former 
case the current at the terminals is doubled and the voltage is annihilated 
while in the latter the current is annihilated and the voltage doubled. For 
all impedance ratios the voltage reflection coefficient is the negative of the 
current reflection coefficient. 

The voltage reflection and transmission coefficients have exactly the same 
form as the corresponding current coefficients if expressed in terms of 
admittances; thus 


M-Y 2 M 

qv ~ M+Y ’ Pr ~M+Y' 


(13-5) 


The expressions for the incident and reflected waves may then be written 
in the following form 


P { (x) = FV- r *, P(x) = Pe~ Tx ; 
Y r (x) = q v V'e Tx , P{x) = qi Pe Tx 


(13-6) 


assuming that Z is located at the origin. If Z is a semi-infinite transmission 
line whose characteristic impedance and propagation constant are K\, Tj, 
then for the transmitted wave we have 


Y‘(x) = pvV*'-**, P(x) = p jPe' 


(13-7) 



7 , 



£m \ 



The reflection coefficient depends on the ratio 
k — K\/K of the characteristic impedances and is 
independent of the propagation constants of the 

two lines. 

Let us consider a special case of reflection A 
caused by an impedance Z\ inserted in series with F :0 - 7.8. An impedancein 
the line (Fig. 7.8). The impedance Z seen to the series with a line - 
right from the terminals //, B is Z = Z\ + K. Substituting in (3) and 
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Taking the reciprocals, we obtain 


Y Zi ijv qi ' IK pi 

1 (13-9) 

Fig tlf*"l'ne nCe Thus the ratio Z\j h can be expressed quite simplv 

in terms of the reflection and transmission coefli 
cients which in certain circumstances can be measured more readilj than 
the ratio itself 

If an admittance Y\ is inserted in parallel with the line (Fig 7 9) we have 

„ „ . .. Yi _ 2M 

Y-r i + M, ?<--?>•- ^ 7 +^; . ry-uT+Y,' 

(13-10) 

2*? - 

^i }i 9v 2M pv 

Let us now consider reflection and transmission of power The trans 
mitted power W' is 

w* - \ n (vr*) - \"{p v p,*ri'*) 

For an incident progressive wave in a nondissipative line V* is in phase 
with/’, and therefore for the incident power we have 

iV' = Jre(r , 7 *) = l^I'* 

The power transmission and reflection coefficients are then 
ft* , 4re(A) 

j> 


ft* . 

?W = ^7, - te(pvpl) - 


?«■ ~ W' - 1 ~ pw ~ I q 1 1* *° l 'f 


7 14 Reflection Coefficients as Functions of the Impedance Ratio 

The impedance ratio k and the voltage reflection coefficient qv are complex quanti 

* = R + tX - Ae*. qr = or"’, 

where the ampl tudes A and a are essentially positive The phase of i lies in the 
interval (— sr/ 2,ir/2) while the phase of qv is in (— r,fr) The reflection coefficient 
is the rat o of two complex quantities represented by the 1 nes AP and BP (Fig 7 10) 
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joining points A(\) and B{- 1) to P(k). The phase t? of gy and the phase t of qi 
are the angles formed by these lines as indicated in Fig. 7.10; the amplitude a is the 
ratio of the lengths AP and BP. 



Fig. 7.10. The complex plane for representing the impedance ratio. 
Taking the square of the amplitude of the reflection coefficient, we obtain 


(R - 1) 1 2 + A 2 
{R+ 1) 2 + A' 2 




+ A' 2 = 


4n 2 


(1 - « 2 ) 2 


(14-1) 


This equation represents a family of circles surrounding A and B as illustrated in 
Fig. 1.6. If A' = 0, then 

= r, = 1±JL 

1 + « 1 - a 


are the real values of the impedance ratio for which the reflection coefficient is a. 

The unit circle represents points for which the absolute value of the impedance ratio 
is unity. On this circle the phase of the reflection coefficient is ±90°. The points of 
intersection of this circle and (1) are 


R = 


1 -<t 2 

1 +a 2 ’ 


X = 


± 


2 a 

1 + « 2 ' 


The loci of points for which the phase of the reflection coefficient is constant are 
circles passing through A and B. The equation of this family of circles is 

tan -1 n ^ - - tan -1 = t?, or R 2 + (X - cot t?) 2 = esc 2 tf. 

K — 1 K -j- 1 


In making a chart (Fig. 7.11) showing the dependence of the reflection coefficient 
on the impedance ratio we could limit ourselves to one quadrant inside the unit circle. 
The absolute values of the reflection coefficient are equal for k, 1/k, k* and l/k*. 
The phase of q for the impedance ratio \/k is different from that for k by 180° and the 
phase for k* is the negative of that for k. 

The amplitude of the reflection coefficient as a function of A and <p is 


am(?) 


=4 


— 1A cos i p + A 2 


+ 2 A cos q> + A ' 2 
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Figure 7 12 shows the van at on of am(?) with A and <p The phase (in degrees) of 
the voltage reflection coefficient is 

ph(gr) * 180° — tan -1 


and is represented graphically in Fig 7 13 A family of contour lines connecting 
points (A,<p) for which the amplitude of the reflection coefficient is constant is shown 



Flo 711 A reflection chart. The characteristic impedance is uni ty, R + iX it the terminal 
impedance, and a It die amplitude of the reflection coefficient 


in Fig 7 14, the curves are symmetric about the axis f — 0 Another family in 
Fig 7 15 represents contour lines along which t> is constant The equations of these 
two families are respectively 

If i is small, then we have approximately 

?v - -1 + 2Jt - 24* + 

and jf k is large, then 


gr = 



W 0 1 0 2 0-4 0 6 Q8 10 2 4 6 0 10 

A 

Fig. 7.12. A reflection chart. The amplitude of the reflection coefficient vs. the absolute 
value of the impedance ratio for different impedance phase angles. 





A 


Fio. 7.13. A reflection chart. The phase of the voltage reflection coefficient vs. the absolute 
value of the impedance ratio for different impedance phase angles. 


and whose positions are determined by the phase t? of the reflection coefficient. Thus 
the amplitude B of the combined wave is 

B = | r* x + ac'^+V | = Vl -f 2a cos (2/3* + tf) + 






Flo 714 A reflection chart The phase angle of the impedance ratio vs. the absolute value 
of this ratio for different amplitudes of the reflection coefficient 


assuming that 2, is located at * — 0 Then B au ■= 1 + a at 
2 fix + d = ±2nrr. — * “ ^ :fc ^ 
Similarly, » 1 - a at 

_*_£ it 1 
X"4r 24 


Mamma and minima are a quarter wavelength apart 

For an arbitrary terminal impedance the phase t? may assume any value in the 
interval (— rr.rr) and maxima and minima of the amplitudes of the wave can occur at 



Fic 7 IS A reflection chart The pha*e angle of the impedance ratie vs die absolute value 
of this ratio for different phases of the voltage reflection coefEuseet 
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any distance from die discontinuity. But if an impedance is inserted in series with 
the line as shown in Fig. 7.8, then k is on some perpendicular which crosses the A-axis 
to the right of R = 1; hence, - tt/2 < d < ir/2. Positive and negative values of d 
correspond respectively to positive and negative reactance components of the inserted 
impedance. Thus for positive reactances the maxima occur within the first eighth of 
a wavelength from die discontinuity and then at half-wavelength intervals; for nega- 
tive reactances the first maximum will be between §A and §A from the discontinuity. 
The first minimum will occur in the remainder (|X,|X) of the first half-wavelength. 
The current maxima and minima coincide respectively with voltage minima and 
maxima. 

If an admittance is inserted in parallel with the line as shown in Fig. 7.9, then it is 
the first current maximum that will occur either in the interval (0, |X) or in (§X,iX) 
and the first minimum in (lA,§X). This result follows at once from the admittance 
diagram for reflection coefficients; or, if we use the impedance diagram, we may show 
that the impedance of a parallel combination of the characteristic impedance with 
another impedance must lie within the right half of the unit circle. 

7.15. Induction and Equivalence Theorems for Transmission Lines 

At an impedance discontinuity Z (Fig. 7.7) equations (13-1) may be written as 
follows 

V' - V T = T\ I‘ — I r = /•'. (15-1 ) 


The impedance Z may, of course, be a section of a transmission line with a different 
characteristic - impedance (Fig. 7.16). Comparing (1) to (2-3) and (2-5), we find that 


the wave comprised of the reflected wave to 
the left of the discontinuity A, B and of the 
transmitted wave to the right of it (or in Z) 
could be produced by a combination of a 
generator of zero impedance, acting at point 
A , in series with the line, and a generator of 
infinite impedance, acting in shunt with the 
line across A , B. The electromotive force 
impressed by the series generator should be 
V = V' and the current impressed by the 
shunt generator / = —I'. The relations be- 



A 


Fig. 7.16. Illustrating the induction and 
equivalence theorems for transmission 
lines. 


tween the directions of the voltage and current in the incident wave (at A, B ) and the 
voltage and current impressed by these generators are shown by the arrows in 
Fig. 7.16. 


If XT; is zero, the impressed current is diverted entirely to Kz and hence the reflected 
current in this case is produced solely by the series generator. The reflected wave is 
the wave which would be generated by a voltage equal to the incident voltage, acting 
in series with the line at its short-circuited end. If Kz is infinite, the series generator 
has no effect on the reflected wave which in this case could be produced by a fixed 
current generator placed across the open end. These conditions are realized approxi. 
mately if Kz is either small or large compared with K \ . 

If A; = K\ = A, then IT flows in Kz and \I' in K\. The impressed voltage 
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y* = KP acts on the impedance 2K and produces a current }/* through A The total 
current on the left of A is canceled and that on the right becomes / The two genera- 
tors send a wave to the r ght of A, B and none to the left 
More generally the current produced at A by the series generator is the same on 
both sides 


V 


hK, 


(15-2) 


/!-/,' = • 

The corresponding line voltages are then 


The impressed current due to the shunt generator is divided in the inverse ratio of the 
impedances K\ and Ki thus 


* Ki + K t J 

The corresponding voltages are 

•’l-W'-yk 

y, - - kj'. 


K, + K,‘ 

Ki + Kt 
Kt 


K,h, 

'Ki+Ki "Ki+K, 


The analogy between these equations and (2) becomes clear if, when calculating die 
line voltage at A, B produced by the impressed current I , we use admittances rather 
than impedances thus 

y * m y% “ mT+m, 

The total reflected and transmitted waves are then given in the following form 

yr „ y[ + ri /r.r t +i;, 
y'~y*+ y\ t i> - /* + /• 

716 Con Jit tons Jor Maximum Delivery oj Power to an Impedance 
Let a generator with an internal impedance Z t be connected to a load 
impedance (Fig 7 17) In general we may have Zt — Ri + tX\, 
Zi = /?2 + tXt The amplitude of the current in the circuit is 

1/1 -r- ^ -L'l 


I z ‘ + ! ^(*1 + *»)*+ <Xi+AW* 

If/Zi is the power absorbed by Zi and W* that absorbed by Zt, then 

W x =: 


RiVy* 


RiVV* 
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The condition for maximum absorption of power by Z 2 is dM ' 2 — 0. If 
Z\ is fixed, this requires R 2 = R\, X 2 = — X\. Thus Z 2 is the conjugate 
of Z\ 

Z 2 = Zf. (16-1) 


If Z\ and Z 2 are pure resistances, then the condition for maximum delivery 
of power from the generator becomes simply the equality or matching of 
the impedances. 

When the conditions for maximum delivery of power are fulfilled, then 


W x 


= /r 2 = 


vv* 

8 R ’ 


(16-2) 


where R is the load resistance. 



Fic. 7.17. Illustrating the 
transfer of power from a 
generator to a load im- 
pedance. 


Fig. 7.18. A quarter wave section 
effectively opens the line at 
A,B. 


7.17. Transformation and Matching of Impedances 

At high frequencies it is usually impossible to open a transmission line 
electrically simply by discontinuing it mechanically; thus it may be 
impossible to terminate the line in its characteristic impedance by inserting 
a proper impedance at the physical end of the line. On the other hand it 
is usually possible to short-circuit the line. If now an impedance Z is 
inserted in shunt with the line a quarter wavelength from the short-cir- 
cuited end, the line will see the impedance Z from the terminals A~, B~ 
just to the left of the terminals A , B (Fig. 7.18). The impedance looking 
to the right of the terminals A+, B*~ is infinite and thus the line is elec- 
trically open at these terminals. If Z = K, the line will be terminated in 
its characteristic impedance and there will be no reflection. 

Let us now suppose that we wish to absorb completely the power carried 
by a line with an impedance K x in a resistance R sA K x . If a quarter 
wavelength section of a line with an impedance K z is inserted between R 
and the given line (Fig. 7.19), then the impedance looking to the right of 
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AB is Kl/R and 
match f 


A, = 


R ’ 


K j ~ (17-1) 


Since the length of the matching line de 
F, ° * B 'fdanoe' transformer 000 ** P enc * s on l ^ e wavelength a perfect match 
can be obtained only at one frequency 
Another method of matching the line consists of shunt ng the 1 ne with a 
proper susceptance tB at a proper distance from the given output con 
ductance (Fig 7 20) The condition e 

for matching is 


Af t - iB + M t 


G cos pi + tMj sin pi 
Mi cos pi + tG sin pi ' 
07 2) 


where P is the phase constant of the Fic 7 20 An impedance mstth ng 
matching section Kheme 

Clearing the fractions and equating the real and imaginary parts to 
aero, we obtain 

Mi{G - Mi) cos pi - BG sin pi, {MiG ~ Ml) sin pi - BM 2 cos fit 
Multiplying and dividing these equations term by term, we have 

[c-miw-is-w 

From this we obtain 




AM (GMi 
G)\ Ml ‘ 




Thus we have explicit expressions for S and l when the line is matched to G 
In a special case M? may be equal to M t 
If G is large compared with A/i and M % , then we have approximately 


M 2 ~ * Mi ’ 


/ 

A 


1 Mj 

2 * 2x5 * 


and the matching section is nearly equal to a half wavelength 
Another simple matching circuit is shown in Fig 7 21, in this case the 
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condition for matching is 

R cos pi + tK 2 sin pi 
Kl ~ tX + h2 Ko cos pi + iR sin pi ' 


Comparing this with (2), we observe that one equation goes into the other 
if the admittances are replaced by the corresponding impedances. 1 he 
solution corresponding to (3) is therefore 


X_ 

K 2 



, Ko 
tan pi = — 
A 



If R is small, then we have approximately 


X_ 

k 2 



tan pi 



1 J _ l R_ 

\ ~ 4 ± 27rV^i 



Fig. 7.21. An impedance matching Flo. 7.22. An impedance matching 

scheme. scheme. 


Finally let us consider a half wavelength section (Fig. 7.22). If the 
line is nondissipative, the voltage distribution at resonance is sinusoidal 
V{x) = V 0 sin p.x, where x is the distance from either end. The voltage 
nodes are at the ends of the section. Let us suppose that power is con- 
tributed to the line at A\, B\ and withdrawn from it at A 2 , B 2 . Let us also 
assume that the power withdrawn is a small fraction of the average energy 
stored in the matching section so that the current distribution is not 
affected appreciably. Then if R\ is the resistance seen from A\, B\ and 
R 2 is the resistance across A 2> B 2 , the power transfer is complete when 

Ri = V\ = sin 2 px 1 
Ri R 2 ’ R 2 V\ sin 2 Px 2 ' 

If and x 2 are small, then 

Ri = 4 

R 2 x\ ’ 

The above equations are approximate in that as soon as power is with- 
drawn across A 2 , Bo, the impedance seen from A\, Bi acquires a small re- 
active component. 
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718 Tapered Transmission Lines and Impedance Matching 
An obvious method for approximate impedance matching is to vary L and C 
gradually and thus change the characteristic impedance from Ki to Kt The match 
will not be perfect, of course, on the other hand, it will not be as sensitive to fre 
qucncy variations as in the matching methods considered in the preceding section 
Since the reflection coefficient depends on the ratio of the impedance discontinuity to 
the characteristic impedance of the line, it may be expected that a very satisfactory 
* taper of the line will be exponential when the relative rates of change of L and C 
are constant 

If L and C vary exponentially with x, then voltage wave functions may be expressed 
in the following form 

f»(x) - J'+exp^-^- sfrj , V~(x) = V~ exp ~ + r/Sx) (18-1) 

The constant * is the relative rate at which L decreases and C increases, hence nega 
live values of k will mean an increasing L and decreasing C The phase constant (3 is 

s - >/•*•*-? - " v ' S5 -s/'-dh; 


The current wave functions associated with (1) are obtained from (10-3) , thus 



The corresponding characteristic impedances are then 


If the rate of taper k is small, then we have approximately 

0 **(*> - *-(,) - r-yjji (Ml 


Hence the impedance change is approximately independent of the frequency and the 
characteristic impedance at each point ts nearly equal to the characteristic impedance 
of a uniform line The rate k is small if 


** 

4 tf’-LA 


kl 

40* 


that is if tX <%. 4jr = 12 57 Hence the relative rate of taper should be such that 
the change in impedance per wavelength is substantially less than 12 5 nepers If the 
total change is 2 nepers per wavelength, then the approximate value of 0 in (3) differs 
from the exact value in (2) bj less than 2%, this represents an impedance change in 
^ the ratio nearly equal to 7 4 The exact characteristic impedances of an exponentially 
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tapered line have reactive components depending on k\, which prevents an exact 
match to a uniform line even at a single frequency.* 

It may be seen from equation (2) that below a certain critical frequency the propa- 
gation constant is real and the waves will be attenuated. Thus an exponential trans- 
mission line has the properties of a high pass filter. The cut-off frequency depends on 
the rate of taper; the larger the rate the higher the cut-off. 

A practical example of this kind of impedance matching is an acoustic horn, an 
exponentially tapered horn in particular. 

P 




K), r i ^2*1^2 


Fig. 7.23. Transmission across a “ barrier.” 



7.19. Transmission Across a Section of a Uniform Line 

So far we have considered reflection at a single discontinuity. Let us 
now suppose that we have two discontinuities at points P and Q. As 
shown in Fig. 7.23 we have a transmission line section of length / inserted 
between another line with different characteristic constants and an imped- 
ance Z. 

Transmission coefficients across PQ are defined as follows 




Iq IqIp 


Ii Ipli 


Tv = 


Vq 

Vi 


VqVp 

VpVi : 


(19-1) 


where V i} /,■ are the incident voltage and current at P and the remaining 
quantities are the actual values, taking reflection into account. To find 
the effect produced by insertion of the section PQ into a line terminated 
in Z, we need only divide the above transmission coefficients by their 
values corresponding to / = 0. Likewise if we wish to know the effect 
produced when we replace a section of length / of a given line by another 
line of length /, then we merely take the ratio of the transmission coeffi- 
cients as defined above for the two conditions under consideration. 

Assuming that P is at x = 0 and Q at x = /, we obtain from (6-10) the 
following ratios 

Iq = K2 Vq = Z 

Ip K 2 cosh V 2 l + Z sinh T 2 / V P Z cosh IV + sinh T 2 / 


Without introducing a compensating reactance, of course. 
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Then we have from (13-4) 

Ip _ 2Ki Vp 2 Z P 

/, K^+Zp r, JCi+Zp 

where Zp is the impedance at P looking toward Q Subst tut ng from 
these equations in (1) we obtain 

T, - f,0 - „r™T'r '•* T, . A T, (1M) 

*K,K, (IT, - k,)(Z - Kit 

t ‘ * (tf, + K,)(K, + Z) • ” " (K, + A'lKA, + Z) 1 ’ 

When Z — Ki we have 

. . -I* „ , (*-!)* M 

p W+i?- ’ «TTT" <9 J 

where 4 is the ratio of the characteristic impedances 

If PQ is so long that « -2 " 1 is small compared with unity then we have 
approximately 


(0 <2> The constants p, and qt are products of cer 

, tain transmission and reflection coefficients at 

- the two discontinuities considered separately 

— — These relations may be better understood if wc 

"" think of reflection from a pair of discontinuities 

— as a series of reflections as represented diagram 

— •- matically in Fig 7 24 A wave coming from 

— - regon (/f) suffers a reflection at the first dis 

-* — continuity Assuming that this wave is un 

“ — aware ’ of the existence of the second disconti 

— *- nuity, the transmitted part of this wave depends 

abc only on the impedances of regions ( \A ) and 

. , (B) Let the transmission coefficient be p\ 

*10 7 24 IHustrsuon ot mul ■ , , , , , 

ople reflections from two t,len ■' the intensity of the incident wave is 
points of d scononu ty unity, the intensity of the transmitted wave 

is pi The intensity of the transmitted wave 
becomes pie~ T,t when this wave reaches the second discontinuity 
There the wave is partly reflected and partly transmitted Jet the reflection 
and transmission coefficients be qt and p% on the assumption that the 
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reflected wave is “ unaware ” that it will again encounter the first discon- 
tinuity. The transmitted intensity is then p\p 2 e~ Vil . The reflected 
intensity is p x e~ Tll q 2 \ this becomes p x e~ r,l q 2 e~ Vil when the wave reaches 
the first discontinuity. Let the reflection coefficient be q \ ; then the in- 
tensity of the part of the wave which is reflected back is p x e~ T * l q 2 e~ Tll q x . 
This intensity is multiplied once more by the transmission ratio e~ r ~ l 
when the wave reaches the second discontinuity and by p 2 when the wave 
passes across it. The intensity of this transmitted component is therefore 

pie~ Til q2e~ Ttl qie~ Ttl p2 = p x p2e~ Tll qiq2C~ 2Ttl . 


The process of successive reflection is repeated indefinitely and the trans- 
mission coefficient T is obtained in the form of an infinite series in which 
the individual terms represent intensities of waves transmitted across the 
second discontinuity aEer successive reflections. If 

P = P 1 P 2 , q = (1 9-6) 

then the series is 


T = pe~ r - 1 + pqe~ zv - 1 + pq-e~ 5T il + pq 3 e~ 7r '- 1 

= p{l - qe-^r l e- r '\ 


(19-7) 


which agrees with (2). 

The values of the factors p and q depend on the type of wave we are 
considering. It is also necessary to remember that while p x is the trans- 
mission coefficient for a wave passing from region {A) to region ( B ), qi is 
the reflection coefficient for a wave traveling in (B) toward (A). Thus 
we have (see section 13) 


Pi, i = 


2 K x 


K x + K 


J Pi. 2 


2K 2 


K 2 + Z 


>' Pv.i = 


2Ko 


K 2 - K, 


K 2 -Z 


Ki + K 2 
K 1 - K 2 


> Pr , 2 = 


2Z 


q,d Ko + K x 5 qi '~ K 2 + Z ; qr ' 1 K x + K 2 ’ ?r ’ 2 “ 

Hence for the voltage wave we have 

4 K 2 Z 


K 2 -f- z 

(19-8) 
Z - K 2 

z + k 2 


pv — 


(K x + K 2 )(K 2 -f- Z) ’ 


qr = qi : 


and, using this value of p in (7), we obtain T r . The apparent lack of 
symmetry in equations (2) is caused by the use of p j in both equations. 

As a reminder of the directions for which the partial reflection and trans- 
mission coefficients should be employed we may write (6) in the following 
form 

P = ptpt, q = qlqi- 


(19-9) 
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The above calculations can be extended to any number of sections be 
tween the given line and thus for two sections, we have, instead of 
equation (1), 

r = 1 b _ Wr 
1 J, IqIpIl ’ 

where R marks the end of the second section 
Noting how (2) and (3) have been formed from the equations which 
precede them, it is easy to write a genera] formula for any number of in 
serted sections Let there be n sections let the constants of a typ cal 
section be K m r m !„ let the impedance looking to the right at the begin 
ning of each section be Z* let K be the characteristic impedance of the 
line in which the sections have been inserted then the transmission coef 

Ti - ?jl(l - gj i« ir >' )(1 - g, *r* rA ) (I - gj n r“ ar *'*)r I X 

e -r i r*- — r.i. 

„ 2AT 2 K\ 2 K t 2 A. 

P (A+tf,)(K, + A 2 )(A a + tf s ) (A„ + Z^ y )' 1 

(AT, - A) (A, - Z») (K m ~ K m ,XA W - ^,) 

91 1 “ (A, + tf)(A, +Z 3 ) t 91 " (A„ + A* j)(A„ + Z^,) 

where Z n +t is the terminal impedance If the attenuation in each sect on 
is h gh, then Z„ is approximately equal to A m , tn this case the expression 
for Ts becomes simply 

Ti = pie- r ‘ , ~ t ' ,r - - r *'* (19-11) 

The voltage transmission coefficient is obtained if we multiply 7r by 

Z n+i /K 

7 20 Reflect ton in Non uniform Line : 

The equations at an impedance discontinuity are the same for uniform 
and nonuniform lines (13—1) Equations (13 2) are replaced, however, 
by the following more genera] equations 

y* K+r, r- - ~K~r, v 1 = zr <20-1) 

The impedances K + K~ associated with the incident and reflected waves 
need no longer be equal Solving (13-1), subject to the above conditions 
we have 


K*" — Z 

K~ + A + 

91 K~ + Z f 

pl K~ + Z ’ 

Af+ - y 

M~ + Af+ 

91 M~ + Y’ 

pr vr + Y 
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where the admittances M~, Y are the reciprocals of the corresponding 
impedances. 

The transmission coefficient across a section (#i,.vo) of another line 
inserted between the given line and an impedance Z may be obtained at 
once in the form of an infinite series analogous to (19-7). The principal 
difference consists in replacing the exponential factors e~ r " 1 by proper 
transmission ratios as given by equations (1 0-6) and (10-7). Thus we set 

P = p + (*i)p + ( x 2 ), q = ? - Cvi)? + (* 2 ), X = x + (*i>* 2 )x~(* 2 >*i)> (20-3) 

and replace (19-7) by 

T = p(\ + qx + ^X 2 + • • ■ )x + (*i,tf 2 ) = 7~^ — X + (*i>* 2 ). (20-4) 

1 — qx 


7.21. Formation of IFavc Functions with the Aid of Reflection Coefficients 

In section 10 we have seen that the most general wave functions are linear combi- 
nations of pairs of the “ fundamental ” wave functions. If we wish to form wave 
functions F(x), /(.v), whose ratio is prescribed at x = x? by terminating the line in a 
given impedance, then we may proceed as follows. We choose one fundamental set 
F + (x), I + (x) as a wave which is “ incident ” on the given impedance and the second 
set as a reflected wave; then we write 


F~(x) F+iv*) 

/Tv) = F+{x) + F + {x«)gv(.x«) = F+(x) + ?v -(.v 2 ) F~(x). (21-1) 

Similarly we obtain 

/+(*„) 

I (x) = /+(*) -f gi(x 2 ) (21-2) 

The impedance at point x = *j may then be expressed as follows 

= K+U. 1 + ^(•V2)xtd-vi,.V2)x?(v2,vi) 

/(■vi) " U 1 + qrMxHxi^Xiiw) ■ (21_3) 


For example, in the case of uniform lines we may choose the following fundamental 
wave functions 


/+(*) = 7oe- ri , /"( x) = he Tx , F 0 = KI 0 , 

F+(x) = fV r *, F-(x) = F^ x , F 1 = —KI h 
Then (1), (2) and (3) become (if x« — xi = /) 

Z(x) = F 0 e~ Tx + F< s qye~- r, e rx > I(x) = I^- Tx + r * 


Z{x ,) = K 


1 + qye_ 

1 + qie ~- rl " 


(21-4) 


(21-5) 
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It is important to observe that there are no restrictions on the choice of funda- 
mental pairs of wave funct ons V + , I * and V~ / beyond the requ rement of linear 
independence In dealing with uniform lines the choice of progressive wave functions 
is, perhaps, more generally useful, in the case of nonuniform lines other choices are 
frequently preferable Even m the case of uniform lines we may find it desirable in 
some problems to choose a different fundamental set 

For example, let us choose the following set as the fundamental set 


y+(x) - #v r * I*(x) - /or r * V, - A/o 

V~{x) - Vi cosh r*. I (x) = I \ smh IV, V x - -Kh, 




where V~, / represent a stationary wave with the current equal to 
Substituting these expressions m (\) and (2) we have 


V(x) 


JV“ r * + ? rll)V* 


r _ cosh IVr 
cosh r I ’ 


m 


/or 


r * + ?r(/)/»r 


r _ s nh T* 
* sinh IY 


at 


( 21 - 7 ) 


The above choice of V , I~ is such that reflection does not affect the original cur 
rent at x — 0 and is particularly suited to problems in which the original wave is 
generated by a fixed current generator it x - Q Under these circumstance* the 
choice of a progressive wave to represent reflection would necessitate a consideration of 
multiple reflections since the wave reflected from an impedance Z at x - I would be 
reflected again at the generator The choice (6) takes care of these multiple reflection* 
in one operation 

The input impedance is now expressed as follows 

ZfOl-Jf+wWj—jAr (21-1) 


The first term represents the input impedance of a wave which does not see the dis- 
continuity at X = /, the second term may be called the induced impedance or the 
impedance coupled to the generator in consequence of reflection from the far end of the 
line The induced impedance represents the effect of the environment as changed by 
the terminal impedance and it may be called the mutual impedance 

Even though the line is uniform, the reflection coefficients should now be calculated 
from the general formulae (20-2) s nee K~{!) is no longer equal to K*(f) — K Thus 


K~(/) 


v-Vi 

I~{1) 


K coth 17, qy — 


K cosh 17+ Z smh VI 


The impedance 


K cosh 17+ Z smh 17 


ftVttmsMy tfttsexpnrssKift gives the same tufa! vaAie <b /’(Oj as {6-1) 
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Another choice of fundamental functions is particularly suitable in the case when 
the line is energized by a fixed voltage generator (zero internal impedance); here we 
have 

F~(x) = V\ sinh r.v, I~(x) - I\ cosh Tx, V\ = — KI\, 


V(x) = Voe~ rx 


+ 9F (/)/V- n 


sinh r* 
sinh Tl' 


m = Iq!~ Tt 




cosh IV 
cosh 17 ' 


In this case the voltage at die generator remains unaffected and the effect of the imped- 
ance at the far end of the line is represented by the “ reflected current.” The input 
admittance is 


7(0) =M+qi(l) 


c 


-Tl 


cosh Tl 


M, 


and the effect of reflection ic represented by an induced admittance. In this case 

(7 — M) cosh Tl 


M (!) — M coth Tl, q i (l) — 
7(0) = M + 


M cosh 17+ 7 sinh Tl' 
(7 - M)<r r ‘ 


M cosh 17+ 7 sinh Tl 


M. 


1.22. Natural Oscillations in Uniform Transmission Lines 
In equations (0-2) for the distributed series impedance Z and shunt 
admittance Y we have explicitly assumed that the transverse voltage and 
the longitudinal current are harmonic; but throughout the greater part 
of the succeeding sections no use has been made of this assumption and the 
results obtained apply equally well to the general case in which the oscil- 
lation constant p is complex, that is, 

Z = R + pL, Y=G + pC. (22-1) 

In the circuit shown in Fig. 7.25, where Zj and Z% are the impedances 
seen from the terminals A, B to the left and to the right, the current is 


I = 


V 

Zi + Z 2 


( 22 - 2 ) 


An exceptional case arises when the oscillation con- 
stant is a root of the following equation 

Zi + Z 2 = 0. (22-3) 



In Chapter 2 these roots have been named “ natural Flc V ”'" 5 ' , Illu stmting 
oscillation constants.” When p is a root of (3), maloTcillations 0 .' 
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an electric Current Ie** may flow in the circuit without a continuous ap. 
plied voltage Vi* Such natural oscillations may be started by an impii 
sive force and they may be calculated by the 

_8 - o r methods outlined in section 2 9, when the roots 

z > z z of (3) are known 

Let us now consider a uniform transmis 

-o o sion line of length l, short circuited at both 

L ends (Fig 7 26) Here 2, and Z 2 are the 

Fw 716 A section of • fane , mpe dances seen from any pair of terminals 
short-circuited at Doth ends r _ , / . _ _ 

A , B and in particular, from terminals C, D 
at one of the short circuited ends In the latter case 2i = 0 and Z 2 is 
given by (6-3) » thus 

tanh Tl = 0, or sinh 17 *■= 0, 

(22-4) 

r„/ = ttn l n = 0, ±1, ±2, , 

where 

r - ^W+Two-tpO <a i) 

From (5) we obtain p 

(R , G\ Jl*-R C , (R . G V 
r " \1L + 2 c) * V LC + \2L + 2C/ 


If R and G are small, wc have approximately 



Substituting from (4), we obtain 



( 22 - 6 ) 


where a is the wave velocity in the line The phase constant and wave 
length (in the line) corresponding to the natural frequency u„ are /9» =«»//, 
X„ = 2 i/n The lowest natural frequency corresponds to a wavelength 
twice as great as the length of the section The above solution for p is 
based on the assumption that R and G are independent of p while in prac 
tice they are functions of p However if R and G are small, their effect 
on p is small and equation (6) is approximately true if R and G are com 
puted for p * iu n 

From (7) and (5 11-16) we have an expression for Q 
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Substituting for co n from (7), we express Q in terms of the characteristic 
impedance and the attenuation constant 


Q n = 


lift 

1 



+ G£ 


r 


rift 

loci 


Pn 
2 a 


ft 

a\„ ' 


( 22 - 8 ) 


Exactly the same results are obtained for a line which is open at both 
ends. But if one end is open and the other short-circuited, then the equa- 
tion for the natural oscillation constants is coth 17 = 0, or cosh IY = 0, 
and its roots are T„l = i(n + ^)ir, n = 0, ±1, ±2, •••. In this case 
X„ = 4//(2» + 1), and the lowest natural frequency corresponds to a 
wavelength (in the line) four times as great as the length of the section. 

More generally if the line is terminated into an impedance Z i at one end and an 
impedance Z« at the other, the equation for natural oscillation constants is 


Zi cosh T1+ K sinh 17 Z i 
K cosh 17 + Z 2 sinh 17 K 


(22-9) 


Frequently this equation can be solved by successive approximations. Suppose for 
example that Z\ and Zo are pure resistances, small compared with K. Then as a first 
approximation we assume them equal to zero, and, if the line itself is nondissipative, 
we have p/V^Zc = niri. Then we write pW~L£ — niri + A , where A is a small 
quantity, substitute in (9), and retain only first order terms in A to obtain 


Rt + Kc\ _ flt + R. 

K + Rz & + K ’ K 


Thus the effect of small terminal resistances on the natural frequencies is at least 
of the second order; the first order effect consists of damping. 

As another example let us take Z x = 0, Z 2 = R? + pZ. : , and assume that the line 
itself is nondissipative. Equation (9) becomes 


(i? 2 + Lip) cosh pl^LC + K sinh p/V " LC — 0. 


( 22 - 10 ) 


Let 


p/VZc = in, p - — ; 

IVLC 


substituting in (10), we have 


KLt 


—iRi cos u -) — — — « cos u + K sin u = 0. 

iLt 

If Ri is small, the first approximation is a root of 


( 22 - 11 ) 
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Lett tig « = a + A, substitut ng in (11), and neglecting powers of A above the first, 
we have 



Roots of (12) may be obta ned either graphically or numerically If, however th- 
rghthand side is small compared with unity then we have approxima eh 
6 — nir + &, where 6 is a small quantity Hence fi » — ttrLt/lL, as long as n is not 
too large, and therefore u »»[1 — {Lt/IL}) 


7 23 Conditions Jor Impedance Matching and Natural Oscillations m Terms 
of the Reflection Coefficient 

Let one of the impedances in Fig 7 25 be the characteristic impedance 
of a transmission line (Fig 7 27) We assume that an incident wave is 
originated at infinity and that the reflected 
wave goes back to infinity without further 
reflection The reflection coefficient (for the 
current for example) is 

- - (23-1) 


Z\ + 2a 

» 1“ .mp-ta-c « «M , V,n, she, 

Z, - Z» - 0, 9-0, (23-2) 


Fio 727 Illustrating the condi 
turns for impedance m; ’ 
and for natural oscillat 


and there is no reflected wave On the other hand if 

2i+Z,-0, (23-3) 

then a reflected wave may exist without an incident wave This is the 
condition for natural oscillations 

In circuit theory the reflection coefficient is used as a measure of im 
pedance mismatch for any pair of impedances (Fig 7 25) If the imped 
ances are equal the reflection coefficient is zero and the power is evenly 
distributed between them, if the sum of the impedances is zero, the reflec 
tion coefficient is infinite and oscillations may exist without a contin 
uously applied electromotive force 


7 24 Expansions in Partial Fraction i 

The input impedance and adm trance can be expanded in partial fractions in terms 
of the natural oscillat on constants If the line is si ghtly d ssipative, such expansions 
can be obtained by computing the energ es associated with d fferent oscillation modes 
and using equations (5 11-18) and (5 1 1-19) In the pi esent case th s is unnecessary 
s nee the impedances have already been calculated and it is easy to obtain the expan 
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sions directly. For example, for short-circuited and open-circuited lines we use the 
well known expansions 

CO g v 1 CO 2x 

tanh ,v = 23 — , ~ , coth x = - + 23 „ „ ~ — \ ■ (24-1) 

„ = i (2n - l)-7r- + 4.v- a.- n-i n-K- + * 2 

Hence for a line of length /, short-circuited at the output end, we have 

Z(0) = SK (2 „ _ i) V s + 4 T-r- ’ y(0) = KY/ + nV + T-P ’ (24 ~ 2) 
Since KY = Z and T/K - Y, we have 

Z(0) = Z/ 23 ( 2 „ _ i)V 2 + 4r 2 / 2 ’ y(0) = Zl + y/ „?i nV + Y 2 P ' (24_3) 

These expressions show how the low frequency impedance Zl of the line is modified at 
high frequencies. The second equation, in particular, gives the effect as an impedance 
in parallel with the low frequency impedance. 

Substituting T = a + i/3, neglecting a 2 in the denominator and a in the numerator 
we have 

Z(0) - KL [(2 „ _ 1)V _ 4/3=/2] + Siafip ’ 

(24-4) 

, 1 r 1 £ 2 *73/ “I 

y(0) " Klal + t pi + n = i {n"r - + 2iaf3Pj ’ 

The approximate natural frequencies can be found from the above equations by 
inspection (since |3 = coVz.C). Thus if the input terminals are short-circuited, the 
natural frequencies are 


iVlc ; 

and if the input terminals are open, then 

(2 n — 1)7T 

= ih/Tc • 

In terms of the natural frequencies and corresponding Q’s, we have 


m = tt, z 

c ‘n = l 


“n “ W 2 + 


1 2 00 

- — , Y(0) = — — — + 7 - 23 ■ 

IWMn {R + tuL)l LlpY\ 


w n — C0‘ -f* ' 


Similarly for a line of length /, open at the output end, we obtain 


Z{0) (G + iu,C)I + C/S . ’ y(0) “ A/jS 


CO 2 — CO 2 + 


where co„ and are given bv (5) and (6). 
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Let us now consider a section of length /, short-circuited at both ends, with the 
input terminals at d stance x — d from one of the ends (Fig 7 28) It is part cularly 
easy to obtain the expansion foe the input admittance Y {d) using the method explained 
in section 5 11 The infinities of Y(d) are the natural frequencies when the input 
terminals are short-ci rcu ted and hence are given bj (5) The current in the line ( f 
the line is only slightly dissipat ve) is substantially 
V proportional to cos where a s the distance from 

| ~~J one of the ends hence for a un t ampl tude at the 

' 0 o 1 input terminals we have 


Flo 728 


/.(*> = 


*PJ 


(24-9) 


For the nth oscillation mode the energy stored in the line is 


- u£ IW 


6 ,- \u 


Substitut ng in 


(J 11 19) and including the term corresponding to (S 11 24) we have 


Y(J) ~ 


1 2 “ i« cos* 

(R + iuL)l + L/„., - , i« a. 


(24-11) 


Similarly it is easy to find the expansion for the input impedance m the case shown 
in Fig 7 29 because, if the terminals are open the 
natural frequencies are the same as in the preced ng | 
case The voltage in the 1 ne is proportional t 
am and, adjusting it for a unit amplitude a 
x - J we have 

V /„\ 8ln Fia 7 29 A section of a 

“ sin M (24_ J short-circuited at both en 



The energy of a typical oscillation mode is then 



Substituting in (5 11-18), we have 



(24-13) 

(24-14) 


In order to obtain the input impedance in the case shown in Fig 7 28 we have to 
determine the natural frequencies when the terminals are open and then calculate the 
energies of the corresponding osciUat ons In this case the two sections of the 1 ne 
are in senes and the input impedance is the sum of two expansions similar to the 
expansion for Z( 0) in (7) In the case shown in Fig 7 29 the two sections of the line 
are in parallel and the input admittance ts the sum of two expansions similar to the 
expansion for Y(0> m (7) 
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7.25. Multiple Transmission Lines 

Equations (0-1) are said to describe a simple transmission line or a line admitting of 
only one transmission mode. In general transmission equations are of the following 
form 

^=- £ U d -r = ~ C2S-D 

iA‘ A = 1 Jfc = l 


For example, if two transmission lines run parallel to each other waves in one may 
influence waves in the other, since alternating longitudinal currents in one line induce 
longitudinal voltages in the other, and alternating transverse voltages induce trans- 
verse currents. Thus for a pair of interacting transmission lines we have 


dV x 

i lx 


— Znl\ — Z\sls, 


dx 


- Y\\V i - Yy,F,, 


dV . 
dx 


— Zjl/l — Zjo/;, 


dli 

dx 


y 2 X V X - YaFs. 


(25-2) 


Zi« is the distributed mutual impedance per unit length and Yi; is the distributed 
mutual admittance per unit length. 

Equations (1) are linear differential equations with constant coefficients and hence 
possess solutions of exponential form 

V m (x) = F m e~ ri , Im(x) = I m e~ Vx . (25-3) 


Substituting in (1), we obtain 

TF„ = £ Zmkh, TI m = £ Y mk V k . (25-4) 

Thus we have In linear homogeneous equations connecting 2n variables V m , I m . 
These equations will possess solutions, not vanishing identically, only if the determi- 
nant of their coefficients is zero. This determinant is an equation of the nth degree in 
T 2 and its solutions represent the natural propagation constants of the multiple trans- 
mission line. For each value of T we can determine the ratios of F m , I m to some one 
variable. Thus there are 2 « arbitrary constants at our disposal and these may be de- 
termined to satisfy assigned boundary or initial conditions. The line is said to possess 
n transmission modes. Each transmission mode is characterized by its pair ±T m of 
propagation constants and by a relative distribution of voltages and currents peculiar 
to it. 

In practical applications the mutual coefficients are frequently very small. Then 
equations (1) may be solved by successive approximations, the first being the solution 
of n independent pairs of equations 


dK 

dx 


^•mxvXm 


dL 

dv 


— Y P 

■* mm' m 


(25-5) 


in which the interaction between the individual transmission lines has been neglected. 
The values of the voltages and currents obtained from (5) are now substituted in all 
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the small terms of (1), thus we obtain 

£2., A. y-r. - T.'Y.,P,, (25-4 ) 

where the primes indicate the omission in the summation of terms for which i = m 
These equations are the equations of simple transmission lines with given distributions 
of applied voltages and currents Solving these equations we obtain corrections to the 
previous solutions The process can be repeaced as often as may be necessary, but 
usually the first corrections are sufficient 

In communication eng ncenng the interference between neighboring lines is called 
crosstalk The interference due to the mutual impedances Z„i is called the tmptdanct 
crosstalk , similarly the interference due to the mutual admittances Y mtl is called the 
admittance crosstalk 

7 26 Iterative Structures 

If a pair of sections (Fig 7 30) of uniform transmission lines is repeated an indefinite 
number of times, an iterative structure is obtained which may have properties radi 
cally different from the properties of the or gmal lines Thus if the original lines were 
capable of transmitting all frequencies, the iterative structure might suppress some 
frequency bands 



Fic 7 30 A transducer formed by two line Fio 7 31 A chain of transducers 
sections in tandem 


The equations for the present iterative structure may be obtained from the general 
equattons of section 5 3 as soon as the constants of the transducer shown in Fig 7 30 
are calculated This transducer consists of two transducers m tandem (Fig 731) 
Using single primes for the constants of the first transducer and double primes for 
those of the second, we have 


Zn/, + Z's-J = J',, Z'tsI + Z'Ah = k't. 


Z’ul i + (Z{ i + Z",)I + ZlsJt — 0 


(26-0) 


Solving the last equation for / and substituting in the remaining equatic 
the constants of the combined transducer 


Zn — Zn — 


Z’nZjs, 

Z'a + Zu* 


Zu = — 


zi,zr, 

Zii + Zi'i * 


s, we obta n 


Zts = ZU — 


ZaZ\\ 

Z»i + Zii 


(26-1) 
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In the case of uniform transmission lines the transfer impedances of the constituent 
transducers are equal and consequently Z\« — Z«\. 

From (1) and from equations of section 7, we obtain the following expressions for 
the transducer shown in Fig. 7.30 


Zu 


Z22 ~ 


At K \K 2 coth IVi coth It A 

All coth TiA + A’; coth F;/; : 

As -f- A'iAT; coth r iA coth TJi 
AT coth Till + A; coth IVs 


( 26 - 2 ) 


^ _ AiA 2 csch IVi csch F;/» 

AT coth Fj/i + A; coth r-A 

By (5.3-7) the propagation constant T per section of the iterative structure is 

A 2 4- A; 

cosh r = —A; — — - sinh TiA sinh To/; -|- cosh Fi/i cosh IV* 

2AiA; 

= -'[cosh (TiA + r./ 2 ) - ?= cosh (riA - r 2 / 2 )i. 


where q is the reflection coefficient and p the product of the transmission coefficients 

4A,A« . (AT - AT) 2 

? (AT+As)-*' ? ' _ (AT+A 2 )=- 

Let us suppose that the transmission lines are nondissipative; then Ti = iu/v\, 
r» = ioi/s s, and we have 


cosh r = - (cos i oT — q' cos ut), 
P 

T h.h h h 

T 1 — , r — . 

Cl t’s Cl V2 


For some values of to, cosh F will be in the interval (— 1,+ 1) and T will be imaginary; 
for other values T will be either real or complex. Hence the structure will transmit 
some frequencies and suppress the remaining. Pass and stop bands may be deter- 
mined by plotting cosh T as a function of to T or tor. 


7.27. Resonance in Slightly Nonuniform Transmission Lines 

Consider a section of a slightly nonuniform nondissipative transmission 
line of length / and let this section be open at x = 0 and short-circuited at 
a: = /. In the first approximation the longest resonant wavelength is 

X = 4/, /-|. (27-1) 

The first correction may be obtained from the equations of sections 1 1 and 
12. The current 7 0 at .v = 0 and voltage V{1) ~ F 0 (l) + F X {1) at x = l 
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vanish, thus the equation for resonance is approximately 

(1 + 5(f)] cos p l - tA(l) sin pi + ,C(l) sin 01- 0 (27-2) 

Assuming that A, B and C are small compared with unity, we let 

X 4/(1 -1), /-*(l+i), (27-3) 

where 4 is small compared with unity Substituting in (2) and ignoring 
small quantities of the second order, we obtain 

-J-'J(0 + 'C(0- o, i - * [«/) - AU)\ (27-4) 

The values of A(l) and C(l) are computed* from (12-2) 

m - 5 f 0 (y 0 - *>*) co3 j ft cco i f o (— + *<>*) 4 

(27-5) 

If the line is short-circuited at * ** 0 and open at x - l, so that V 0 «• 0 
and 1(1) — 0 then the first approximation to the principal resonant wave 
length is (1) and the correction 4 is 

i-- x um + cvt 1 ( 27 - 6 ) 


In many practical cases the product ZY is constant and (see 12-3) 

Vz? - v'zTPo ,0, L A - - i (27-7) 


AT 0 is the average characteristic impedance which may be defined by 


and is the deviation of the nominal characteristic impedance K(x) 
from this average impedance £(*) = K(x) — K 0 In this case C([) — 0 
and 


- <W> 


Hence if the line is open at x = 0 and shorted at * = /, then 

4 “ /X (27-10) 

* It. tVrt mtegri.wA •A septac* I. by fast nation 41 
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If the line is shorted at .v = 0 and open at x = l, then 


5 



£W1 
K 0 J 


vx , 
cos — ax 



(27-11) 


The integrand in the last terms of the above equations is positive near 
.%• = 0 and negative near .v = /. If the capacitance per unit length varies 
more or less uniformly and if it is larger near the open end than near the 
shorted end, then the principal resonant wavelength is somewhat shorter 
than 4/. If the capacitance is larger near the shorted end, then the reso- 
nant wavelength is longer than 4/. 

If the line is shorted at both ends x = 0 and .v = /, then the principal 
resonance occurs approximately when X = 21, l = X/2. It is left to the 
reader to show that the more accurate expressions are 


X « 2/(1 + X), / - \ (1 - X), (27-12) 


where x = (1 //")[//(/) + C(/)] and 
AO = \f n (f o - A'oP) cos 2 f dx, 

If ZY is constant, then we have 

1 r l 9 irx 

X = -jq J [K(x) - /v 0 ] cos — dx = 


m = $S o (y 0 + Ko? ) dx - 

(27-13) 

1 0 irx 

-r I K( x)cos—~dx. ( 27 - 14 ) 

KqIJ Q l 


If both ends are open, then the correction term is — x* 

The above approximate expressions give the two principal terms, one 
independent of and the other varying inversely as the average characteristic 
impedaqce. By continuing the process of successive approximations in the 
solution of nonuniform transmission lines more accurate expressions for the 
resonant lengths of such lines can be obtained; but usually the above 
formulae are satisfactory for practical purposes. The method applies also 
when the line is terminated in some reactance at either or both ends, as in 
this case we may start with the prescribed value of F(0)/J(0) and plot the 
ratio F(J)/I(I) as a function of / until we obtain the prescribed value of 
this ratio. 

In the simple cases when the ends of the line are either open or shorted, 
another method of treatment yields the above results and some similar 
approximations. Under these terminal conditions the energy equation 
(3-3) for nondissipative lines becomes 

f CVV* dx = f l HI* dx. 

Jo Jo 


(27-15) 
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This equation simply reiterates the fact that at resonance the maximum 
electric and magnetic energies are equal In the important special case 
in which LC = a 2 = constant, the transmission equations may be ex 
pressed in the following form 

ttCdV v tfLdl 

0) dx ’ u dx 


Substituting m (15), we obtain 



(27-in) 


If now the line is open at x « 0 and short circuited at x = /, we assume 
the current and voltage distributions that would exist in a uniform line 


/(*) = / sin — , V{x) - V cos — , 

and substitute in (16) Thus we obtain 

16/ 2 1 + » 1 -( 

X s “ l - a " 1 + i ’ 


where 


8 


J 1 L COS yd* 


f 


X Cc °* 7 

X‘ c ‘ fc 


dx 


(27-17) 


(27-18) 


The above value of 8 is the same as that given by equation (10) 
If the line is shorted at * = 0 and open at * = /, then 


lSi* 1 - 8 = 1 +g 
X 2 " 1 + 8 ” I — { 


(27-19) 


If the line is shorted at both ends, we assume 


and find 


/(*) *= / cosy, V{x) = sin y , 

1-x 1+i 

X s l + x~l-x* 


(27-20) 
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where 


f* 1 L cos dx f C 

Jo ‘ * Jo 

/ \i 

Ldx / Cd> 

0 j 0 


2irX 

cos — - 


( 27 - 21 ) 


For a line open at both ends we have 

= 1 + x = 1 ~ X 

X 2 1 — X 1+x' 


( 27 - 22 ) 


The above approximations in terms of L and in terms of C are actually 
different approximations except when the deviation of L and C from uni- 
form distribution is small, which is the condition postulated in deriving 
the formulae. Nevertheless in cases of substantial nonuniformities when 
one formula may fail altogether the other may give surprisingly good re- 
sults. We shall encounter, for example, lines in which C is proportional 
and L inversely proportional to .v. The formulae depending on L fail, but 
those depending on C give very accurate results. 



CHAPTER VIII 

Waves, Wave Guides and Resonators — 1 
80 Introduction 

If we were to start with a physical situation met in practice, we should be 
faced with a complicated mathematical problem having a complicated 
solution Frequently after studying the solution numerically we should 
find that it reduces to a simple approximate solution In practical work 
it is more expedient to make approximations ab imho, this, however, 
requires experience and good physical sense that may develop from it 
The mathematician s “ laboratory experiments ” consist in looking for 
simple special solutions and studying them, then he can look for physical 
conditions under which such solutions might be realized either exactly or 
approximately This chapter is devoted to just such experiments, chosen 
cither for theiT value in explaining electromagnetic waves or for their 
practical value in general and in communication engineering in particular 
A more comprehensive treatment of Maxwell s equations is reserved for 
Chapter 10 

8 I Uniform Plane W aces 

A plane wave is a wave whose equiphase surfaces form a family of parallel 
planes In a uniform plane wave the field intensities are independent of 
the coordinates in each equiphase plane Choosing the xy plane parallel 
to the equiphase planes and setting d/dx — d/dy = 0 in the general electro- 
magnetic equations, we have E, = 0, II, — 0, and 

^ + '“ )£ " <‘-i) 

~ = (r + iwi)£„ (l-i) 

Thus uniform plane w aves are transverse electromagnetic 

The four transverse components in (1) and (2) are divided into two 
independent pairs E„ H t and E y , H, In the wave associated with each 
pair E and H are mutually perpendicular The difference in the algebraic 
signs in (1) and (2) is removed by reversing the positive direction of one 
component, ff* for example, and equations (1) become general if the post 
tive directions of E , H, and the phase velocity o are related as shown in 
Fig 8 1 

2 « 
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Equations (1) are seen to be the equations for a transmission line whose 
series inductance is /u, shunt conductance g and shunt capacitance «, all 
taken per unit length. The electric intensity E x plays the part of the 
transverse electromotive force and the magnetic in- 
tensity that of the transverse magnetomotive force or 
the longitudinal current. The longitudinal current as 
such is not in evidence because our equations refer to a 
typical “ unit wave tube ” rather than to the complete 
wave, the boundaries of which have been made inac- 
cessible by the assumption of infinite dimensions. We 
can introduce a pair of parallel perfectly conducting 
planes perpendicular to E, without disturbing the 
electrodynamic equilibrium; we can assume that the 
field has been annihilated except in the region between the planes since 
perfect conductors provide a perfect barrier to the flow of energy; and 
finally we may cut out of the planes infinitely long narrow slits (Fig. 


'H 

Fig. 8.1. Relative 
directions of E, H, 
v in a uniform 
plane wave. 



Fig. 8.2. A cross-section of two parallel strips with guards to eliminate the edge effect. 


8.2) and separate a pair of parallel infinitely long strips from the rest of 
the plane conductors which, however, are retained as “ guards ” to keep 
the electric and magnetic lines straight. The longitudinal current I in the 
lower strip and the transverse voltage from the lower strip to the upper 
are* then 

/ = aH v , V = 1>E X . 

Substituting in (1), we have the following equations for our transmission 
line 


dV 

dz 


= — iwLI, 


d_l _ 

dz 

t _ vt r -S a 
a b 


~{G + iuC)V, 


C = 


ea 


The characteristic impedance and propagation constant are 

v _y\h b I t'ufi n /- — ^ 

K — — ~\ ; : j T = tr = V iupi(jr -f- / Ue ), 

a a \ g + nee ^ ' 

* Assuming I positive in the positive ^-direction which is away from the reader 
in Fig. 8.2. 
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If the guard plates are removed, the electr c lines near the edges of out 
parallel strips will bulge out as shown in Fig 4 1 and the magnetic lines 
will bend round to enclose one conductor or the other Subsequent analy 
sis will show that a wave of this mod fied type may exist at all frequencies 
and that the shape and distribut on of the electric and 
magnetic lines are independent of the frequency For 
such a wave the edge effect is small if b is small com 
pared to a since the energy is d stnbuted largely be 
tween the plates 

If b is small compared to a the strips can be bent 
into cylinders to form coaxial conductors with nearly 
equal rad l (F g 8 3) Electric lines will run along 
rad i and magnetic lines will he coaxial circles between 
the conductors There will be a slight curvature 
effect instead of the edge effect The curvature effect is comparatively 
small, thus if the radlt of the conductors are a and b (b > a), then by 
the parallel plane formula (using the average circumference for the ap- 
proximate length of the magnetic lines) we have* 



Fio 8.3 Coax al 
cylinders of nearly 
equal radi 


K 


i>(3 - a) ^ 120(3 - a) 
* (b + a) b -f a 


If b — la, this gives K = 40 ohms the exact value is 41 6 
Since the voltages along various parts of a given radius arc added while 
the magnetomotive force is the same for all magnetic lines the character 
istic impedance of a coaxial pair is the sum of the characteristic impedances 
of coaxial shells into which the space between the conductors m ght be 
subdivided Thus if b — a is divided into n equal parts, the exact value 
of K may be expressed in the following form 


Taking again b = 2a and choosing n «= 2 we obtain K - 411 this value 
differs from the exact value by about 1 per cent 

Let us now return to waves in an unlimited med um With transverse 
dimensions fading out of the p cture we fix our attention on the field 
intensities E and H, rather than on their integrated values and define 
the ratio E/H as the wave impedance in the direction of wave propagation 
A uniform plane wave can be generated by a plane current sheet of uniform 
* When a numer cal value is ascribed to the intrinsic impedance free jpace is usually 
assumed 
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density. Consider such a sheet in the xy-plane and let its density be 
Since the electric intensity is continuous at the sheet while the magnetic 
intensity is discontinuous, we have 

E,{+ 0) = £*(- 0), H v {+ 0) - H y {- 0) = -/*. 

The current sheet acts as a shunt generator and sends out plane waves in 
both directions 

£+(z) = #t( 2 ) = 2 > °3 

E~(z) = H~(z) = i/>", z < 0. 

The complex power (per unit area) contributed to the field by the im- 
pressed forces is 

* = 

If the medium is nondissipative, then the power carried by each wave per 
unit area in an equiphase plane is 

* + = ££i(z)[//t( Z )]* = blJJi, *" = ~lEZ{z)[H~{z)Y = hJ:Jt- 

The sum is equal to the power contributed to the field. 

The total power carried by a uniform plane wave in an unlimited medium 
is infinite and the wave cannot possibly be started by an ordinary generator. 
The principal reason for considering such waves at all is their simplicity, 
combined with the fact that at great distances from any antenna and in a 
sufficiently limited region the wave is nearly plane. 

If the medium is nondissipative it is possible to send all the energy in one 
direction only. Consider two parallel equal current sheets (1) and (2), 
a quarter wavelength apart, and let the currents be in quadrature. If 
the current in the left-hand sheet (2) is 90 degrees ahead, then the right- 
hand wave generated by it will be in phase with the right-hand wave gener- 
ated by the sheet (1); the two waves will reinforce each other. The left- 
hand wave from (1) will be 180 degrees out-of-phase with the left-hand 
wave from (2); the two waves will destroy each other to the left of the 
plane (2). The electric intensity of the wave produced by the sheet (1) 
will directly oppose the electric intensity of the second sheet and reduce 
the total intensity at that sheet to zero; hence the second sheet contributes 
no power and may be taken to be a perfect conductor. The electric inten- 
sities of the two waves reinforce each other at the sheet (1). Assuming 
that this sheet is in the plane z = 0, we have therefore 

Et(z) = H+(z) = -/«*“*., z > 0. 

The power emitted by the sheet is twice that which would be emitted by 
an isolated sheet. 
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Let us look at the situation in another way and assume at the start 
that the plane (2) is a perfect conductor By (7 6-3) the impedance as 
seen from plane (1) leftward is Z =* 17 tanh tfil = tan 01 where 1 is the 
distance between the planes If / » X/4 this impedance is infinite and 
no power will flow to the left of plane (1) 



Flo 8 4 Pos ng of waves through and reflec 
bon from resistance sheets 


Fro 8 S Transmission d agram repre 
sent ng the case in F g 8 4 


The wave to the right of sheet (1) can be completely absorbed by a thin 
conducting sheet (3), with surface resistance equal to y if the sheet has a 
perfectly conducting sheet (4) a quarter wavelength behind (Fig 8 4) 
To facilitate the use of the transmission theory of the preceding chapter 
we construct a transmission line diagram (Fig 8 5) in which the current 
sheet (I) is shown as a shunt generator the resistance sheet (3) as a shunt 
resistance and the perfect conductors (2) and (4) as zero resistances at the 
ends of the line Without the reflector (4) the impedance of the sheet (3) 
would be in parallel with the intrinsic impedance of the medium behind 
it, the impedance presented to the incoming wave would be only Jij and 
some of the wave would be reflected It should be noted that the ab- 
sorber (3) will function just as well even if the medium 
*«o z-c between the resistance sheet and the reflector is d ffer 
y/s/A ent from that between the resistance sheet and the 
** '///fiX "" generator 

v/a/A The impedance normal to a plate of thickness / 

(Fig 8 6) is to general 

Ftc 8 6 A crosi. 

Z,(/) cosh at + yj smh el 
71 cosh el -f- Z, (1) smh el * 


meul plat! 


Z.( 0) - 


(1-3) 


where Z,(I) is the impedance looking to the r ght of the plane z * / If 
the latter plane is a perfect conductor then Z,(l ) — 0 and we have 
Z,( 0) — ij tanh el If z =* l is a sheet of infinite impedance, then 

2,(0) = ij coth el (1-4) 

As we have already pointed out, in practice an infinite impedance sheet at 
/ can be provided bv placing a zero impedance sheet at z — / + X/4 
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If the plate is a good conductor its intrinsic impedance 5 ? is very small 
even at very high frequencies. If the medium to the right of 2 = / is free 
space, then Z z {l) = 377. This impedance is so large compared with ij 
that equation (4) represents an excellent approximation to the impedance 
normal to a plate of high conductivity provided / is not too small. If 77 
is much smaller than Z z (l), then, regardless of the thickness of the plate, 
we can ignore the second term in the numerator of (3) and obtain the follow- 
ing approximation 

ya(0) = 1700 th 

Thus the input admittance is represented as equivalent to two admittances 
in parallel, the admittance of the plate on the assumption that Z z {!) — <*> 
and the admittance Y z (l) itself. 

When / is very small the “ open-circuit ” impedance (4) for any quasi- 
conductor becomes approximately 

This impedance is equal to the free-space impedance if / = 1/377^. A 
sheet of this thickness with a reflector behind it to 
provide an open-circuit condition will completely ab- 
sorb a plane wave incident normally to the plate. 

It should be noted however that for very thin films 
the value of g is different from that for the substance 
in bulk. 

The formulae for the reflection of uniform plane ^ IG ‘ . .^flection 
. , . , . . r at normal incidence, 

waves from a plane interface between two homoge- 
neous media (Fig. 8.7), when the incidence is normal to the interface, fol- 
low immediately from (7.13-3) and (7.13-4); thus we have 



V 2 — >11 
Vs + Vi ’ 


Vi - V2 lT)2 Z 1 J 1 

— T ; PB = — T — > pH = : . 

'll +1 72 vi -r V2 vi + vs 


At a metal surface the reflection is almost complete, E practically van- 
ishes and H is doubled; almost pure standing waves are formed with nodal 
planes for E parallel to the metal surface at distances 0, X/2, X, • • • from 
it and nodal planes for H at distances X/4, 3X/4, 5X/4, • • •. The planes 
of maximum H coincide with the nodal planes for E and the planes for maxi- 
mum E are the nodal planes for H. 

The shielding effectiveness of metals is great; it can be judged by using 
(7.6-10) to obtain the ratio of magnetic intensities at the two surfaces of 
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a plate in free space 


H{ 0) n cosh el + 377 sinh el ’ 

Even for quite thin plates sinh al is approximately equal to le" 1 and 

11(1) 2y 1 //(/) 1 

/f(0) = 377 * * |ff(0)| 377 e ‘ 

where 91 is the sntnnsic resistance of the plate As the frequency dimin 
ishes i? and a approach zero and the limiting value of (6) is 1/377?/ 

If these formulae are to be applied to frequencies in the optical range 
one should bear in mind that the electromagnetic constants may vary 
with the frequency While there is no evidence, for example, that the con 
duetivity of good metals varies in the frequency range {0,10 10 ), there is 
definite evidence that at optical frequencies it is a complicated function 
of the frequency The conductivity of dielectrics is usually variable even 
at low frequencies 

If the incident waves come from free space and strike water, then 
7 i = 377 and i n = 42, thus from (5) wc obtain 

<Ie = — 0 8 , qn « 0 8 , ps = 0 2 , pn =18 
For waves coming from « ater the coefficients for E and H are interchanged 
8 2 Elhptually Polarized Plane If 'ai.es 
Waves whose electric and magnetic vectors have directions independent 
of time,* as for instance the waves given by (1—1) and (1-2), are called 
linearly polarized t 

Let us now consider two linearly polarized progressive waves 

£* ■= E i e-‘' +,u ‘, H y ~—e-" + '“‘, 

v 

E„ = H, = - ^ 

v 

We choose the origin of time to make E t real E z denotes the amplitude of 
the second wave and its initial phase in the plane z = 0 The instan 
taneous electric intensities are the real parts of the above complex quan- 
tities, thus in the plane z = 0 

£* = Ei cos oil, = Et cos (at -f- d) 

* Althouoh they change their sense twice during each cycle 
tWe dscard the term “plane polarized," frequently used in optics, in favor of 
the tern i sed by rad o eng neers 
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Unless $ = 0, x the vector representing the resultant intensity will rotate. 
Consider for instance the case d = — v/2 when the two component inten- 
sities are in quadrature; then 

A. = Ei cos ut, &y = E<> sin to/. 


At / = 0, the electric vector is along the positive v-axis; at / — T/ 4, where 
T = 1// is the period of oscillations, the vector is along the jy-axis; at 


t = Tj 2 the vector is along the neg- 
ative -Y-axis. As the vector rotates, 

Y 

its magnitude changes. The locus of 
the end point of the vector is found f 
by eliminating t from the above / 

/\ C ° t \ 

equations V 

i V 

Er El 


This equation represents an ellipse p IG g g_ gUip 

(Fig. 8.8) whose semiaxes are E\ and 

•tie polarization. 


E 2 . The wave is said to be elliptically polarized ; it is circularly polarized 

if Ei = E 2 . 


If i? = v/2, the ellipse of polarization is exactly the same but the vector 
rotates clockwise instead of counterclockwise. This polarization is said 
to be left-handed as distinct from the right-handed polarization in the pre- 
ceding example. If in the right-handed polarization the electric vector is 
represented by the handle of a corkscrew, then as the vector rotates the 
screw advances in the direction of wave propagation. For values of 
other than ±90°, the wave is still elliptically polarized but the axes of the 
ellipse do not coincide with the coordinate axes. 

So far we have considered the electric vector in the plane z = 0. For 
z > 0 the amplitudes of both components of E are multiplied by e~ <lz and 
the ellipse becomes smaller; the phases of both components are retarded 
by /to but this simultaneous retardation does not affect the orientation of 
the ellipse. 

The magnetic vector describes another ellipse. In nondissipative media 
H is evidently perpendicular to E at all times; but in dissipative media 
this is not the case. When P = 0 or 7r, the E-ellipse and the //-ellipse 
degenerate into straight lines and the wave becomes linearly polarized. 

8.3. Wave Impedances at a Point 

In an orthogonal system of coordinates the components of the complex 
Poynting vector are 

Pu = \{E v Hi ~ E W H*), P v = \(E W H* - E u Ht), 

P w = \{E U H* - E V H*). 
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The real part of each component represents the average power per unit 
area flowing parallel to the corresponding axis The following ratios are 
defined as the v,au impedances at a typical point looking in the directions 
of increasing coordinates 


zi-§=, zJ. 

«• -%■ 



Eu 

H a 


The wave impedances looking in the directions of decreasing coordinates 
are defined by a Similar set of equations 



The u component of the Poynting vector becomes 
Pu = | (Z+HJi* + Z+H V HZ) « 

the remaining components are obtained by cyclic permutations of u, a, xs 
The algebraic signs in the definitions of the wave impedances have been so 
chosen that, if the real part of any given impedance is positive, the corre 
spending average power flow is in the direction of the impedance 

We have seen that the impedance concept plays an important part in 
transmission theory, but the general formulae of the preceding chapter 
have been obtained for simple transmission lines having only one imped 
ance in a given direction At a junction between two simple transmission 
lines two variables V and / must be continuous and the reflection coeffi 
cients depend on their ratio Transmission theory of this type can he 
extended to a transmission line with two transmission modes when there 
axe four variables V\ y l\ and V 1% which must satisfy continuity requ re- 
men ts at a junction The resulting formulae are so complicated that it is 
doubtful if they would actually save labor in solving problems At any 
rate, until a sufficiently large number of problems involving such two-mode 
transmission lines arises, it is preferable to treat each individual problem by 
itself, particularly since in many practical problems double mode lines can 
be approximated by two nearly independent single mode lines In con 
sidenng waves in three dimensions the situation is in general vastly more 
complex For a general wave the wave impedances are point functions 
and no advantage is derived from their introduction , one mighc just as well 
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deal with the actual field intensities. But let us suppose that two imped- 
ances Z uv and Z,. u , for example, associated with a given wave, are inde- 
pendent of the tt and o coordinates; then in effect we have a double mode 
transmission line. If at any surface w = xvq the properties of the medium 
are suddenly altered, the four tangential components have to satisfy con- 
tinuity conditions at one point only — the continuity conditions elsewhere 
are automatically satisfied as soon as they are satisfied at this point. The 
amplitudes of the reflected and transmitted waves will depend on the 
associated wave impedances. If, furthermore, the two wave impedances 
in the same direction are equal 




-ffu _ Eu 

ir > '-‘w ~ tt 

tl \D ±1 1 > 



with the corresponding set for the impedances looking in the opposite 
directions, then the transmission theory of the preceding chapter can be 
applied in full. E u , H v , Z£ and E v , — //„, Zj form right-handed triplets. 
It is not necessary that all the wave impedances should satisfy these equa- 
tions. If we are concerned with reflection of waves at the surface w = w 0 , 
only Zj and Z,7 need exist and be independent of the u and v coordinates. 
Likewise, we are concerned only with Zt and Z~ when considering reflec- 
tion at the surface u = no- 


8.4. Reflection of Uniform Plane Waves at Oblique Incidence 

In considering reflection of uniform plane waves falling at an arbitrary 
angle on a plane interface between two homogeneous media (Fig. 8.9) 
it becomes necessary to distinguish 
between two orientations of the field 
vectors: (1) the case in which H is 
parallel to the interface, (2) the case 
in whichE is parallel tothe interface. 

The impedances normal to the inter- 
face are different in the two cases.* 

If neither E nor H is parallel to the Fio. 8.9. Reflection of uniform plane waves 
interface, the wave is resolved into incident obliquely at a plane boundary; H 
, , - - is parallel to the boundary, 

two waves, one having the first of 

the above properties and the other the second. This resolution is always 
possible since the E-vector for example can be resolved into two compo- 
nents, one parallel to the interface and the other in the plane of incidence , 
that is in the plane determined by the wave normal and the normal to the 
interface. The second component is along the line of intersection of the 
equiphase plane and the plane of incidence. The component of H associ- 

* For a general orientation the impedance normal to the interface does not exist. 
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ated with this component of E is perpendicular to it and to the wave nor. 
tnal, therefore this H is parallel to the interface 
First we shall assume that H is perpendicular to the plane of incidence 
and hence parallel to the boundary between the two media, in Fig 8 9 
the positive direction of H is in the positu e ^-direction (toward the reader) 
The angle 9 between the wave normal and the normal to the boundary 
is called the angle of incidence In radio engineering its complement 
— <3 is frequently used The equations for the incident wave are 

E ~ Eof-", H -= Hoe"', E 0 =* 

where Eo, Ho are the field intensities at O and j is the distance from 0 along 
the wave normal In cartesian coordinates we have t ~ y sm d — z cos t>, 
and 

H, — E t — Eo cos de~*', E, = £ 0 sin 0e~°', 

thu* the equations for the incident wave may be written in the following 
form 

H, - H 0 e~ T v v+ r,, ) £„=■£(, cos dr T +* T +, 

£* = Eo sm Oe T, = f sm d, I\ - a cos 6 (4-1 ) 


These equations may be interpreted as the equations of propagation 
of a phase-amplitude pattern, given by r~ r s v , in the negative z^hrection 
with the propagation constant T, The impedance m the direction normal 
to the interface is 


Z. 


£„ Eo cos 0 

Tr.-~nr 


Let the impedance looking into the second medium be Z If Z is equal to 
ij cos i?, the boundary conditions are satisfied by the incident wave and no 
reflection takes place, otherwise a reflected wave originates at the inter 
face If Z is constant throughout the interface, the phase amplitude 
pattern of the reflected wave, in a plane parallel to the interface, must 
be the same as that of the incident wave or else the resultant wave cannot 
satisfy the boundary cond tions over the entire plane Thus for the re 
fleeted wave we have* 


HI - ffe - r v’ f-r *' 


£J= — 

g + tut dz 


= E'„e~ T * v ~ r *' , 


•See equations (4 12 16) which connect H,, E, and E, 
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where the tangential E} and the normal E T n are 

El = - = - (77 cos 6)H r , E' = = ( v sin 0)H r . (4-2) 

g + sue g t >soe 

That the propagation constant is the same (except for sign) in the positive 
and negative 2 -directions follows from equation (4.10-3). The impedance 
looking in the positive 2 -direction is 

E r 

Zt = — zp = v cos t? = Z-; 

HI 

hence by (7.13-3) and (7.13 — 4) the reflection and transmission coefficients 
for the tangential components are 


H’ 

7J COS t? — Z 

1c, 

El 

z - 

7 ; COS 7? 


T\ COS t? + Z ’ 

Eo COS 7? 

z + 

77 COS 7? 5 


2tj COS 7? 

Pe, 

E‘ 


2Z 


7) COS 7? + Z ’ 

Eq COS 7? 

~ z + 

77 COS 7? ’ 


For the normal components we have from (1) and (2) 

7 ? sin t )H r 

1e„ = 7 - " • , - „ • a tj ~ in, Pe„ — 1 + qE n ~ pa- 

xio sin u 7) sin u ii q 

The reflected wave is evidently a uniform plane wave moving in the direc- 
tion making an angle with the 2 -axis which is equal to the angle of incidence. 
This angle is called the angle of reflection. 

If die .vy-plane is a perfect conductor, Z = 0 and the magnetic intensity 
is doubled at the plane. The normal component of E is also doubled but 
the tangential component is reduced to zero. Except for its direction 
the total electric vector of the reflected wave is equal to the incident electric 
vector. 

If the medium is nondissipative and if Z is real and less than ij, there 
exists an angle of incidence i?o for which the impedances are matched 

Z = 7 ? cos t?o, 

and there is no reflection. This angle is called the Brewster angle. If 
the absolute value of Z is less than that of 77 , we can find an ancle t?n for 
which 

| Z | = | 77 | cos t ? 0 or cos t ? 0 = 

For this angle the absolute values of the impedances are matched, the am- 
plitude of the reflection coefficient is a minimum, and the phase of the re- 


Z 
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flection coefficient is ±90° This angle is called the pseudo " Brewster 
angle, however, we do not find it necessary to distinguish between the two 
cases and shall refer to either angle as the Brewster angle 
If the medium is nondissipative and if the xy plane is a perfect conductor, 
the total magnetic intensity is 

H, - fifor* ■» ' "* 4 + r = 2H 9 cos (fix cos 4 

The equiphase planes are normal to the xy plane and they trarel parallel to 
it with the phase velocity o„ — c/sin i3 The components of E are obtained 
either by adding the incident and the reflected components or directly 
from (4 12-16), thus 

E t - 2tnH<i cos 8 sin (fix cos 8)r' e > "* 4 , 

E, “ 2ij//q sin «> cos (fiz cos 8)e~' fv * ut 
The wave impedances associated with the total wave are 

Z+ — if s n 8, Z$ *= — ii) cos 8 tan (fiz cos 8) 

The impedance looking in the z direction is imaginary and on the average 
there is no flow of power in this direction 



o v 

Fic 8 10 Oblique me dence F is parallel to the boundary 

If the electric vector is parallel to the xy plane and the magnetic vector 
is in the plane of incidence (Fig 8 10) then for the incident wave we have 

£. - H, - - ^cos J,- r -> +r “, 

H, = - — sin 8 e z ~ „ v sec d 

V 

The impedance associated with the reflected wave ts also »i sec 8 Thus 
we obtain the following reflection and transmission coefficients for the 
tangential components of E and H 

_ ^ *~ V sec i f V sec 8 ~ Z 

9e Z + i) sec 8’ 9s ‘ i) sec 8 + Z * 


Ps 


2 Z 

Z + r) sec 8 


PH ~ 


2f) sec 8 
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For the normal component of H we have qg n — <]e> Ph„ — Pe • It is 
now evident that the reflection coefficient depends on the state of polari- 
zation. The impedance Z- is never greater than 7 ? when H is parallel to 
the .yy-plane and it is never smaller than ij when E is parallel to the tfy- 
plane. When the angle of incidence t? is nearly 90 degrees, the component 
of E parallel to the yy-plane is very small for the polarization in Fig. 8.9 
and hence the impedance is also very small. No matter how small Z may 
be, for angles sufficiently near 90 degrees the impedance associated with 
the incident wave will be much smaller than Z so that the total H and the 
total normal component of E will nearly vanish at the .yy-plane, while for 
most values of 0 these quantities are nearly doubled. On the other hand 
for the state of polarization shown in Fig. 8.10, it is the component of H 
which is small when t? is near 90 degrees; the wave impedance is then very 
large. If Z is smaller than tj, then Z is smaller than Z 2 for all angles of 
incidence; and as the angle of incidence increases, reflection only becomes 
more nearly complete. 

The preceding equations apply either to the special case in which the 
medium below the plane is homogeneous or to the more general case in 
which the medium below consists of homogeneous layers with their 
boundaries parallel to the Ary-plane. Let us now consider the special case 
in detail. For the wave below the .yy-plane the propagation constant 
Yy in the direction parallel to they-axis must be equal to the corresponding 
propagation constant in the upper medium or else the tangential E and H 
cannot possibly be continuous everywhere; thus 


7 V = r„ = a sin tf. (4-3) 

Since 7 * = T* = 0 and since 7* + Tv + 7 2 = g 2 , where a is the propaga- 
tion constant characteristic of the lower medium, we have 


Y : = v <7 2 — <r 2 sin 2 1 ?. 


If both media are nondissipative, equation 
(3) may have another interpretation besides 
the obvious one that the velocities along the 
y-axis of the wave above the Ay-plane and of 
that below it are the same. Let us assume 
that the transmitted wave (or the refracted 
wave in the terminology of optics) is a uniform 
plane wave and that the angle of refraction is 
(Fig. 8.11); then just as in the case of the 
incident wave we have 


Fig. 8.11. Angles of inci- 
dence, reflection, and refrac- 
tion. 




(4-5) 
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and equation (3) becomes 

. sin 9 

jS sin 9 =« fi sin 9 , or ^ ^ 


6 __ ^ 

0 Vit ’ 


(4-6) 


that is, the sines of the angles of incidence and of refraction are propor- 
tional to the characteristic phase velocities of the media 

When a wave passes from a medium with higher characteristic velocity 
into a medium with lower velocity, the equiphase planes tend to become 



Fio 8 12 Refraction of waves 
pass ng from a medium with 
high characterise C velocity 
into a med um with low 
velocity 



Fio 8 13 Conditions exist 
mg when the angle of inci- 
dence is equal to the angle of 
total internal reflection 


more nearly parallel to the interface (Fig 8 12), in passing the other way, 
they tend to become more nearly perpendicular to the interface This 
means that if v < 6 or'V / p7 > V^?, there will exist an angle of incidence 9 
for which the angle of refraction is equal to 90 degrees and the equiphase 
planes in the lower medium are normal to the interface (Fig 8 13) This 
critical angle of incidence is called the angle of total internal reflection be 
cause, as we shall presently see the wave is completely reflected Setting 
i? = 90® in (6), we obtain 


For this angle the propagation constant y, in the lower medium vanishes 
since in the present nondissipative case we have 


y, = 10 C03 9, cos = 

For 9 < 9, 7, is imaginary and the angle of refraction is real, but for 
9 >~9, y, becomes real and the eautphase planes become normal to the 
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interface. The field in the lower medium is then attenuated exponentially 
with the distance from the interface, which indicates that the average flow 
of power across the interface is zero. Since the free space wave velocity is 
higher than the wave velocity in any other dielectric, the phenomenon of 
total internal reflection can always occur at a boundary between free space 
and a dielectric when the incident wave is in the dielectric. In the case 
ot water and free space jS = 9$ and t? = 6° 23\ When i? is sufficiently 
greater than 6 , y z is given approximately by 

. . 1- sin t? . 

7z = P sin t? = , y z \ = 2- sin t?. 


For short waves the attenuation becomes substantial. 

We have seen that if the incident wave is uniform, the reflected wave 
is also uniform; on the other hand, the transmitted wave is not necessarily 
uniform even in the special case of nondissipative media. 

The foregoing properties of transmitted waves are independent of the 
state of polarization. This state has to be specified if the values of the 
transmission and reflection coefficients are sought. Let us start with 
the case in which H is parallel to the boundary. Inasmuch as the wave is 
generally nonuniform we shall write our equations in terms of the propaga- 
tion constants y v and y . and use the “ angle ” of refraction 3 only for the 
sake of attaining formal symmetry in the results. We simply define the 
complex angle 3 by the following equations 

y u = v sin 3 , y z = o- cos 3 , 

whereas the propagation constants themselves are given by (3) ar.d (4) in 
terms of known quantities. For the transmitted wave we then have 


Hi = 

Hence we have 


E u = 


Tr 


s ■ 


:H* E. = 


r v 


Jcot 


£ + icoe 


Z Hi. 


= 


Yr 


7v 


• , ■ Z ~ V COS 3 , = 

g + w toe 


■q sin %}. 


These expressions are of the same form as for uniform waves except that 3 
is no longer real. We now let Z = Z7 and obtain 


1 H 


cos d 

— Tj COS 

3 

1 - 

k 



_ 

V 

COS t? 

+ ij COS 

1 = 

= I 4- 

k> 

lE t 

= ~ 9 B, 

■ft „ 


2i? 

COS 1? 


2 




VB 

V 

COS t? 

+ v cos 

~3 ~ 

= 1 4- 

~k 5 


= 

f)r> 


n 

A 

cos t? 


2 k 


PE n 



V 

cos 

4- ij cos 

3 ~ 

" 1 + 

it* 

= PH, 


(4-7) 
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where h is the following impedance ratio 
ij cost? 

From (3) we have 

, » sin 3 

» sm i = a sin o, ~ : 

a sin i? 


If both media are nonmagnetic {or, more generally, if they have the sami 
permeabilities), then 

fl a sin i? 
if u sin i? 


Substituting m the above equations, we have 

_ aln ^ ~~ sm 2J ^ sin (i? — 3) cos (t? 4- 3) tan (t? — i?) 

qB sm 26 + sm 2 $ coT^T— tan +- 6) ’ 

2 sin 26 sin U 

pN sm 2i? + sin 23 cos («? — i?) sin (t> + 3) ’ 

2 sm 2 3 sin 2 3 

P B sm 2i? + sin 23 cos (i? — 3) sin (i? + 3) 

If the £ vector is parallel to the tnterjoce between the two media, then 
using {4 12-15) we have 


K = Hi - - E*„ Hi**-— .El, 

lUft tup 

2? *= — ~ =■ v sec S, 2t = *« fj esc 3, 

■y* ty 

and the impedance ratio becomes 

k v sec 3 _ fj cos i? 

^ sec t? i) cos i> 

Expressions (7) for the reflection and transmission coefficients in terms of 
the impedance ratio k are, of course, independent of the state of potanza 
tion For nonmagnetic media the above equation becomes l = tan 3 cot 6 
and the coefficients assume the following special form 

_ si 11 (£ ~ <0 _ 2 sin i? cos «? 2 sm t? cos 3 

q * ~ sm (3 + 1?) ’ p * ~ sin {3 + «?) * pBl = sin (3 + «?) 

The expressions involving the angle of refraction 3 are convenient if 
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this angle is real; otherwise in actual computations it is best to eliminate 
it with the aid of the defining equation 

I o^~. 

COS t? = yl 1 — 72 S ’ n2 t? ' 

In the case of wave propagation over a plane ground the absolute value 
of a is considerably smaller than the absolute value of $ and the above 
equation becomes approximately 

<r 2 

cos 3 1 — —a sin 2 t? ^ 1 . 

2ff 2 


The accuracy of this approximation may be gauged by expressing the ratio 
of the squares of the propagation constants in the following form 


* 2 A /, A 

— 2 = ArCr ~ «60/i r |X = Mrtrl 1 ~ Qj > 


where £ r , are the permeability and the dielectric constant of ground 
relative to free space and 0 is the Q of the ground. For the actual earth 
c r is often greater than 10 and then cos 3 will not deviate from unity by 
more than 5 per cent and the impedance looking into ground is substan- 
tially JJ. 

The intrinsic impedance of the ground is usually smaller than that of 
free space and the ratio of the two impedances is 



It is only if the relative permeability of the ground is higher than the rela- 
tive dielectric constant — an unlikely case — that this impedance ratio 
may be greater than unity. 

When the E-vector is parallel to the ground the ratio of the impedances 
normal to the ground is approximately 

k — - cos 
v 

The amplitude of k is substantially less than unity even at normal incidence 
and becomes very small indeed as t? approaches 90 degrees; hence as the 
angle of incidence increases the amplitude of the E-reflection coefficient 
steadily approaches —1. 

On the other hand if the //-vector is parallel to the ground, the impedance 
ratio is 

k — - sec d. 
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When & is small, the amplitude of k is less than unity, but near grazing 
incidence it becomes very large The amplitude of k is unity when the 
angle of incidence is approximately 

co. * - N - MWJ' + 

171 

This is the Brewster angle, at this angle of incidence the amplitude of the 
reflection coeflic ent is minimum and the phase is ±90° At this angle if 
the ground were nondisupative the wave with the H vector parallel to the 
reflecting plane would not be reflected at all For high angle waves 
(t? 4C (?„), k is well inside the unit circle and H as well as the normal com 
ponent of £ may be almost doubled, but for low angle waves (i) S> t? 0 ), 
k is well outside the unit circle and these components are nearly annihilated 
In the latter case the tangential component of E is nearly doubled, but 
this component is small to begin with Thus near grazing incidence the 
entire field at the ground is nearly annihilated by the reflected wave 
8 S Uniform Cylindrical Waoei 

A wave is cylindrical if its equiphase surfaces form a famdy of coaxial 
cylinders, it is uniform if the amplitude is the same at all points of a giver 
equiphase surface Choosing the axis of such waves as the z axis, and 
assuming d/d<? =» 0, d/dz = 0 in the general equations, we have E, «= 0, 
H, =» 0, and 

- mpH, | (pH,) - fr + /».>&, (S 1) 

~ (,£„)--» **wH» + (5-2) 


Thus uniform cylindrical waves are transverse electromagnetic and they 
may be of two types (1) waves with the E vector parallel to the axis 
(2) waves with the H vector parallel to the axis 
If H v is eliminated from (1), we obtain 


tfE, dE, 

P dp * + dp 


- * 3 P E' = 0 


This is the modified Bessel equation of order zero, with the independent 
variable trp, and it has two independent solutions 

Ef(p) = v/Ao(<rp), E,{p) = Blalpp) 

By (3 4-8) we have at great distances 



(«) 
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this function vanishes at infinity while the second solution becomes ex- 
ponentially infinite. Thus Ef(p) represents an outward bound wave. 
For large values of p it is very similar to a plane wave except that the 
amplitude is steadily decreasing, as indicated by the factor p~ 1/2 . While 
the first solution is infinite at p = 0, the second is finite for all finite values 
of p; hence it is appropriate for source-free regions for which p < a. 

The H - wave functions corresponding to (3) are obtained immediately 
from (1); thus 

Ht(p) = - - *1 M, x;(p) = -h (ap). (5-4) 

V V 


From (3) and (4) we obtain the radial impedances 




Kq (up) 
Ki{cp) ’ 


= V 


-foQrp) 

/lH' 


(5-5) 


4 , 


Equations (1) apply either to cylin- 
drical waves in an unlimited medium 
or to waves between two perfectly 
conducting planes perpendicular to 
the E-vector. Let one of these planes 
be z = 0 and the other z = h. If 
V is the transverse voltage from the 
lower plane to the upper (Fig. 8.14) at 
a distance p from the cylindrical axis and if I is the total radial current in 
the lower plane, then V — hE z , I = — 2tt pH The second equation can 
be derived in several ways. Thus the outward radial current 7(p) is equal 
to the downward transverse current inside the cylinder of radius p; since 
this transverse current is equal to the magnetomotive force, we have the 
desired equation. Substituting in (1), we have 


Fic. 8.14. Two parallel conducting 
planes supporting uniform cylindrical 
waves whose axis is OZ. 


= -iccLI, 

dp 


dj_ 

dp 


= - (G + ia ,C)F, 


where the distributed constants per unit length of the “ disc transmission 
line ” are 

ph h rgp l-Ktp 

l = 2 7 p ' g = ~T’ c = ~- 


Since the electric lines are straight lines normal to the two planes, we 
could have obtained G and C directly by considering the conductance and 
the capacitance between annular rings of width dp, one in each plane, and 
dividing the result by dp. The inductance per unit length along a radius 
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could be similarly obtained from the magnetic flux passing through the 
rectangle ABCE) shown in Fig 8 15 and letting AB = dp 
For the wave impedances of the disc transmission line we have 


K+ = 


I + (p) 


hE+ 

2 rpH* 


2 »p 


2+ 


K~ 


r z; 

2irp 


The complex power earned by a progressive wave traveling outward is then 
¥ + = $K + II* The wave E , , H, is not progressive, it is stnctly station 
ary when the medium is nondissipative If the medium is homogeneous 
within the c) tinder of radius p, the radial current in the planes must vanish 
at p » 0, hence the disc line must behave as electrically open at p = 0 
and the energy will be completely reflected Some energy will travel 


ftr QZD 

o A 0 p El ~ 

FlO 8 IS Illustrating tie- FlC 8 16 A section of 

meniary derivation of tranv an infinitely long wire 

Tnuanon tqumwis (cn wa 
form cylinilncal waves. 

inward only if the medium is dissipative or at least if a dissipative wire 
connects the two planes along the axis The wave functions (3), each 
corresponding to a homogeneous region seem to be more suitable for prac 
tical purposes than other possible sets If the region is homogeneous and 
source free only between two cylindrical surfaces p ~ a and p = b, then 
the field is expressed in terms of both wave functions The complex power 
flow in the stationary wave is <!f~ - \K~II* These expressions for the 
complex power represent the total power flow across a cylindrical surface 
between two parallel planes The radial flow per unit area depends on 
the radial impedances (S), thus 

* + - 'if- - 

There is another aspect to K + and k~ Consider an infinitely long wire 
and let an electric intensity £, be applied uniformly round the surface of 
the wire (Fig 8 16) Let I be the<urrent in the wtre in response to E, 
If E~(p) and E*(p) are respectively the field intensities in the wire and 
outside it, then 

E. = £-(«) - £*■(«) 

The intensity driving the return current, external to the wire, acts of course 



WAVES, WAVE GUIDES AND RESONATORS — 1 263 


in the direction opposite to the intensity driving the current in the wire. 
Dividing by /, we have 


Ei 

I 


E~(a) -£+(«) 

/ + / 


= 2 ,- + 2 e , 


(5-6) 


where Z, and Z c are respectively the internal and the external impedances of 
the wire per unit length; they are equal respectively to K~ fh and K + /h. 

We shall now consider the numerical magnitudes of the impedances under 
various conditions. If the frequency is so low that | era ] 1, then we 

take the first two terms of the power series for the /-functions and at p = a 
we have approximately 


z~ p is + iut ) a 


+ \iupa, K = 


+ 


iufih 


(g + iut)ira 2 8x 


If e = 0 or if (tie can be neglected in comparison with g, then 
K~ = R + mL, R = , L = ~ . 

gtrcT oTT 

Thus we have the low frequency resistance and internal inductance of a wire 
of radius a and of length h. If on the other hand g — 0, then 

c= iT’ < 5 - 7) 


and we have an expression for the low frequency capacitance of a capacitor 
formed by two parallel circular discs of radius a separated by distance h. 
Inasmuch as these expressions have been obtained on the assumption that 
the electric lines are normal to the metal discs, in practical applications of 
(7) we must assume that h is small compared with a\ then the formula 
furnishes an approximate value for the “ internal capacitance ” of the two 
discs. The external capacitance between the outer surfaces of the discs 
is more difficult to calculate; but it is, of course, considerably smaller 
than the internal capacitance. 

When | era \ 1, the outward looking impedances (in a nondissipative 

medium) become 


2 

x arj 


= tuna (log h 0.116) 4- 

2tt« X 


The external inductance depends on the frequency and becomes infinite at 
/ = 0; but the external impedance vanishes at/ = 0, 
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At high frequencies in good conductors wc obtain from the asymptotic 
expansions of the modified Bessel functions the following expressions 



A+ = — - K~ ~ -1 

lira 4yiru* ’ 2 t«j 4gira 2 

Since in this case ij = 91(1 + ») the high frequency resistances of a wire of 
radius a and of length h and of a metallic conductor extending to infinity 
m the radial direction are respectively 


&& h „ £KA h 

2 TO 4 gttP ’ 2 va 4irga i 


The inductive reactances are equal in magnitude to the first terms in these 
formulae 

The exact expression for the internal impedance per unit length of a 
conducting wire is 


2 a 

i 2 ra 2ral t (va) 


(5-8) 


The phase of a is 45* and, in order to separate the real and imaginary parts, 
the following auxiliary functions are introduced 

f 0 (W7) ** ber u + t bci u 


The power senes for these functions can he readily obtained from the power 
series for the I functions, thus 

. „ _ f hv; . „ f i-Fu 4 *' 

Hence if we let u = uVuag in equation (8) and separate the teat and 
imaginary parts, we obtain 

Z,(f) «[ber u bei' u — bei u ber' u] tt[ber u ber / u + bei u be/ u] 
2,(0) “ 2[(ber « )* + (bti «)’i + ’ 2[(ber' «)■ + (be. »)’] ’ 


where Z,(0) is the d-c resistance of the wire The ratio of a c to d-c re 
sistance is represented by the solid curve in Fig 8 17, the dotted curve 
represents the ratio of a-c reactance to d-c resistance 
Let us consider the field external to an electric current filament of rcdius 
a For the magnetic intensity at distance p we have 


HM = 


IXxWp) 

2*affi(ff<i) 


(<v) 
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The electric intensity is 

E : ( P ) = -Zt(p)H v ( P ) = - 


r]IK 0 (<rp ) 


iciipl 


1iraK\ ( ca ) 27 r 

When <rp is small, then the field is approximately 
/ 


K 0 {ap). 


H,f(p) = ~ , E : (p ) = ~~ (log <ip - 0.116); 

and in nondissipative media we have 

E Z { P ) = - WZ ~ (log ~ + 0.116^ . 



Fig. 8.17. “ Skin effect ” in cylindrical wires. The solid curve represents the ratio of the 
a-c resistance of the wire to the d-c resistance and the dotted curve the ratio of the a-c 
reactance to the d-c resistance. The parameter u — a\r'upg. 


Thus the magnetic intensity is in phase with I and it varies inversely as 
the distance from the axis of the wire. The electric intensity has a con- 
stant component 180 degrees out of phase with the current and a component 
in quadrature with I which varies logarithmically with the distance. At 
large distances in nondissipative media the amplitudes of both field inten- 
sities vary inversely as the square root of p (see 3.4-8) 


EM = - 


2 7r \2 i0p 


2V\p 1 


HM = - 


EM 


J e —’Pp+'*l 4 

2\/\p 


(5-9) 


v 
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Let us now consider an infinitely long and infinitely thin plane strip 
of width i, carrying a uniformly distributed current I Assume that the 
strip is in the w-plane and that its axis coincides with the s-axis The 
density of the electric current is J* ~ I/s Let E,(x,x) be the intensity 
produced by an infinitely thin filament passing through the point (*00) 
along the line (x,0,2), then 

The intensity E,{x) due to the current in the entire strip will be 

~ 1 f Eafo*) dx 

The average value of this intensity over the strip is then 

E„ - p j’' 7 dx J n £.(*,*) dx (5 10) 

Therefore the average external impedance per unit length of the stnp is 

- - t - i * - * o-“i 

If i is small,* then the average value of the double integral is given by 
equation (3 7-8), hence 

Z. - W + If (lo« * - 0 222) - a + s (log * - 0 222) (M2) 

If now a plane wave strikes a perfectly conducting stnp of the above 
dimensions, the approximate current in the strip will be I = Eo/Z, The 
distant field of this current is then obtained from (9) The electric in ten 
sity, for example, is 



where E 0 is the intensity of the incident wave This is the field scattered 
by a narrow perfectly conoucting strip In optics this field is called the 
field dtffrocud by the stnp If the stnp is not perfectly conducting we 
should add its internal impedance to Z, and then compute the induced 
current 

* Rememoenng that this means fh is small compared with unity 
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8.6 Cylindrical Cavity Resonators 

Consider a perfectly conducting cylindrical box of radius a (Fig. 8.18) 
and assume that the medium inside is nondissipative. An electric disturb- 
ance, once started inside this box, will continue indefinitely since no energy 
can escape through the conducting walls. Thus 
there may exist free oscillations similar to those in 
a simple circuit containing an inductor and a ca- 
pacitor or to those in a transmission line short-cir- 
cuited at both ends. Even in the latter case 
there are infinitely many oscillation modes and Fig. 8.18. A cross-section 
corresponding natural frequencies; the box, hav- of a cylindrical cavity 
itig three dimensions, may be expected to have 

a triple infinity of oscillation modes. In this section we shall confine 
our attention to the particular oscillation modes in which the E-vector is 
parallel to the axis of the box and is independent of the ^-coordinate. 

In accordance with the preceding section we have 

E z = E/o(/Sp), = 

V 

Since E e must vanish on the boundary p — a, Pa must be a zero of J 0 (x) 
and 

0 n 

pa = -J- = 2.40, 5.52, 8.65, 11.79, • • •. 

The consecutive values differ approximately by 7r. For the mode corre- 
sponding to the lowest natural frequency we have 

2.40 

d = la = X = 0.764X, X = 1.31 d, 

7T 

where X is the wavelength characteristic of the medium. The correspond- 
ing frequency / is then o/X = 1 /xV pe. 

On the axis the electric intensity has the greatest amplitude and the 
magnetic intensity is zero at all times. In general £- and H v are in quadra- 
ture. The charge density on the bottom face of the cavity is q s = eE J 0 (Pp), 
and the total charge is 

q = 2«£ f p/o(0p ) dp = IMM ena 2 K 

Jo pa 

For the lowest mode this becomes q = 0.433ea-fl 2 E. On the top face we 
have an equal but opposite charge and there is no charge on the cylinder. 
The charge fluctuates between the top and bottom and the electric 
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current in the cylinder is 

V V 

For the principal mode (the lowest) in an empty cavity we have 
/ *8 65<tE = — i3J30\£ tmlUamperes 

The voltage along the axis is, of course, V — hE 
The energy content may be calculated by integrating thus 

/r - o issm’iP -oi3sz£t*-£l/r 

h 8jr 

For a given E the energy content is proportional to the volume of the 
cavity Incidentally if we were to use E/2 as the average value of E, and 
then assume E, to be uniform, we should find the numerical factor 0 125 
instead of 0 135 

We have seen that the maximum electric intensity is along the Jt-axis 
and, for the principal mode, it diminishes steadily and vanishes at p =* a 
The magnetic intensity vanishes on the axis and then increases, its maxi 
mum, however, is not at the surface of the cylinder It is the magneto- 
motive force that reaches a maximum there since the vertical d splacement 
current increases steadily with the radius The maximum occurs at a 
distance pi defined by /[(fipi) *= 0 The first root of J[ is 1 84 and there 
fore 

ffw - 184, 7 “0766 

If the walls of the cavity are not quite perfectly conducting, the above 
results become first approximations For good conductors the tangential 
component of E is small but not zero and the E/H ratio is equal to the 
intrinsic impedance v of the metal walls The principal correction con 
sists in taking account of the energy absorption by the walls since the 
teactive flow of energy in and out of the walls will constitute a negligible 
part of the total energy of the cavity The power JP i absorbed bv the 
two flat faces of the cavity is 

* - a r is e 

t/o 4?r A'V 4* 

The power JPj absorbed by the cylinder can be obtained without Integra 
-ion since the current in the cylinder is uniform and the resistance of the 
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cylinder is SUi/lira', thus 


ft o = 


SUiI 2 

4 ira 


The total power loss is then 

ft = ^-^1 + J 2 watts, or ft = O.8729vF 2 02 + 2-62 microwatts - 


Hence for the Q of the cavity we have 

aJY wpa 1 .20ij 

2 *( 1+ 0 *( 1 + 0 

In dealing with uniform cylindrical waves in nondissipative media 
bounded by two cylinders p — a and p = b, where b > a, it is more con- 
venient to employ the following wave functions 

£7(p) = MM, Et(p) = MMi 

vH~(p) = iji(pp), yHi(p) = /A r i(dp)- 

The fC-function which is more suitable for waves traveling to infinity is 
now replaced by the V-function which represents a stationary wave with a 
singularity at p = 0. The radial impedance looking from p = a to p = b 
may be obtained from (7.10-8); thus for a perfect conductor at p = b we 
have 

7 , , . Jo(MN 0 (M - N 0 (MJa(M 

pw lv Ji (MMM ~ Ki (MMM ' 


This impedance either vanishes or becomes infinite, according as 

MM _ MM Ji (M = MM 

N 0 (M N 0 (fib) ’ or Ni (M N 0 (M ' 


The first case corresponds to the natural oscilla- 
tions when there is another perfectly conducting 
cylinder at p — a (Fig. 8.19) so that we .have a tor- 
oidal cavity. The second case corresponds to a 
screen of infinite impedance at p = a; it approxi- 
mates a cavity with a small hole through the cen- 
ter of each of its flat faces (Fig. 8.20).. 

When a and b are large, the roots of the above 
equations are easy to calculate since the disc line becomes nearly uniform 
and in the first approximation b — a = X/2 (for the gravest mode, of 
course) in the case of the two conducting cylinders and b — a = X/4 in the 


Fig. 8.19. A toroidal 
cavity bounded by two 
coaxial cylinders and 
two parallel planes. 
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case of the one perforated cyl nder In this case only the small deviat ons 
from these values need to be calculated for this purpose the Bessel 
junctions are replaced bj their asymptotic expans ons 
Approximate formulae for the roots of (1) are avail 
able in books on Bessel functions 
When a and b are fa rly small which is the case for the 
principal oscillation mode it is more expedient to com 
Fic 6 20 A per pute the roots graphically The ratio fa(x)/N$(x) is 
forjtcd cyl "dries! pitted as a function of x This graph consists of 
an infinite number of branches and it cuts the x axis 
when x is a xero of J 0 and goes off to infinity when x is a zero of 1V 0 Then 
we pick pa rs (xipra) corresponding to the same ordinates and thus ohta n 
pairs of values of 0a and 0b which satisfy the equation Starting with 
0a *=0 and selecting the smallest corresponding value of 0b, we plot the lat 
ter against 0a Such a curve makes it possible to compute the dimen 
sions of the resonator or the resonant wavelength, as may be seen from 
Fig 8 21 In this figure 

. 2 ra . 2rb L b 

“ ” T' • *-;• 



and the curve is the locus of 

S(a2) - MWo$) ~ N 0 {a)J 0 (b) ~ 0 

Similarly the curve in Fig 8 22 is the locus of 

Uffil) - Nx(a)Ml) - Jd*)N 0 {l) - 0 


From this curve we can obtain data on the approximate resonant frequen 
cies of the cylindrical cavity shown in Fig 8 20 Thus the small holes do 
not affect appreciably the principal resonant frequency on the other hand 
a perfectly conducting cylinder, even if quite thin changes the resonant 
frequency by a substantial percentage However an infinitely thin wire 
does not affect the resonance conditions 
The radial impedance Z f (a) is positive imaginary if b is sufficiently 
small Assuming a capacitance sheet over p = a (Fig 8 23), whose radial 
capacitance is C f we shall have resonance when the sum of the two imped 
anccs vanishes 


This condition may also be expressed as follows 

Y f {a) + iciC, - 0, or iY,{a) = aC, 

Plotting iV/n) for d ffeient values of k =* bln we obta n the fim ly of 
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curves shown in Fig 8 24 and from these the dimensions of the resonant 
cavity can be determined for various values of C„ 

The radial capacitance of the sheet may be expressed in terms of the total 
internal capacitance C, as follows 



since the capacitances of unit areas round the cylinder admit more current 
for the same voltage and hence are in parallel while the capacitances of 
unit areas stacked longitudinally along the cyhndei 
are in senes 

After all types of cylindrical waves have been « 
amintd it will be obvious that, if A < h/2, the cavity 
shown in Fig 8 23 represents correctly a cylindrical 
cavity with a coavul plunger (Fig 8 25) The 
*cavity\n vaiu « c < » determined by fhe capacitance be 

ner cylinder is a capaci tween the base of the plunger and the base of the 
tance sheet and the cavity, including the fringing capacitance’ 
aeteTunpedance* latter may comprise a substantial fraction of 
the total capacitance C< 
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8.7. Solenoids and IF edge Transmission Lines 

We shall now turn our attention to the converse type of uniform cylindrical waves 
in which the magnetic lines are parallel to a given axis while the electric lines are 
circular. For this type the transmission equations are 
(5-2); these equations are similar to (5-1) and their 
solution can be obtained by analogy. Thus for the field 

intensities we have 

Hi{p ) = AKoiap), Hjip) = BI 0 (<rp), 

(7-1) Fig. 8.25. A cross-section 
_ of a cylindrical cavity 

Ep(p) = Ai}Ki(crp), £^(p) = — Bqlifap), with a coaxial plunger. 


and for the radial impedances 

yKi(<rp) 

Ko(ap) ’ 



Z~ P {p) 


vh(<rp) 
A> (op) ' 


(7-2) 


Comparing these expressions with (5-5), we find that the products of the correspond- 
ing radial impedances for the two types of waves are equal to the square of the intrinsic 
impedance; the radial admittances of the present waves are obtained if we divide 
the impedances of the other type by r?~. 

In nondissipative media, for small values of p = a, we have approximately 

Z p (a) = h'upa, Y"£(g) = iosea ^log — -f- 0.11 6^ — . 


For large values of p the outward looking impedance approaches 7] while the inward 
looking impedance fluctuates between — « and + w if the medium is nondissipative 
and approaches 77 otherwise. 

Consider now a circulating current sheet of density J v = / per unit length on a 
cylinder of radius a\ that is, a “ coil ” with one turn per unit length. The electric 
intensity is continuous across the sheet but the magnetic intensity increases by an 
amount J; thus 

£+(*) = £?(*) = -E, H~{a) - H+(a) = /, 

where E is the driving electric intensity. Dividing the second equation by the corre- 
sponding terms of the first, we have 

- = y+ 4- y- 

£ X P » 1 P* 


Thus the internal and external media are in parallel. For small values of a, Y~ is 
very much larger than V+ and we have substantially E = Z~ p J = liccpaj. 

For a solenoid wound on a cylinder of radius a, with closely spaced turns of fine 
wire, n turns per unit length, we have J = 11 I. If V\s the voltage applied to a portion 
of the solenoid of length /, then the voltage E per unit length of the wire is 
F/2-anl; hence V = icoZJ, L = fiiraVl. Thus we have the inductance of a solenoid 
of length / when it is a part of an infinitely long solenoid, or when the end effects are 
eliminated by bending the solenoid into a toroidal coil. In the latter case there exists 
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some curvature effect, of course, but one may expect it to be small if the rad us of 
the cross-section of the covl is small compared with the mean radius of the torus itself 
The equations of this sect on may be used in the solution of problems which have 
no apparent connection with soleno ds One such problem is that of the diffraction 
of plane waves by a narrow slit in an infinite perfectly conducting plane (Fig 8 16) 
We shall approach this problem by considering first a wedge transmission line 
formed by two half planes issuing from the same axis or nearly so (Fg 8 27) Let V 

H 
I 

Fro 8 26 A uniform plane Fie 8 27 A cross-section 

wave incident on a perfectly of a wedge by a plane 

conducting plane with an normal to the axis of the 

infinitely long narrow slit. wedge 

be the voltage impressed on th s line and let J be the input rad al current in the planes 
(per unit length along the axis) If the half planes terminate at distance p ■* a, then 
the input voltage is given by V *= -*paE,(a), where p is the wedge angle Hence 
the approximate input admittance per unit length is 

*•<''« <w> 

In Fig 8 26 the input admittance of each wedge line, one looking to the left and 
the other to the right is given by the above expression with ip =" v The two lines 
are in parallel and the total input admittance is Y ** (2iut/T)Ki(iffa) This expres- 
sion becomes more accurate as a becomes smaller For a finite slit of width j a better 
approximation to the input admittance is obtained by assuming a = |ar — S [ and 
averaging the admittance over the slit just as we have done in the case of a metal 
strip* Comparing the above expression with (5-11), and using (5 12), we obtain 
the following average value 

v - » + (v, ) - ora) - g + |(v« ) - o m) 

Consider now a uniform plane wave incident on a screen wi th a narrow slit through 
it and let E be perpendicular to the slit If there were no slit, the wave would be 
completely reflected and H would be doubled, electric current of density Iff would 
flow upward in the plane (Fig 8 26) With the slit present we should still have com 
plete reflection except in the region surrounding the slit The electric current be- 
tween the edges of the slit is reduced to eero and the voltage necessary to reduce the 
* See equat*on (5-10) 
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current density 2 H to zero is 


1H 

V= ~~Y = 


v\H 


it + 2/ 


(jog - s - 0.222^ 


(7-4) 


This is the counter-electromotive force produced by charge concentrations on the 
edges of the slit. 

Expressions (1) for ££, Hi to the right of the screen may be found in terms of the 
voltage V applied over half the circumference near p = 0; for in this neighborhood 
£+(pj) = — V/irpu Hence at all distances 


V KiWp) 

Ei(p) = „ ,. 0 — : = - — -KiWP), 

9 TTPl ATl(//3p l) 7T 

iRV 

H +( P ) = Y+{p)E+( P ) = - — KHifip). 

ITT) 


Substituting from (4), we have 

2 tHK 0 Wp) 

Hj(p ) 


}f e -tPr>+'rl* 


■k + 2; ^log * - 0.222^ ir + 2 i (jog * - 0.222^ 




as p ■ 


8.8. Wave Propagation along Coaxial Cylinders 

Consider a pair of perfectly conducting coaxial cylinders. If we apply 
a transverse voltage between these conductors we expect that longitudinal 
currents will be generated. If the voltage is so applied that circular sym- 
metry is preserved, we expect that the resultant field will be independent 
of the ^-coordinate. One such field is described by equations (4.12-8) 
and the other by (4.12-9). The first of these has no radial electric inten- 
sity; hence we need consider only equations (4.12-9). In section 6.11 
we have found that if E z vanishes on the surfaces of the cylinders but not 
between them, waves will travel along the coaxial pair only if the wave- 
length is comparable to the transverse dimensions. In Chapter 10 we 
shall deal with such waves in detail; but at present we are concerned with 
a type of wave propagation which is possible at low frequencies as well as 
at high frequencies. This leads us to assume that the wave is transverse 
electromagnetic ( E z = 0). Our equations now become 

“ = ~(s + — = -Koptfp, — ( pH v ) = 0. (8-1) 

The last equation implies that the magnetomotive force round any circle 
coaxial with the cylinders is independent of the distance from the axis. 
This is natural since in the absence of longitudinal displacement currents 
this magnetomotive force must equal the conduction current 7(z) in the 



276 


ELECTROMAGNETIC WAVES 




inner cylinder 


2t ptf* -/(*), = 


Substituting from (2) m (1), integrating from p = a to p = b, and intro 
ducing the transverse voltage f'(z) along a radius from the inner cylinder 
to the outer, we have 


- + «■*) 
log b 


Except at very high frequencies it is easier to measure voltages and currents 
than field intensities, and equations (3) are preferable to the original cqua 
tions (I) 

The propagation constant T and the characteristic impedance A are 



Thus the propagation constant is the same as for uniform plane waves and 
the characteristic impedance is modified only by a factor depending on the 
ratio of the radii If the dielectric between the cylinders is air, then 

K = 60 log^ =■ 138 !ogm- ohms 
a a 

The following table gives an idea of the order of magnitude of this imped- 
ance 

-= 1 5, 2, 2 5, 3, 3 5, 4, 5, 5 29 

K = 24 3, 41 6, 55 0, 65 9, 75 2, 83 2, 96 6, 100 

K increases very slowly with the ratio of the radn and it is impossible to 
obtain really high values in coaxial pairs of practical dimensions, never 
theless if b is infinitely large, K is also infinitely large and it is impossible 
to set up a wave of the present type on a single wire except with an infinite 
power properly supplied over an entire plane perpendicular to the wire 
By properly supplied we mean that most " of this power should be 
supplied at large distances from the wire The electric intensity E f is 
wverselj proportional to p and while the power carried by the wave per 
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unit area diminishes as p increases, an infinite amount is carried outside 
any cylinder of finite radius. If, for example, we break an infinitely long 
wire and connect its free ends to an electric generator, we should not expect 
to obtain a plane wave of the type here considered. 

It is evident from (1) that for two progressive waves E f = 

E~ p = —TjHp, and that consequently E p = 7?/(z)/2irp. In an air-filled 
roaxial pair we have E p = (60/p) /( z). 

If the conductivity of the coaxial conductors is not infinite E. does not 
vanish on the boundaries but it is so small that its effect on the magnetic 
field is entirely negligible. Thus, starting with the magnetic field as given 
in the above equations, we have 

&(*) = Z~ p (a) ~ , E z (b) = -Z+(b) £- b , 

where the radial impedances are determined by the properties of the con- 
ductors. The general picture of wave propagation along imperfectly con- 
ducting cylinders is that most of the energy is carried longitudinally by 
the wave between the cylinders and a very small fraction is diverted into 
the cylinders where it is traveling radially. 

The nonvanishing surface voltages E,(a) and E . (/>) modify the second 
equation of the set (3) which now becomes 

~ + E z {a) - E z {b) = -ZI. (8-4) 

The ratio of the voltage on the surface of the wire to the current in it has 
been called the internal impedance of the wire or the surface impedance. 
The latter name, particularly, conveys the idea that imperfectly conducting 
wires provide a surface drag on the wave between them. The surface 
impedances of the conductors per unit length are then 

7 7 _#(*) 

°° ~ lira 5 " 2 ri ’ 

and (4) becomes 

dV 

~J~ (Z a a + Z bb + Z)I. 

uZ 

The propagation constant and the impedance now become 

r = V(Z 0O + Z ib + Z)Y, K = yj z + z ™ + Zib . 

In practice the thickness of the outer cylindrical shell is usually small 
compared with its radius and the radial impedance may be computed from 
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i7$ 

the plane wave formulae, thus 2%{b) <= ft coth at, where t is the thickness 
of the shell and ft and a refer to the metal of the shell The surface imped- 
ance of the outer shell is therefore 


2m, = ~ ' coth it 


If the frequency is so high that St is Urge compared with unity, coth of is 
nearly equal to unity and 


2 » 


ft 

2rb 


( 8 S) 


where SI — V\r £ fli 13 the intrinsic resistance of the outer cylinder If 
on the other hand the frequency is very low and St is small compared with 
unity, then the surface impedance Ztt, = b/hthta = l/2ir btg is the d-c 
resistance of the shell For intermediate frequencies we separate the real 
and imaginary parts of coth St and obtain 

SI sinh 2 at -f sm 2 at 31 stnh 2 at — sm 2 at 

W 2*-^ cosh 2af — cos lot ’ U * h 2r b cosh 2at — cos 2 at’ 

where a *= ^ r if g is the intrinsic attenuation constant of the conductor 
It is evident that the surface resistance of the shell is a fluctuating func- 
tion of the thickness Thus, using coth at - coth ( at + tat), it can be 
shown that R will have a minimum value when of =< ir/2, f = v/la With 
this value of / we have coth St ■= tanh at, and consequently 


Z b „ 


9l(\+ i) , *- 0 9231(1 4- i) 

Trf' '” h 2 2 Ti — 


The resistance of this shell is actually lower than that of a thicker shell 
At one megacycle the optimum thickness for copper is about 0 104 mm. 
The optimum thickness is about 57 per cent greater than the skin depth, 
defined by equation (4 10-13) When the thickness of the shell is twice 
the optimum thickness, then coth at *= coth &t = coth ir « J 004 and fur 
ther increase in the thickness has a negligible effect on the surface imped 

The surface transfer impedance Z& is defined as the ratio of the intensity 
at the outer surface of the shell to the electric current when the current 
returns internally, or the corresponding ratio for the intensity at the inner 
surface if the current returns externally Thus if a part /„ of the total 
current I returns externally and the other part l b internally, then, in accord 
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ance with our definitions, we have 

E : {a) = ZaJa + Zablb, E z {b) = Z ia I a + Z b tJb- 

The transfer impedance is approximately 

A 

< ’ !> ba lir'Vab sinh crt 

The transfer impedance is important in computing fields external to the 
coaxial pair. Of course, such fields are very feeble; they are nevertheless 
significant in problems of interference or “ crosstalk ” between telephone 
transmission lines. The transfer impedance determines the series electro- 
motive forces induced in external transmission lines of which the outer 
conductor of the given coaxial pair may form a part. 

If a cylindrical conductor consists of coaxial homogeneous conducting 
layers in electrical contact, the surface self-impedances and the transfer 
impedance may be calculated step-by-step from the surface impedances 
of the separate layers by regarding these layers as transducers in series 
and using equations* (7.26-1). The rule for calculation may be sum- 
marized as follows: Let two conductors, each of which may be composed of 
coaxial layers, fit tightly one inside the other. Any surface self-imped- 
ance of the compound conductor equals the corresponding self-impedance 
of the conductor nearest to the return path diminished by a fraction whose 
numerator is the square of the transfer impedance across this conductor and 
whose denominator is the sum of the surface impedances of the two com- 
ponent conductors if each is regarded as the return path for the other. 
The transfer impedance of the compound conductor is a fraction whose 
numerator is the product of the transfer impedances of the component 
conductors and whose denominator is the same as that for each self-imped- 
ance. If two coaxial conductors are short circuited at frequent intervals 
the above rule holds even if the conductors do not fit tightly one over the 
other, provided we add to the denominators a third term representing the 
inductive reactance of the space between the conductors. 

At sufficiently high frequencies the surface self-impedances are given by 
the simple expression (5) even for compound conductors; only the intrinsic 
resistances of the layers nearest to the dielectric between the conductors 
need be considered. For most purposes we may ignore the effect of dissi- 
pation on the characteristic impedance. Likewise we may ignore the 
effect of dissipation on the phase constant and the velocity; thus the 

_ * The difference between the algebraic signs of Zi 2 and Z ab is the result of conven- 
tion with respect to the positive directions of h and A in one case and of /„ and h 
in the other; I x and A flow in opposite directions through the mutual impedance 
while /„ and 7j flow in the same direction. 
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propagation constant becomes 

r *= « +- tfi, 0 = uVm*, 


“~ScC + 0 + s W^ 


The last term in a is due to the conductivity of the dielectric 
A half wavelength section of a coaxial pair may be used as a resonant 
circuit The best way to short circuit the ends is with plane metal caps 
which completely separate the d electric between the conductors from exter 
nal space Power losses in the caps can be calculated as follows The 
cap is a coaxial transmission line in which metal takes the place of dielec 
trie, the characteristic impedance of this line is 


and its real part is the resistance introduced at each end by the short 
circuiting caps The effective resistance of the line itself is (X/4)(£X/2i ra 
+ £R/2 ri), since the sinusoidal distribution of current cuts the power loss 
in half as compared with uniform distribution The effective total indue 
tance t$ also cut in half 


X* . b 1 . b 


T K 
2u 


Thus the Q of the resonant section is 


The assumption that the field is transverse and circularly symmetric 
has led to the determination of a specific field distribution in a typical 
transverse plane, thus the electric intensity is radial and it varies inversely 
as the distance from the axis, the magnetic intensity is circular and it 
also varies inversely as the distance from the axis In order to generate 
this wave in pure form it is necessary, therefore, to apply a transverse 
voltage with its radial gradient varying inversely as the distance from the 
axis No assumptions have been made with regard to the frequency, at 
least when the cylindrical conductors are perfect, hence such waves can 
presumably be set up at all frequencies Imperfect conductivity restricts 
the frequency to some extent but not until we reach the ' optical fre 
quency range The terminal conditions are much more important Usn 
ally it is not practicable to apply the transverse voltage in the manner 
specified above, we can eontscA the total voltage Tmich mote readily than 
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its distribution. It is in the terminal conditions that the real frequency 
limitation is introduced. Unless the applied voltage varies inversely as 
the distance, other types of waves besides the one we have been considering 
will be set up. These waves are rapidly attenuated at frequencies below a 
certain critical frequency* and then they represent merely an end effect. 
For this reason the present wave may be called th v. principal or the dominant 
wave. But above the critical frequency these other waves will make them- 
selves felt just as far from the end of the line as the dominant wave and 
the character of transmission changes. 


8.9. Transverse Electromagnetic Plane W nves (TEM-waves) 

For transverse electromagnetic waves £, = //- = 0 and the electro- 
magnetic equations are considerably simplified; thus we have 

dE x dEy _ dHj dHy _ dEr _ dEjj dH f _ dHy _ 

dx dy dx dy dy dx ay dx 


so that either E or H or both may be derived from stream functions or from 
scalar potentials. The remaining equations are 


H 1 dEx 

iu>li dz 5 v ioifi dz ’ 

1 dHy 1 dH X 

g + iwt dz ’ y g + iue dz 


(9-2) 


While equations (1) impose restrictions on the field distribution in trans- 
verse planes, equations (2) govern the propagation of these transverse 
field patterns in the z-direction. Eliminating H y from (2) we obtain 


d 2 E * 

■w - 


(9-3) 


The other field intensities satisfy the same equation. Thus the propaga- 
tion constant of all transverse electromagnetic waves is equal to the intrinsic 
propagation constant of the medium. 

Consider now a progressive wave moving in the positive z-direction. 
The constants introduced in integrating equation (3) will not in general be 
independent of x and y, thus we may write 

£*= E 0 (xj)e~ a: , H„ = - E 0 (x,y)e~ az , E x = r\H y . 

V 

The critical wavelength is equal approximately to the mean circumference of 
the coaxial pair. 
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Hence the t vase impedance of all transverse electromagnetic waves is equal to 
the intrinsic impedance of the medium 
Since any cartesian component of either E or H satisfies the wave equa- 
tion, we have in view of (3) 


c?E, | cp-E, 

die 1 dy 2 


0 


Hence the distribution of electnc and magnetic fields in a typical trans- 
verse plane is governed by static field equations If we imagine a cur 
rent distribution conforming to a given electrostatic field pattern in two 
dimensions and if we assume that the current density is proportional to E 
and is a harmonic function of tune, then we shall obtain two waves traveling 
in opposite directions normal to the plane and the relative field distribution 
in all equiphase planes will conform to the assumed pattern 
The wave equation (4 10-1) imposts a restriction cn all exponential 
plane waves Thus if the propagation constant in the 2 -direction is I*, 
then the field distribution in a transverse plane must satisfy the following 
equation 


d 2 E, b 2 E. 
+ by 2 


(t 2 - T])E, 


Conversely if the field distribution satisfies this equation, the field pattern 
represented by it will be propagated in the s-direction and the propagation 
constant will be T, If we were to impress over a given plane transverse 
electric forces not satisfying the above partial d fferenttal equation for a 
constant value of a 2 - rj, then the field distribution over planes parallel 
to the plane of the impressed forces would not conform to the impressed 
field 

As we have already stated, the transverse electric field may be derived 
either from a potential or from a stream function Choosing the former 
method, we have 


\ E t «= —grad, V, E, • 
Substituting (2), we obtain 


*r E *y 

5x‘ * 9y 


(9-f) 


H x 


BP 


/f v = 


dp 

Bx* 


(9-S) 


where the stream function P is 


(9-6) 
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Except for a coefficient depending on z the stream function & has the same 
form as the potential V. Substituting from (5) in the last two equations 
of the set (2) and comparing with (4), we obtain 


V 


1 dV 
g + ictie dz 


(9-7) 


This and the preceding equation form the familiar set of transmission 
equations. 

Potential and stream functions are also solutions of the two dimensional 
Laplace’s equation and to any solution of this equation there corresponds 
a transverse electromagnetic wave. 


8.10. Transverse Electromagnetic Waves on Parallel Wires 
Equation (6.23-14) represents the stream function of two parallel current 
filaments carrying steady currents. In accordance with the preceding 
section it is also the stream function associated with transverse electro- 
magnetic waves along the wires. Thus substituting from (6.23-14) in 
(9-6) and (9-7) we have 


nP i log ar 

aP _tm pi a P2 dl 

dz 2v ^ p 2 3 2ir(|f -f iwe) dz ’ 


( 10 - 1 ) 


where p x and P 2 are the distances from the filaments carrying currents I 
and —I respectively. The cylinders u = log P 2 /P 1 = constant are equipo- 
tential surfaces. In cartesian coordinates their equation is 

(x — c coth k) 2 + y 2 = c 2 csch 2 tt. (10-2) 


Let two perfectly conducting cylinders be introduced along two of these 
surfaces, u = U\ and u — n 2 . We can remove the original filaments 
without disturbing the wave between the cylinders and will be left with 
a transverse electromagnetic wave along a pair of cylinders, either external 
to each other or one inside the other. Equations (1) apply to any line 
parallel to the cylinders. Let Pi and P 2 be the potentials on the cylinders; 
then the difference V = P\ — P 2 will satisfy the transmission equations 
in which 


£ = f(«i-«z), C = — — — , 

Z7T U\ — K 2 


G = 


_ 


(10-3) 


«1 — «2 

Let the distance between the axes of the cylindrical conductors be / and 
let a and b be their radii. Then from (2) we have 

a 2 — c 2 csch 2 «!, b 2 - c 2 csch 2 u 2> 

, , (10-4) 

1 = c 2 (coth «i — coth tt 2 ) 2 . 
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Expanding the last equation and subst tuting coth 2 u = csch 2 u + 1, we 
obtain 

P = f* csch* U\ + r* csch* »* + 2<* (1 — coth »i coth k 2 ) 

<= r 2 csch* «i+ c* csch* «e— 2c* csch «i csch « 2 cosh («i~ « 2 ). 

In substituting the radii a and b from (4) into this equation we should hear 
in mind that «i and u% may be either positive or negative while the radu 
are essentially positive, thus we have 

P = tP+ £*± lab cosh («i — Ui) 

The upper sign corresponds to the case in which u i and «2 have opposite 
signs and the cylinders are external to each other (see Fig 1 6), the lower 
sign corresponds to the case in which «i and u 2 have like signs and one 
cylinder is inside the other 

Thus, depending upon whether the cylinders are external to each other 
or one inside the other, we have 

a 2 -* 1 ,^* 2 +t 2 -P 

or '“>>'—25 

Substituting in (3) we obtain L, C, C 
The foregoing formulae have been obtained on the assumption of per 
fecdy conducting cylinders and if the conductivity is finite the above 
results have to be modified At very low frequencies, for example, for 
the case of two solid cylindrical wires, the magnetic flux penetrates the 
wires and the inductance is 



This inductance is larger than that given by (3), the capacity on the other 
hand remains the same Hence the wave velocity on the wires is smaller 
at low frequencies than at high frequencies Furthermore we should 
include the resistance of the wires in series with the inductance 
At very high frequencies the flux is largely forced out of the conductors 

and the resistance per unit length is given by R = SI J' H,HX ds, where 
H, is the component of H tangential to the wires and the integration is 
taken rou d both wires The field H is that produced by a unit current in 
each wire If the radii of the conductors are changed by an infinitesimal 
amount So in such a way as to increase the inductance, then the increment 
in the inductance is IL = pin C ds Hence we obtain the following 
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simple principle* 


fX 077 


where SL/hn is the variational derivative of the inductance. 
For two wires external to each other we have therefore 

91 / dL <9Z\ 

R = J\la~ab)’ 

Calculating the derivatives, we obtain 

2 (a + *) + (; + j)( p ~ “ * 2 ) 


R = 


& 

2 ?r \/[p 

91 


TP Cl / 


\ 

P 


(a + b) 2 ][P - (a - if] 

if b = a. 


Similarly when one wire is inside a cylindrical shell, then (for b > a) 

91 (_ dL dL\ 

R ~ ix \ da + db)' 

hence 

2w V[(« + bf - l 2 ][(b - a) 2 ~ P] 

The high frequency resistance of parallel wires increases as the wires 
approach each other. This phenomenon is called the “ proximity effect.” 
If a wire is inside a cylindrical shell, the resistance is minimum when they 
are coaxial; in this case die proximity effect is sometimes called the “ eccen- 
tricity effect.” 

8.11. Transverse Electromagnetic Spherical Waves (TEM-waves) 

For transverse electromagnetic spherical waves we have E r = H r = 0. The 
theory of these waves is similar to the theory of transverse electromagnetic plane 
waves. We have two divergence equauons 

^(sin0£ 9 )+^£, = °, |(sin0tf,) + ^tf p = O, (11-1) 

* Harold A. Wheeler, “ Formulas for the Skin Effect,” I.R.E. Proc., 30, pp. 412- 
424, Sept. 1942. 
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signifying that either £ or U or both can be expressed in terms <?f stream functions 
Then we have another pair of equations 


signifying that the field intensities may be expressed in terms of potential functions. 
Al! four equations impose restrictions on the form of the field distribution in equ phase 
surfaces Besides these equations we have four equations which describe wave 
propagation in the rad al d recticn 


(g -f- tuf)rE f 


'(11-3) 


We choose to represent the electric intensity in terms of a potential function V 
and the magnet c intensity m terms of a stream function A 


Ei « -grad V, 


r£t “ 


ar 
ee • 


ar 


r sin 8 Hi 


a A 


rH 


SA 

98 


(H-4) 


If A is regarded as a radial vector, then H » curl A Our choice of auxiliary func 
tions satisfies the second equation of the set (I) and the first equation of the set (2) 
Substituting from (4) in the remaining equations of these two sets we find that V 
and A satisfy equation (3 6-14) 

Equations (3) show that rEi and rH, vary as E, and U,ma uniform plane wave, 
rE , and rHt behave as £, and H„ Thus the propagation constant of all transverse 
electromagnetic spherical waves is equal to the intrinsic propagation constant of the 
medium and the wave impedance is equal to the intrinsic impedance Substituting 
from (4) in (3) and integrating with respect to 8 and ip, we have 

ay dA 

~ = —tupA, — = — (g + iut)y 


Consider, fc-r example a progressive wave traveling outward and let 

A - TV#)r~ 

where T(fisf) is a solution of (3 6-14), then we have 

rsm8H, = d ~e-T, E, = (11 5) 

8 12 Transverse Electromagnetic Waves on Coaxial Cones 
If two infinite cones (Fig 8 28) are insulated at their common apex and 
i/an a-c vojfagc H is mam tamed between them apices, waves wdl be genet 
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ated with electric lines coinciding with meridians and magnetic lines along 
circles coaxial with the axis. This field is independent of <p and the T- 
function* is given by (3.6-17); thus 


T = P log cot | . (12-1) 


Hence for outward bound progressive waves 
in nondissipative media, we have 


H? = 


7V~' flr 
r sin 0 5 


yPe-*' 
r sin 0 


(12-2) 



t i . . , • . • Fig. 8.28. Two coaxial cones. 

Let 7(r) be the total current in the inner 

cone and V{r) be the voltage from the inner cone to the outer along a meri- 
dian (or along any path which is contained in a typical equiphase sphere); 
then 

/(>•) = 2,r r sin 0 H v = 2*- Pf“ i3r ; 7(0) = 2 tP. 


The voltage is the integral of rEg along a meridian and from (11-5) we find 

nr) = “ T( 0 2 )]. (12-3) 


Therefore, 


7(r) = 7(0)^, F(r) = KI(r), 

K -i i» B (“'!>“ !)• 


(12-4) 


That a “ cone transmission line ” should turn out to be a uniform line 
might have been expected. As the distance from the origin increases, 
the length of the electric lines of force increases in proportion to the dis- 
tance but the circumference of the conductors also increases in the same 
proportion; hence the capacity remains constant. 

If 02 = 90°, one cone becomes a plane and 


77 6 

K = 2^ * og cot 2 = 60 Jog cot 2 ’ 


the numerical coefficient being for free space. When 0 t is small, then 
K = GO log (2/0i). If 0 2 = a- — 0i, the cones become equal and oppositely 
directed (Fig. 8.29); then 

K = ~ log cot | = 120 log cot | , (12-5) 

* The present case can be treated either directly or as a special case of (11-5). 
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where fit == if is the cone angle, defined as the angle between the axis and 
the generators of the cone For small cone angles, we have 

K = 120 log \ * 120 log - , (12-6) 

if a 

where a is the radius of the cone at some fixed distance / from the apex 



Fig 8 29 Coaxial cone* of equal angles Fic 8 30 A cavity 

resonator bounded by 
two cones and a sphere 

A resonator is formed by two cones inside a perfectly conducting sphere 
or hemisphere (Fig 8 30) If the apices of the cones are insulated so that 
the cone line is open at the origin, the first resonance occurs when the 
radius / of the sphere equals a quarter wavelength Then we have 
V(T) - To cos (Jr, /(r) - / 0 sin (Jr, T Q = »AT 0 , 


H r 


h sm fir 
2irr sm 6 * 


E, = 


where I 0 is the maximum current occurring at r = / and To is the maximum 
voltage at r = 0 

The power absorbed by the conductors when they are not perfect may 
be obtained (at high frequencies) by integrating where St is the 

intrinsic resistance Thus the power loss fP\ in the spherical portion of the 
resonator and the loss in the two cones are 

&?3, / Si p9ul , a , 

=■ — — (esc 0i + esc 0 2 )> 


g>,. 


p = iiC+ log IT - Ci *) * 0 824 
Since the energy stored in the resonator is 
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we have the following expression for Q 

30, 2 106 ( COt 2 I) 


Q- 


9 


log ^cot ^ tan + p(csc d\ + esc 0 2 ) 


For two equal and oppositely directed cones 0i = 7r — 0 2 = and 


Q — 


30a- 2 l0gC0t 2 

9 \f* . 

log cot — + esc \y 


This Q is maximum when \p = 33°,5 and then 

„ 132 

Q " 9 * 

For a cone of angle 0i = ^ inside a hemisphere, 0 2 = 90° and 


2 = 


30ir 2 iog COt " 

9 

log cot - + p{\ + CSC 


The Q is maximum when ^ = 24°. 1 and then 

„ 104 

Q ~ 9 ' 

The input impedance at resonance is 

vv* k 2 H 


Zi = 


Hence we obtain 

Z,= 


2(f/ > 1 + 7T 2 ) Kjh + IP 2 ) 


7200tt 

log 1 

f t 

^cot 

6i „ 0 2 V 

— tan — 

2 2/. 

-jo 

. 

log | 

f 0, 0 2 \ 

V COt 2 tan 2) 

1 + p (cSC 0! + CSC 0 2 ) 


For two equal and oppositely directed cones we have 
14400, ( l08C0t f) 


2 ,= 


9 
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This impedance is maximum when ^ = 9° 2 and then 


For a cone in a hemispherical cavity we have 
7200, (' o8co, 0 


z % *= 


This is maximum when jr 7° 5 and then 
_ I 70 X 10 4 


When conical conductors such as those shown in Fig 8 29 are terminated 
at some distance l from the apex, the transmission problem is complicated 
by a sudden change in the phys cal character of the transmitting med urn 
Transverse electromagnetic waves require longitudinal conductors and 
when these are absent such waves are no longer possible Thus the dis 
continuity at the boundary sphere r ■=■ / is more than just a discon 
tinuity in the character Stic impedance of the rad al transmission line the 
set of transmission modes for r > / is different from the set for r < l The 
theory of wave transmission on such terminated cones and on wires of 
other shapes will be considered in Chapter 1 1 


9 13 Transverse Electromagnetic Waves on a Cylindrical Wire 
The theory of cone transmission lines can be extended to cylindrical 
wires (Fig 8 31) of sufficiently small radius a since such wires will support 
nearly spherical waves In this case the inductance and capacitance vary 


Fio 8.31 A cylindrical wire energized between points A and B 

with the distance r from the origin and by (12-6) may be expressed approxi 
matcly as follows 

£-* toeK o~-t— (13 i) 

When L and C are varying slowly with r, we have approximately 
E(r) = ^ log j = 120 log ~ 


(13-2) 
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Since Z{r)Y(r) is constant, we can use (7.12-5) for obtaining the functions 
involved in the second approximation to the voltage and current in the 
present transmission line; thus 

Ko = 7 f l K(r) dr = 120 log - - 120, 

Id 0 a 

Air) = %■ fV( ; ‘) ~ *o] cos 2 f3rdr, (13-3) 

Ao J o 

5(r) — ~ f [K 0 - K{r)] sin 2/3 rdr. 

Ao«/ o 

For further convenience we introduce the following functions 
M{r) = K 0 Bir), N(r) = iK 0 A{r). 

Then we have 

J O 2/3r 

sin x log x dx 
o 

= 60 (1 — cos 2/3r) ^log - — 1^ + 60 (log 2/3 r — Ci 2/3 r + C), 

J r 2/3 r 

1 cos x log x dx 
o 

= 60 ^log 1^ sin 2| 8r + 60 Si 2, Sr; 

M(/) = 60 (log 2/3/ - Ci 2/3/ + C - 1 + cos 2/3/), 
iV(/) = 60 (Si 2/3/ — sin 2/3/). 

The voltage-current equations become 

V(r) = F(0) [ cos (3r + cos Sr - ® sin Sri 

L Ao Aq J 

— iKqKQ) f sin Sr - sin (Sr - ® cos Sr] , 

L Ao A 0 J 

(13-4) 

TV X • F (°) f • 0 , Mir) . a , /V(r) 1 

/(r) = — i I sin Sr 4 sin Sr + —2 cos Sr 

A o L A o A o J 

+7(0) [ cos Sr - ^ cos Sr + ® sin Sri . 

L Ao A 0 J 

We shall now calculate the approximate input impedance of an infinitely 
long wire. Taking / = A/2 we obtain from (2) the impedance looking 



292 


ELECTROMAGNETIC WAVES 


Cha? & 


outward from r — l, thus Z{\/2) * K(X/2) ** V20 log \/a On the other 
hand from (4) we obtain apDroximateK 


2 '°)-7^“ 1201 ”s«- 2M (5)- 2 ' v (a) 

= 120^!og~ +Ci2t-C-»Si2^ 


a hemispherical resonator with a cylinder running 
from the center to the periphery (Fig 8 32) we can 
find the resonant length by setting 1(0) and V(l) 
equal to zero Thus at resonance we have 


Fig 8.33 A hem 
spherical cavity with 
a conducting cyl nder 


, M(I) 

Ao 


' Kg 


n 0/ - 0, 


cot 01 * 


m 

K 0 + mo 


From this we obtain approximately 


01 


2 


1 85 

21og£-0352 


/ 

X 


1 _ 0295 

4 2 log ^ — 0 352 


In practice there is usually some capacitance Co at the center and the 
resonance conditions become 


m ~0. -«-Co * ~i0eC B 

where t is the characteristic velocity Substituting these values in (4) 
we obtain equations from which //X can be determined 


8 14 IVaoei on Inclined Jf'mt 

Hie results of the preceding sections can be general 
ized to cover the case of wires diverging from a com 
mon po nt and making an angle less than 180 degrees 
with each other We start with two diverg ng con cal 
conductors (Fig 8.33) Us ng (12 1) and (36-15), 
we construct the following stream function for two in 
finitely th n wires along arbitrary radii 8 ** 6 ? = v>i 
and 8 — 8} <p = tpi 



A 



*SX 



8 
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The only singularities of this function occur at points for which either the numerator 
or the denominator vanishes; that is, along the above mentioned radii. The coeffi- 
cient can be verified by obtaining the magnetic intensity and integrating it round an 
infinitely small circle surrounding either of the singular lines. The stream function A 
may be expressed in a form free of complex quantities 


A = 


j cot 2 - — 2 cot - cot — cos {ip — ipi) + cot 2 — 
4rr Iog ~B “ 8 £ " ~ jl' 

COt- - — 2 COt - COt — COS ( ip — Ipi) + cot- — 


It is now easy to determine the characteristic impedance of two diverging conical 
wires whose cone angles ipi and pi are small compared with the angle t? between the 
axes of die cones. The restriction is imposed to assure that the proximity effect is 
small.* The impedance is 






V popi 


l lo M 


(14-1) 


where d{r) is the distance between the points on the axes of the conical wires which 
are at distance r from point O (Fig. 8.34) and «i(r) and a«(r) are the radii of the cones 
at these points. Only the distance between the elements of the wires and the radii 
of the wires occur in this expression which may, therefore, be 


taken as the “ nominal ” characteristic impedance (that is V L/C) 
of wires of other than conical shapes. 

In the case of cylindrical wires of radius a we have 


i? 

2r sin - 


sin ~ / o; <i\ 

K = - log , K 0 = — ( log — - 1 + log sin — j , 

7r a ir \ a l / 



Fic. 8.34. Two di- 

where Kq is the average characteristic impedance of a section of verging wires, 
length /. 

Two parallel wires of radius a, with interaxial separation s fairly large compared 
with a, carrying currents in the same direction, are approximately equivalent to a 
single wire of radius VaJ in so far as the inductance and capacitance are concemetL 
This approximate equivalence applies also to a pair of diverging wires. If two such 
pairs are used for a transmission line of the type shown in Fig. 8.35, the nominal char- 
acteristic impedance is made more nearly constant. 

Consider now a wire of radius a bent into a circle of radius b (Fig. 8.36). If 7 j is 
replaced by p. in (1), we have a formula for the inductance per unit length. Integrat- 
ing over the circle, we obtain an approximate value for the inductance of a circular 
turn of wire when the length of the circumference is small so that we have to deal with 


* The proximity effect can be included without too much added labor. 
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a short transmission lint Thus vie have 

+ 04-2) 

It the length of the c rcumference is large then we should treat the wire as a nonum 
form transm ss on line in order to obtain its nput reactance In this case however 
further correct ons should be ntroduced on account of rad at on and the problem 
belongs to antenna theory 



Fio SJJ Two pairs of d verging wires Fic 8J6 A wire loop 

815 Circular Magnetic Wanes I nude a Hollow Metal Sphere 

A v.ave 13 caWed circular magnetic lfthe magnetic lines arecircles Waves 
generated by an electric current element or by currents in a straight wire 
are circular magnetic In this section we shall consider such waves inside 
a hollow metal sphere, assuming that they are generated by an antenna 

© along a diameter (Fig 8 37) Let the length 21 of 
the antenna be small then the current distribution is 
nearly linear and equations (6.2-11) represent the 
free space field generated by this antenna In these 
equations I is to be interpreted as the input current 
at the center of the antenna * 

The metal sphere at r = a gives rise to reflection 
The reflected wave depends on 8 in the same way as 
Fic 8 37 A spherical the incident wave If we assume that the reflected 
antenfiaaton* Ujawf' WaVC SS statl0nar y type without singularities at 
an enna a ongi axis origin, there Will be no need to consider multiple 
reflections from the center, the field of this wave may be obtained from 
the following vector potential A, = sin &r/r Thus 
~ ’>*’/ B , «*£r sinflA 

(15-1) 
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where the constant P is determined by the boundary condition at the sur- 
face of the sphere. If the latter is a perfect conductor, then the total Eg 
should vanish at r — a and therefore 

P = lutr* ^ ~ l) ~ ipa . 

2 (P 2 a 2 — 1) sin Pa + P a cos fia 

On the axis of the antenna near its center, we have 

K(r) = (1 ~ (15_2) 

07T 

Hence the mutual impedance between the antenna and the sphere is approx- 
imately 

7 _ _ E 'W _ _ '111 

AI I 3 t tI ' 

Adding this mutual impedance to the self-impedance of the antenna, we 
obtain the total input impedance of the antenna inside a perfectly con- 
ducting metal sphere. The input impedance must be a pure reactance 
since under the assumed conditions no power is either dissipated or radiated. 
The radiation resistance of the antenna in free space must be canceled by 
an equal but negative resistance component of Zm- Separating the real 
and the imaginary parts of P, we obtain 

p = l m (ffV - 1) cos - Pa sin j 3a A 

2 (P 2 a 2 — 1) sin /3« + Pa cos Pa 2 

Hence the real component of Z,\r is Rm = — (rj/6-)/3 2 / 2 , as we have 
already anticipated. 

The self-reactance X 0 of the antenna is largely capacitive and it may be 
obtained from (13-3); thus* 



where b is the radius of the antenna. Hence the total input impedance of 
the antenna is 

Z — sin Pa — (P 2 a 2 — 1) cos Pa iij f 21 \ 

67t Pa cos pa + (p 2 a 2 — 1) sin Pa i r/3/\ ° g b / ‘ 

This input impedance becomes infinite when 

_ Pa 1 

tan ~ 1 2 or cot & a = (15-4) 

i — pa pa 

*The distributed impedance and admittance per unit length of the line 
! wZ. = ipK and iuC = :B/K. 


are 
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This equation determines the frequencies for resonance and also for natural 
oscillations inside a hollow metal sphere, at these frequencies a field of 
type (1) can exist without a continuous impressed force The smallest 
root of (4) and the corresponding natural wavelength are 


The larger r< 
given by 


pa = 2744, X =* 2290a 
:s of (4) are nearly equal to nr and hence i 


(15-5) 
e approximately 


2 - 1 


(15-6) 


The Q of the sphertcal cavity might be calculated by the method we 
have used so often in preceding sections However, there exists another 
method which we shall now illustrate If there is no antenna in the cavity 
the field must be of die form (1) At the surface of the sphere the sum 
of the inward looking radial impedance and the surface impedance of the 
sphere must vanish, thus 2%(a) + 17 -0, where the surface imped 
ance of the sphere has been assumed equal to the intrinsic impedance 
y *=• 91(1 + i) In view of (1) this condition becomes 

(flV - 1) si„ ,j (IS-7) 


n 0a + Pa cos pa 
pa (sin pa — Pa cos pa) 


When 5 = 0, the principal solution of this equation is given by (5) and in 
general by (6) Since 17/17 is very small, an excellent approximation to 
any solution of (7) can be obtained by assuming 

pa = * + A, (15-8) 

where k is the corresponding solution of (4) and A is a small quantity 
Retaining only the first powers of A, we reduce (7) to 
AN'(k) _ tn 
Dik) “ ,* 

where N\k) ss the derivative of the numerator and D(k) is the denomi 
nator, thus 

lyD(k) 9tD(A) &P(*) 

“ yN'ik) m yN\k) ~ %N\k) 

The natural frequency is no longer real and it is better to introduce the 
natural oscillation constant p = >u in (8), thus we have 
tk + /A 

r ‘ 77Z ' 
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On the other hand the oscillation constant may be expressed in terms of Q 
and the new real natural frequency to 


p = ? + no 


= ~ Jo + + 


From the above equations we observe that the natural frequency is slightly 
affected by the imperfect conductivity of the sphere. For Q we obtain 

1 9tD(k) k v N'(k) 

20 ~ hN'(k )’ ^ 29LD(k)' 


Since N'(k) = k sin k + fr cos k, we have in view of (4) 

N’(k) _ sin k -j- k cos k _ 2 — k 2 _ x, / _ 

D(k) sin k — k cos k k 2 ’ 2 \ k 2 ) 91 

For the principal resonance we have 

77 77 380 

(2 = 1.0076 ^ , and in air 0 . 


At resonance the electric intensity is maximum at the center of the sphere. 
The voltage V along the diameter can be expressed in terms of this intensity 
E 0 \ thus 


V = 


2 \f* E r dr = ^(sik + 


cos k 

~k~ 



For the principal resonance we have V = 0.686£’oX. At the boundary 
of the sphere the field intensities are 


%r («) = 


3£o | 

^sin k 

k 2 ' 

\ k 


:os k^ cos 0 , 

. l.SE 0 / sin 6 A . . 

H v \a) = z — — — cos k \ sin 0. 


For the principal resonance we obtain E r (a) = 0.423£o cos 0. 

Returning to the impedance function (3), we shall now calculate its 
zeros. Since the second term (the self-impedance of the antenna) is rather 
large and the mutual impedance is rather small except near resonant points 
of tire spherical resonator, Z should vanish at frequencies not very different 
from resonant frequencies of the sphere. The equation which we have 
to solve is 


(Pa) z [Pa sin pa - (ffV - 1) cos 0a] _ /<A 3 (\ 2 / \ 

Pa cos pa + (/SV — 1) sin pa \l ) \ ° g b ~ )’ 
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Writing pa = k + S, where k is a solution of (4), subst tutmg in the above 
equation, and retaining only the first powers of S, we obtain 

*(* 4 

W - 2)« ! (fe, f - i'J 

This approximation is not good when i becomes so Urge that 6 is no longer 
small The large zeros of Z would seem to be nearer to the zeros of the 
numerator than to those of the denominator The smallest zero of Z is 
somewhat smaller than the smallest infinity (except for that at the origin) 
This was to be expected because the zeros and infinities of a reactance 
function separate each other The fractional deviation of the first zero 
from the nearest infinity is S/k If l = Ola and £ = 01/, the fractional 
deviation is 00007576 or 0076 per cent 


816 Circular Electric Waves Inside a Hollow Sphere 

Circular electric waves are waves with e rcular electnc J nes of force Such waves 

© can be generated by a un form circular current filament The 
current d stnbution in a small electric current loop is 
approximately un form even if the loop is energized at 
one pont only thus small loops can be used to gen 
erate circular electrc waves In free space the field of 
a loop of area S carrying current I is g ven by equa 
t.ons (617-5) 

Cons der now a loop concentric w th a sphere of rad us a 
Fio 8.38 A sphen (Vg 8 38) If we choose the plane of the loop as the equa- 
eat cavity with a tonal plane of our system of coordinates the field reflected 
loop inside it from the sphere can be obtained from the follow ng electr c 

vector potential F, — sin Pr/r Thus we have 


H7 ~~ + “ " 0 ) *• 


If the sphere is a perfect conductor, then the total tangential electnc intensity van 
ishes at the surface and 


P = i rtSle-** 


1 + tpa 

pa cos Pa — sin Pa 


- h&si 


pa sm ga + cos pa 
Pa cos pa — sin pa 


+ bn? SI 
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Near the center the electric intensity in the plane of the loop is 


E?(r) = - — P 3 rP(l- 0.1/3 V). 


Hence the mutual impedance between the loop and the sphere is 

2*bEv(l>) ipPP 

I 3/ ’ 


Zm — — 


where b is the radius of the loop. The Resistance component of Zu is the negative 
of the radiation resistance of the loop. Thus the input impedance of the loop is a 
pure reactance 


Z = 



Pa sin pa + cos Pa 
Pa cos Pa — sin Pa 


+ inPb log - , 


(16-2) 


where the second term represents the reactance of the loop in free space (c is the radius 
of the wire). 

The input impedance becomes infinite when 

tan Pa — Pa, pa 0. (16-3) 


When the frequency is zero, Z is zero and not infinite; hence the exception. The 
lowest root of this equation is P a — 4.493 • • •, and — 1.398a, a = 0.71 S?,. The 
first zero of the input impedance is at/ = 0. The remaining zeros are obtained from 
the following equation 


p 3 a 3 (Pa sin Pa + cos Pa) 
Pa cos Pa — sin (3a 


6a 3 b 
-^ l 0 S c- 


(16-4) 


For small loops the right side of the equation is large and the zeros of Z are near its 
infinities. It is not surprising that the zeros and infinities of Z should be close to 
each other; the former are the natural frequencies of the spherical cavity with a small 
perfectly conducting ring at the center while the latter are the natural frequencies 
of the cavity when the ring is open. If the ring is small it should make little difference 
whether it is open or shorted. 

We leave it to the reader to show that the approximate solution of (4) is 


Pa = k 


1 + 


tr(P+ \)b 3 ' 

6a 3 log - 
c 


where k is a solution of (3). It is also left to the reader to show that the equation for 
natural oscillations inside an imperfectly conducting sphere and the Q of the cavity 
are 

pa(Pa cos Pa — sin Pa) if] hr] 

(P 2 a 2 — 1 ) sin Pa + Pa cos Pa V ’ ^ 2 91 ' 

8.17. Two-Dimensional Fields 

In this section we shall obtain basic wave functions independent of the z-coordinate. 
Such functions are solutions of (4.12-6) and (4.12-7). The first set represents trans- 
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verse electric cylindrical waves with the £-vector parallel and the H vector normal to 
the axis of the waves, the second set represents transverse magnetic cylindrical waves 
with the H vector parallel and the £ vector normal to the axis Instead of solving 
the equatons directly we may obtain the complete 
set of wave functions from the wave functions con 
y' 7SA sidered in sections 5 and 7 

/ / Let us start with a uniform infinitely thin electric 

J Cllrrent filament parallel to the z-axis and passing 

_i £r_ j through the point ^f(piyps) (Fig 8J9) The field of 

V ° / this filament is 


where £ is the distance from the filament Let this 
Fig 8 39 lUustranng uans- fidd be referred to the coordinate system whose origin 
V *££? «*«<> Evidently E, is a penod.c function of* and 
we should be able to represent it a# a Fourier senes 
m ip Indeed, in the theory of Bessel functions the following expansions have been 
established 

Ko(np) - ATo(<rpQ)/o(<rp) + 2 £ 7f„(<rpo)/«(vp) cos n(ip — po), f < P«. 


— h}(rrpo)Ko(irp) + 2 2^ /.(vpsJK. (<rp) cos n(<p — <p 0 ), p > Po. 

Each term of the first expansion represents a cyl ndncal wave of the stationary type 
and the second expansion is composed of progressive waves traveling outward The 
magnetic intensity m terms of the new coordinates may be obtained from 

( 17 - 3 ) 

loipp o p sup dp 

Thus let 

E»(PW*) =* 23 •£* co* »(w — po), (17-4) 


- /o(<rpo)ATo(irpo)i /«(<rpp)AT.(ffp(), i>^0 (17-5) 


then the complete expressions for the electric intensity become 


»(<p — po), p > p»- 


07 - 6 ) 
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From (3) and (6) we now obtain the radial component of the magnetic intensity 


, r , , 1 £ „ In{ap) . , N 

H p (p,cp) = - Z »£ n — F7 T sm n VP~ Vo), P < Po, 

1),, =1 <ypin{apo) 

1 £ „ JC.M . , 

= - Z "An — c sin Tt(fp - <po), P > po; 

Vn~l crpA.„((rpo) 


( 17 - 7 ) 


(17-8) 


and the circular component 

n v [p,<p) = - L -En 7-7 r cos ;z(p — <p 0 )> P < Po, 

V n =0 -InKtrpo) 

i - _ xiM . . 

= - Z A„ 7 T 7 t cos »(p - p 0 ), P > Po, 

Vn= 0 ■n-n(<rp o) 

where the prime indicates differentiation with respect to crp. 

The radial impedances for the cylindrical waves of order « are 

, 4 . / , A n (crp ) 7 n («rp) 

z i,n(p) = z '-(p)-’7jM- 

When <rp and <rp 0 are small, as is the case in nondissipative media at short distances 
from the source then from (3.4-7) we obtain the following approximations 


(17-9) 


£°= -—h 0 (*p 0 ), A„=- — . 

The electric intensity becomes 

« p n 

A,(p,p) = Z A n — cos w(p - po), p < po, 
n=0 Po 

“ pj z'ojp/ 

= Z A„ — cos w(p - po) + — (log crp + C - log 2), p > p„. 

n = l P z,r 

For the radial component of H we have 

I “ p"- 1 

7fp(p,«p) = ~ X- Z — r sin ”(.V “ ¥>o), P < po, 

Z7r n = l Po 


(17-10) 


(17-11) 


(17-12) 


Po 

— tZ 2 n+1 S ' n ’’(v ~ Vo), P > Po- 

n =1 P 

And finally for the circular component of H, we obtain 

I » p n-l 

H *(p>v) = - Z —zr cos »(p - po), P < PO, 

Z ' 7 71 =1 Pq 


_/ pQ 

= ilZ ZTr cos »(P - ¥>o), P > PO. 
47r n=0P 


(17-13) 
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The approximate values of the radial impedances for « > 0 are then 

ZJ .(p) = z; „{p) -- ~ (17-141 


Let 2 m current filaments carrying alternately equal and opposite currents, he 
equispaced on the surface of the cylinder p >= pa, and let the first filament carrying 
current I/m pass through the point (po,0) Since 




0, if n ^ (2k + l)m, 


= 2 if« ■= (2i+ l)m. 


the electric intensity of this set of filaments becomes 



is mp + 2£j* t — - — ; co 

■ 3 ”' + 

,, *-<'«> . 

_ . KU-rp) r 

“** ,+2£ -;cra' 

:os 3 m<p + 


Only thp terms corresponding to the odd multiples of m remain 
In some circumstances only the first terms in (16) are significant 
small, then for p » we have approximately 


E.M = 


tupf Km(<r p) 
"T 




Thus if fid is 
(17-17) 


If p is also small while remaining substantially larger than po, 
case 


E.(p#) 


mu p*> ° 


have the quasistatic 
(17-18) 


Thus just as equations (1) represent a progressive cylindrical wave generated by a 
single electric current filament, various terms in the second line of equation (6) repre 
sent progressive cylindrical waves generated by groups of 2n current filaments, carry- 
ing alternately equal and opposite currents, equispaeed on the surface of a cylinder 
of an infinitely small rad us Equation (6) shows that the field of a simple line source 
at p =* po, at distance p > po, may be regarded as the resultant of an infinite number 
of multiple line sources at p “ 0 

Jn the special case of two filaments separated by distance l and carrying equal and 
opposite currents, we have 

EiU '#>) - - ' T' 1 Ki(ap) cos y>, (17-19) 


in the quasistatic case this electric intensity and the corresponding magnetic inten 
si ties become 
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The case of transverse magnetic cylindrical waves is very similar; we need only 
replace the electric current I by the magnetic current K, E t by H„ H v by —E v> and 
interchange <o>p and (g + j'coe). 

Transverse magnetic waves may be generated by appropriate electric current 
distributions. Consider for example a uniform electric current “ strip ” of width r; 
on the edges of the strip there exist two equal line charges of opposite signs. Assum- 
ing that the strip is situated in the .vc-plane along the s-axis, the magnetic vector 
potential of the field is 

A z = ~ Ko(ep), (17-21) 


where J is the current and Js the moment per unit length of the strip. The form 
of this expression is obviously correct since the vector potential of the current strip 
is independent of tp and is parallel to the .v-axis; that the constant coefficient is correct 
may be shown by calculating the field and studying it in the vicinity of p = 0. For 
the field we obtain 


dA~ o Js 




i aff, njs 

= Al (<W COS ip. 


(g + io3t)p d<p 2rrp 


(17-22) 


E v = - 


1 dH, 


g + iue dp 
In the vicinity of p — 0 we have 

Js cos ip 


twp Js 
2r 


K[(crp) sin ip. 


^ 2ir(g + iue)p 2 ' ^ 2 iv(g + iue)p - ' 

This intensity is the negative of the gradient of the following electric potential 
Js cos ip Jsd 

2ir(g + /ioe)p 2v{g + iut)dx °° P ‘ ^ ^ 

Similarly for a magnetic current strip, we have 

„ Ms dF x <sMs 

A o(<rp), E z = — = - Ki(crp) sin ip, 


Js sin ip 


(17-23) 


2ir 


Hp ~ 2-i nip cos ^ H v= ~ 2 ~ Kfap) sin ip, 

where M is the magnetic current per unit length. 


(17-25) 


8.18. Shielding Theory 

In order to shield an electric circuit from external influences the circuit 
is enclosed in a metal box. Cylindrical and spherical shields are the sim- 
plest from the analytical point of view and in practice the results obtained 
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for these shields are found to be applicable to shields of other shapes 
First we shall deal with shielding at fairly high frequencies when the attenu 
ation of fields in passing through metallic substances plays an important 
role and later we shall see what happens at low frequencies where the major 
factor is the impedance mismatch at the shield and the resulting reflection 
loss. 

First we shall consider a cylindrical shield and a pair of closely spaced 

O parallel current filaments (Fig 8 40) Let the inner 
radius of the shield be a and the outer b, let b — a ** / 
Assume that a is small then the radial impedances m 
the dielectric are (see 17 14) 


Fio 8 40 Two par w ^ ere W> 18 *he permeability of the dielectric If the 
slid current fila- thickness of the shield is small compared with the 
menu and * cylin radius, the divergence of the wave in passing through 
dncaliJueW <hc shield may be ignored and the wave propagation 
in the shield may be regarded as substantially plane Hence in the shield 
we have 

z+ . Z7 «-«(!+,), (18-2) 

The attenuation of a wave passing through the shield once is then 

A = at nepers = 8 686 at decibels (18-3) 

This wave is partially reflected at the outer surface of the shield and then 
partially re reflected at the inner surface The level of the re reflected 
wave is lowered by lot nepers and at high frequencies the re-reflected wave 
may be ignored Let us suppose, for example,/ = 10 s and / = 0 2 mm, 
then the attenuation constant for copper is over 130 db per millimeter 
and tile level of the second reflected wave is below the level of the first b) 
52 db (which means that the amplitude is reduced to 00024 of its original 
value) Thus for most purposes the shielding is due to a reflection loss 
at the boundaries of the shield and an attenuation loss expressed by (3) 
The reflection loss is the product of the transmission coefficients across the 
two boundaries of the shield, hence from (7 13-4) we obtain 


" <ft + 1)” 

where k js the impedance ratio* k * In decibels the reflection 

* We ignore the slight variation in the radial impedance (l) in passing from one 
Surface to the other 
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loss R becomes 

R = 20 logic ^ * l/j ^ - • ( 18 ~ 5 ) 

When k is either small or large, we have respectively 

1 I k 1 

R = 20 logic > R = 20 log 10 . 

The total shielding improvement is the sum of the reflection and attenua- 
tion losses; thus 5 = R + A. 

The reflection loss may be considerable. For a shield whose radius 
is 1 cm the radial impedance in air for f = 10° is Z p — 0.079/ ohms. 
On the other hand for copper we have Z p = 0.000369V7 ohms. Hence 
1/ j k |= 214, and the reflection loss is 

214 

R — 20 logjo = 35 db. 

We have seen that at this frequency the attenuation loss in a 0.2 mm shield 
is about 26 db; thus the reflection loss is the larger part of the total shield- 
ing efficiency of 61 db. 

For magnetic shields the reflection loss may be small. Consider, for 
example, an iron shield with relative permeability 100 and with conduc- 
tivity only a fifth of that for copper. The radial impedance in the shield 
is then increased by a factor V500 — 22 which brings it up to 0.008 V7. 
The impedance ratio becomes nearly 0.1 and the reflection loss is com- 
paratively small. In air the radial impedance is proportional to / but in 
metals it is proportional to V/ - : hence the magnitude of the foregoing im- 
pedance ratio becomes unity at about / = 10 4 and the reflection loss, due 
only to a 45° phase difference in impedances, is negligible from the 
shielding point of view. But the attenuation constant is larger in magnetic 
shields than in nonmagnetic. Thus for the iron shield just considered the 
attenuation constant is increased by a factor V20 = 4.47. When the shield 
is thick this will more than compensate for the Jack of reflection loss. How- 
ever, if the shield is thin, the reflection loss may become more important 
than the attenuation loss and the nonmagnetic shield will be more effec- 
tive than the magnetic shield. For two metals the impedance ratio 

, _ vWa 

^2gl 

is independent of the frequency. The impedance mismatch, as between 
copper and iron, may be considerable and it is advantageous to use a shield 
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consisting of composite layers of copper and iron, with copper layers on th‘ 
outside , to utilize the substantial reflection losses at air-copper surfaces 
The complete formula for the shielding efficiency is obtained from equa 
tion (7 19-2), in decibels it becomes 

J- -20108,017-1 -S + ^+20log„jl - {!!-«) 

This represents the difference in the amplitude levels of the incident wave 
just inside the shield and the transmitted wave just outside the shield and 
it is substantially equal to the difference m field levels before and after 
introducing the shield In order to obtain the latter difference in levels 
we should multiply T by b/a for the electric intensity and by P/t? for the 
magnetic intensity 

If the line source is not along the axis, the shielding efficiency varies 
with position round the shield The actual source may be replaced by 
an infinite number of virtual sources along the axis in accordance with 
the results obtained jn the preceding section One of the sources is the 
actual source translated to the axis The remaining sources emit higher 
order cylindrical waves whose radial impedances vary somewhat with the 
order of the wave tn air and are nearly constant in metals Hence the field 
distribution is altered by the shield, though not very greatly Except for 
this unevenness in the field reduction, the shielding efficiency is the same 
as for an axial source 

Let us now consider a spherical shield with a current loop at the center The radial 
impedance in the shield is the same as for a cylindrical shield, but the radial imped 
ances in air are 

m roi<i«r, Z~ = (18-7) 

The external wave impedance is calculated from ( 6 17 5) and the internal from (16-1) 
assuming that r is small The product of two transmission coefficients is now obtained 
from (7 20-2) thus 

(Z? + Z+)2* 3* 

p ~ tG+tih+z »" o +mi~+hy 

where k = it/ioifioa When k is small, then p ^ 2k and the reflection loss becomes 

/? = 20 l°8u> “ 2 0 ,o e w 4|X] + iS dl> 

The difference between the formulae for cylindrical and spherical shields consists m a 
2 S db improvement in shielding efficiency for the latter 

A cubical shield may be replaced by a spherical shield m estimates of the shielding 
efficiency Since, in practice, high shielding efficiencies are required, one is not justi 
fled in looking far exact srJutKV’', especially as swh solntjcws show that jn general 
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no shield has a single figure of merit, independent of the position of the point at which 
the shielding efficiency is measured. 

In the two preceding examples the fields are largely “ magnetic ” since the wave 
impedances are very small quantities and, in elementary discussions of such fields, 
electric intensities are usually excluded from explicit consideration. Another type 
of field is the so-called “ electrostatic ” field which is produced, for example, by electric 
charges on the plates of a capacitor. Such “ electrostatic ” fields may vary at the 
rate of one million cycles per second and perhaps a different name would be more 
appropriate. What really matters is that some fields in the neighborhood of small 
structures are low impedance fields so that magnetic components are large and electric 
components small and other fields are high impedance fields with large electric and 
small magnetic components. The terms “ low impedance ” and “ high impedance ” 
are used here with reference to the intrinsic impedance of the dielectric in which the 
field happens to reside. Thus the field (17-23) of two charged filaments is a high 
impedance field since in a good dielectric 


1 V 

7+ _ 7 - = . _L 

p p fojfp rjSp 



which is large compared with t], A simple calculation shows that at a metal boundary 
a high impedance field is reflected so completely that there is no need to compute 
the shielding efficiency. The reflection loss tends to infinity as the frequency ap- 
proaches zero. 

The theory of shielding thus far developed may be called the “ transmission theory 
of shielding ” since our attention has been fixed on cylindrical waves passing through 
the shield. A different physical picture of shielding is possible. The fields are pro- 
duced by electric currents, the original field by currents in the source along the 
axis and the final field by the currents induced in the shield. It may be said that 
the shielding action is caused by currents in the two halves of the shield flowing in 
directions opposite to the currents in the source. In Fig. 8.40 the current in the right 
half of the shield is negative and in the left half positive. The principal weakness 
in this theory is that frequently it is difficult to compute the induced currents without 
first solving tire shielding problem itself. In order to find die induced currents we 
have to calculate the tangential magnetic intensity at both surfaces of the shield; but 
the shielding efficiency is then determined. On the other hand the second method 
suggests some deductions not immediately indicated by the first; thus from the second 


picture of the way in which the shielding is effected we conclude at once that a greater 
impairment in shielding will occur if the shield is cut so as to in- 0 • . o 

terfere with the induced current flow dian if it is cut along the B -I +1 A 


lines of flow. For example, if a plane wave is falling normally 
on a perfeedy conducting screen with an infinitely long slit, 
more power will be transmitted when the .E-vector is perpen- 
dicular to the slit than when it is parallel to it. The two physi- 


Fic. 8.41. Normal 
cross-section of 
two parallel wires 
at A and B which 
act as a shield for 


cal pictures of shielding are complementary. In some cases it is two current fila- 


more natural to use the second theory even in analytical work. ments. 

An example is furnished by a “ two-wire shield ” (Fig. 8.41), for which it is easy 
to obtain the currents induced in the wires A and B and to show that these currents 
tend to weaken the original field at great distances. 



30$ 


ELECTROMAGNETIC WAVES 


Chap S 


VVe now turn our attention to magnetostatic shielding At / *= 0 the 
electric field vanishes and we lose our principal tool, the radial impedance 
The transmission theory of shielding could be reformulated in terms of 
properly defined “ radial reluctances , but it is more convenient to regard 
steady magnetic fields as fields of vanishingly small frequency The field 
of two closely spaced equal and opposite current filaments is then given 
by (17-20) The field reflected from the shield must be of the form 
0 0 

E, * Qp cos tp, HI, = — cos ip, HI = — sin <p (18-8) 

lUfi tun 

The proportionality of E to cos <p follows from the boundary conditions, 
the proper exponent for p comes from (17-11), and then H is obtained 
from (17-3) In cartesian coordinates H x ~ 0> H v = Q/iun, hence H is 
uniform Thus the radial impedances are =* ~ mpp and the im 

pedance ratio 

k - - (18-9) 

is independent of the frequency 

The 4 attenuation " is due solely to the cylindrical divergence of the 
field and is independent of the medium, hence the shielding efficiency is 
due entirely to the reflection loss The transfer ratio x which enters the 
general expression (7 20-4) for the transmission coefficient T is obtained 
as follows From the definitions in section 7 10 and from (17-20) and (8) 
we have 

X%(pi>P2) = Xl(fia,Pi) - ^ = 1 

If the inner radius of the shield is o and the outer b , the transfer ratio % 
for a wave passing through the shield once outward and once inward is 
defined by (7 20-3) and is the product of the above transfer ratios, this 
total transfer ratio is the same for E and H 

x = (18-10) 


Hence by (7 20-4) the shielding ratio s, defined as the ratio of the field 
outside the shield to the field which would exist there if the shield were 
removed is 


(18-11) 


The factor x + (x t in the expression for T represents the transmission 
ratio across (xify) for the original field as well as for the field modified 
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by the shield; since s represents the “ insertion ” loss, this factor does not 
appearin (11). For the products p and q of the transmission and reflection 
coefficients across the two boundaries of the shield we have 

4 k 4miM2 _ (1 ~ k )~ __ (mi M2)~ 

^ (1 + k ) 2 (mi + ms) 2 5 9 (1 + k ) 2 (mi + M2) 2 

Thus we have determined all factors in the shielding ratio s. 

When the difference mi — M 2 is large, then q is approximately equal to 
unity and s = p/{ 1 — x). The effectiveness of tire shield depends largely 
on the ratio of the permeabilities. The thickness of the shield when in- 
creased beyond a certain value has relatively little effect. Thus if x be- 
comes small, we have simply s = p. 

When shielding depends on the reflection loss the shielding is improved 
by using less, not more, shielding material. Thus if the shielding material 
extends from p = 1 to p = 1000, then x = 10~ G and r is practically equal 
to p. Suppose now that the material between p = 10 and p = 100 is 
removed so that in effect we have two shields. For each of these shields 
X = 0.01 and the shielding ratio is still practically equal to p; hence the 
shielding ratio for both shields is p 2 . Assuming shielding material extend- 
ing from p = 1 to p = 10 2n+1 in layers, each layer extending from p — 10 2 " 1 
to p = 10 2 " 1+1 , we obtain the shielding ratio p n+1 . If the space between 
the above layers is also filled with tire shielding material die shielding ratio 
becomes p. These figures illustrate the principle. It is not practicable 
to use shields widi radii whose ratio is so large that the full benefit of reflec- 
tion is obtained from each layer. A formula for a practical case may be 
obtained from (7.19-10) in which the exponential factors should be replaced 
by the transfer ratios. For a shield with only two layers calculations 
are not too laborious but for a large number of regularly arranged layers 
it would be preferable to consider first the problem of wave transmission 
through the corresponding iterated structure. 

In the case of spherical shields equations (6.17-7) give the field of a current loop 
at distances which are large compared with the radius of the loop as long as the fre- 
quency is so- small that the product fir is small, and from (16-1) we obtain the follow- 
ing form of the field reflected from a spherical shield concentric with the loop* 

= iupPr sin 6, Hj = IP sin Q, H~ = -2 P cos d. (18-12) 

The magnetic intensity of the reflected field is parallel to the s-axis since H p = 0, 

The numerical factor P has been changed. Once E v is obtained, ff$ and H r can 
be calculated from (4.12-10). 
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H» «• — 2P The radial impedances are given by (7) and the transfer ratios are 
x£<»V») = p , Xifrfctt) - ~ , 

XwfrV*) * p , X»(»Vt) “ 1 
The product which enters the shielding ratio (11) is then 

Xg - XtOvjJxrOvi) * p = x» 

For the products of the transmission and reflection coefficients across the two bound 
anea of the shield we have (with k =» pi/pt i) 

(i + l?(l* 4- *) 9k 

Tu " d+iKir+i) * (i+2*)a +*) m,a 
<**-$)<*-») 2(1 - 1)» 

9k ” w “ (*+!)“(>* +ij " (14-2*)(2 + *)‘ 

If k is large, then q ~ 1 , and the shield ng ratio becomes 

P 9 P 

1 - x"2*(l -x) 2 m, (**-<«*) ’ 

where « is the inner radius of the shield and b the outer radius. Comparing this with 
the correspond ng shield ng ratio for cylindrical shields, we find that when b is much 
larger than a, the spherical sh eld is somewhat less effective than the cylindrical shield, 
but in practical cases, in which the th ckness of the sh elds is moderate, the spherical 
shield may be the more effective 

The preceding spec Ac formulae for the sh elding ratio apply 
to the case when the permeability of the medium inside the 
shield is the same at all points If the current loop ts sur 
rounded by some magnetic mater il (F g 8 42) as is the case for 
coils wound on magnetic cores, then the rad al impedance look, 
ir.g inward from the inner surface of the shield is modified and 
the shielding ratio is altered In order to obtain more general 
expressions for p and y in (U) we have to d stmguish between 
radial impedances for waves in homogeneous media and radial 
impedances affected by reflection \\ e shall now des gnate the 
former by the letter K and the latter by Z From equations 
(7 20-2) and (7 20-3), paying due attention to Fig 7 24 which 
explains successive reflections within die shield, we obtain 

[ZJM + Kj(amj(b) + Kjy }) 

P " IZjfe) T JCftOIKs?) + ATtWl* 

(*;(*) - zt(«)P3(*) - 

7 " IKt(o) + ZlWSKlW + K}{*» ’ 

where the subscript 2 refers to the shield 



Fto 8 42. A cut 
rent loop aur 
rounded by a mag 

spherical shield 


(18-13) 
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Let the radius of the spherical “ core ” surrounding the current loop be c. The 
radial impedance Zj(a) may be obtained from (7.10-8) if we let *i = a, = c and 
2(f) = \iwpzc, where pz is the permeability of the core; thus 

2 ( 1 -*> + *< 1 + ») (1M4) 


Z\(a) = 'Jwpia ■ 


X = 


(2 + ft) + 7(1 -x) ’ ~ Ml 

The magnetic core has altered the impedance looking inward at the inner surface of 
the shield in the following ratio 

Zi(a) 2(1 - ft) + 7(1 + 2ft) 

* Kj(a) (2 + ft) + 7(1 -ft) ' 


In practice ps is usually much larger than pi since the purpose of the core is to increase 
the inductance of the coil. Hence we have approximately 


* i -* ’ 


thus the impedance Z~(a) is increased by the presence of the core. This approxi- 
mation, however, should not be used when ft is near unity. 

Expressing (13) in terms of various ratios, we obtain 

fflJ+l) (** + *) 37(2 + 1) 

P <&Tt + k) g* + 1) (7 + 2) (2k + 7) ’ 

(H- - m(k - 1) 2(k-m-D 
q (*+J»(i7+l) (k + 2)(2k + k)’ 

where k and 7- retain their previous meanings. Without the magnetic core % = 1 
and the core makes 7 larger. Since k is large for an effective shield, an increase in 7 
makes p larger while q is affected only slightly; hence the shield is less effective for a 
coil wound on a magnetic core than for a coil wound on a nonmagnetic core. If the 
core is made of the same material as the shield and if c = a, the shield loses its effective- 
ness completely. 

The above examples show that transmission theory provides a method for solving 
problen.s on cylindrical and spherical shields under a variety of circumstances. This 
method is particularly useful from the computational point of view when the structure 
is fairly complex. Even in the case of a single layer shield for a coil with a magnetic 
core the solution of the boundary value problem would require writing expressions 
for the fields in the core, in the region between the core and the shield, in the shield 
and outside the shield. These equations would contain six arbitrary constants and 
we should have to use the six equations of continuity of the tangential components 
of E and H to determine these constants; and the labor involved in solving these 
equations is considerable except when the method used is essentially equivalent to the 
transmission method of handling the problem. From the mathematical point of 
view the transmission method consists in solving the boundary value problem for a 
single section, then applying the results to each additional section. Besides, the 
transmission theory enables us to make qualitative appraisals of the effectiveness of 
shields once we have mastered the simple but very fundamental ideas concerning the 
effect of impedance mismatch on reflection. 
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We shall now examine the effect of the presence of the shield on the source itself 
For example, for the current loop at the center of a spherical shield the incident field 
is expressed by (6 17 7) the reflected electric intensity is then 




luuiSIr s: 


6 


where qg is the ^-reflection coefficient at r = a which takes into account the shield 
and the medium beyond it Hence by (7 20-2) we have* 

- K+(a) 1 Zt(a) - tufiiO 
98 “ A?(«)[2+(a) + I * 2[Zt(a) + 

The reflected field is impressed on the current loop and introduces an impedance 

2»r£J(r) ta/hSc* turn S* 

z„, 


where t is the radius of the loop 

In the case of nonmagnetic metal shields at frequencies which are not too low, 
Z+(a) is small compared with r tofiyi and for perfect conductors Z*(a) is alwajs aero 
then 9g 1 and the impedance added in senes with the loop becomes 


Zit 


2 w* ' 


Lm 


Pi S* 

~ 2*o* 


Thus the inductance of the loop is made smaller by the presence of the shield 


8 19 Theory of Laminated Shteldt 

In the preceding section we have shown that a shield made of alternate layers with 
d fferert permeabilities may be more effective than a solid shield Laminated shields 
made of regularly spaced layers may be treated as special cases of iterative structures 
As an illustration we shall consider a c>hndncal shield made of coaxial la)ers with the 
permeabilities of the adjacent layers equal to p a and pj Let the common ratio of 
the inner radius of a layer to its outer radius be Vjj and let the permeability of the 
layti between pi *= a and p s = 4 <= s/'/% be pi 
First of all wt calculate the transducer impedances 

—Ei = Z^Jl i + Z!J1 j, Eifa) = Ei co* if, E t (h) = Et cos v>, 

Ei =* ZiJJi + ZfJit, = H, cos cosy, 

from the general equations for cylindrical waves of order one 

E, = toim + Qfij cos y>, cos 

* Expressing qr = qe in terms of impedances instead of admittances 


(19-2) 
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By assigning values to P and Q which make either Hi or //; vanish we have 

1 +X . 2 

Zh = tupia , , = —iufua 


1 -X* 

Zii = -tail ib = iamb . 


(19-3) 


The next layer from pi = b = a/Vx to P 2 = b/Vx = «/x has the permeability 
p 2 ; the impedance coefficients can be obtained by analogy with (3): 


1 +X 2 

Z[{ = tap «b ^ = -iamb — — , 


• 2 n,, . 1 + X 

Zil = = tap 2 a — —j 


(19-4) 


The coefficients of the transducer comprised of these two layers may be obtained 
directly from (7.26-1); thus if k — pi/pi, we have 


(1 + *)(1 + X) 2 -4 X „ . 4* 

Zu-taptft (i + ^.) ( i_ x 2 ) > Zl2 (1 +Jt)(l -x 2 )’ 

(19-5) 

v _ • 4 X _ _ . (1+*)(1+X) 2 -4*X 

21 '“^(1 + /.•)(! -X 2 )’ " “*** (1 + *)x(l - X 2 ) ' 


The impedance coefficients of the transducer consisting of the next pair of layers 
are obtained if we multiply (5) by 1/x. Equations for the iterative structure are 
then obtained from the first and third equations of the set (7.26-0); thus 


Z\\Hi + Z 12 H 0 = —Ei, 

ZuH i + ^£22 + H 2 + 273 = 0. 


(19-6) 


Let the //-transfer ratio be 


Hz bh A 

H 2 Hi * 


(19-7) 


Substituting from (5) and (7) in (6), we obtain 


^-2^-f* = 0, vf = «(1 + w), 

X X 

(l + x) 2 


4x 


a -x) 2 
(1+x) 2 




Solving, we have 


^ = A ± - 1. 
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Ifm-nt 


then v = l and 


* 

X 


t+X* 1 *-%* 
2X * 2X 


The first value is the H transfer ratio for the converging cyl ndr cal 
geneous med ura and the second is that for the diverg ng wave Thu: 
medium we have 


s in the laminated 


Dividing these transfer rat os by the correspond ng ratios for a homogeneous medium 
we have 



ft- X 1 

1 "7- Va* - i = x 


The quantity X represents the shield ng attenuation rai 
n pairs the attenuat on rat o will be % * 

If the layers are th n, x u near unity and we may w 
necessary substitutions, we obta n 

-f-i + ifr+W*. 


for each pair oflayers, for 
te x ■= I — J Making the 



Supposing that the shield ng space between pi = <r and pi = b has been divided into 
In layers, we have 8 = 1 — 'Safb Let 

a b 

_ = »-«, © = log-, 


and substitute m the preceding equation, then 


8 = 1 - e~°'- 


As n increases, the attenuation across the shield becomes 





Thus the diverg ng H wave is attenuated by TS nepers besides being multiplied by 
the factor a */b* The converg ng wave is also attenuated at the same rate Hence 
the- cumalstire effect of refhcc arts hts retailed m ex/vitentitl atienuiaon 
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The characteristic radial impedance in the positive p-direction in the laminated 
medium may be obtained from (6) and (7); thus 

P TJ 

K + = — 77- = Zu + Zu-— = Zu + x+Zi,, or K+ = Zn + x ! X2i2- 
H 1 n 1 

Similarly the characteristic impedance in the negative p-direction is obtained from the 
analog of equations (7.26-0); thus 


K~ = Zo 2 + = Z 22 + xZax. 

X 

In the limit as the thickness of each layer approaches zero we have 
K + = K~ = ioip V pip 2 . 

If a shield with infinitely tliin laminations is used in a medium with permeability g, 
the shielding ratio is 


■pe 


,-re 


1 _ qe~H T +» e 
'V'pips 


, /> = 


47 


(1 + 7-) 2 ’ 


? = 


(1 ~ *) 2 

(l + U 2 ’ 






8.20. /if Diffraction Problem 

In section 5 we have calculated the field scattered by a wire of radius a when the 
A-vector of the incident plane wave is parallel to the wire. Let us now suppose that 
the A-vector is perpendicular to the wire (Fig. 8.43). If the radius of the wire is 
small, the electric intensity impressed on the wire is A*- = Ao cos V, where Ao is the 
intensity of the incident wave at the axis of the wire. The reflected wave is of the 
type discussed in section 17; thus 

HI = HKi(tj3p) cos = —7 iHK[(ipp) cos <p, E T P = — T — Kxtffip) sin <p. 

/coep 


Since at the surface of a perfectly conducting cylinder we must have E% + A£ = 0, 
the coefficient A must be 


A = 


Ao 


PVE 0 


vK'ffifia) 


= P 2 a 2 Ho. 


Thus the reflected field is proportional to the square of 
the radius of the wire in wavelengths and is considerably 
smaller than in the case in which A is parallel to the 
wire. In the latter case the impedance to the current 
flow in the wire is small whereas when the A-vector is 
perpendicular to the wire the impedance is large. 



Fio. 8.43. A plane wave 
incident on a cylinder; E 
is normal to the axis. 
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8 21 Dominant Wants in Wave Guides oj Rectangular Cross Section 

(TEi o-mode*) 

Consider a wave guide of rectangular cross section (Fig 8 44) and let 
the electric vector be parallel to the shorter side That this assumption 
is consistent with the electromagnetic equations is 
shown by assuming E z = E, = 0, and substituting 
in (4 12-1) to obtain 


h. = - 


FlC 8 4- 


1 6E U 

lun dx ' 


= 


0 , 

(2M) 


8H. 


SHr 8H, 


(? 4- »»*)£„, 


wavegu de supporting 
a wave in wh ch £ is 1 

parallel to the vi-plane 6y 

These equations define a realizable field and their 
solution is obtained as follows First eliminating the magnetic intensities, 
we have 


( 21 - 2 ) 


d 2 E„ d*E, 


+ °-£~*>e. 


i* sT te 1 


It has been shown in section 3 1 that this equation possesses solutions which 
are exponential functions of z and which represent, therefore, waves travel 
mg along the tube Assuming 

E./jcf) - £,!*)<-*• (21-3) 

and substituting in (2), we have 

jtp 

- -x’C, x‘ - r> - r - (2W) 


The general solution is £„ — A sin x* + B cos x*. but if the tube is per 
fectly conducting, B must be equal to zero since E v must vanish at the 
face x = 0, furthermore we must have 

X a~> ra, * - 1 , 2 , , (21-5) 


to ensure that E v vanishes at the opposite face 
£ v = E sin mrx/a , where E is the maximum amplitude 
(3), and then in (1), we obtain 


E v 


H, = ~ 


ttrE BxX _ p , 

cos e , Hz 

tu\ia a 


Thus we have 
Substituting in 


(21 - 6 ) 


where the wave impedance in the s-direction ts K, = iuji/r 
* The meaning of subscripts is explained in Chapter 10 



WAVES, WAVE GUIDES AND RESONATORS — 1 317 


In nondissipative media there is a sharp separation between the fre- 
quencies at which the power is carried by the wave along the tube and the 
frequencies at which the wave is attenuated. This may be seen from the 
expressions for the propagation constant and for the impedance 


r = 




(21-7) 


When the wavelength is large, T is real and the wave is attenuated; the 
wave impedance is a pure reactance and energy merely fluctuates back and 
forth across any given cross-section of the tube. On the other hand, when 
X is small, F is imaginary and the amplitude of the wave is independent of 
z; the wave impedance is real and energy is carried by the wave along the 
tube. 

The cut-off frequency and wavelength are obtained from the condition 
T = 0; thus 


X c 


2 a _ o _ mu _ n 

h * ■' c ~\ c = 2 a = ' 


( 21 - 8 ) 


The lowest cut-off frequency corresponds to » = 1 and the corresponding 
wavelength (characteristic of the medium) is twice the length of the side to 
which E is perpendicular 

K = 2a. (21-9) 


This wave is called the dominant wave because, having the lowest cut-off 
frequency, it is the only wave which will exist at a distance from the source 
of energy when the frequency is in the interval between the absolute cut-off 
defined by (9) and the next higher cut-off. 

Let the ratio of the operating wavelength to the cut-off wavelength be 


A —f± - ^ _ ah 

X c f ui 2a 


(21-10) 


Introducing this ratio in (7) we have 


r = /ftt, & = p/l - r 2 , K z = 




, x < x„, 


v — — fi v _ ( , 1\ 1/2 

l 1 - \l 1 2 > — ( 1 •>}> X> X e . 

ay v ‘ nr \ v 1 ) 

The wavelength \ z and the wave velocity v. in the tube are 

X o 


( 21 - 11 ) 


X, = ^ = 


A Vi - v 2 ’ 


Vz = 




( 21 - 12 ) 
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At the cut-off the wavelength and the wave velocity are infinite, as the 
frequency increases, they approach the values characteristic of the medium 
In Fig 8 45 the ratio s/o, is shown as a 
function of the frequency The wave im 
pedance is infinite at the cut-off and ap 
proaches the intrinsic impedance as the 
frequency increases Below the cut-off the 
wave impedance is a positive reactance and 
sufficiently below the cut-off it is cubs tan 
tially an inductance At low frequencies 
the propagation constant tends to a con- 
stant value nr /a so that the attenuation 
per length eqoal to a is nr nepers For 
dominant waves this attenuation is r nepers or about 27 db 
In dissipative dielectrics no sharp cut-off exists since power is dissipated 
at all frequencies wherever there is a field and this power must be carried 
by the wave to the place of dissipation However, in high Q dielectrics, 
the conditions approximate those in nondissipativc media and if we define 
the frequency ratio v as above, by ignoring g, we may express the propaga- 
tion constant as follows 

Since we have assumed that Q — ut/g is large, we have approximately 

r - «. + <s„ «, - (i - nr'", <2i-i4) 

except near the cut-off The effect of dissipation on the phase constant 
is of the second order 

We now turn to a more detailed discussion of the dominant wave, its 
field is 


» — 


J 

h- 


°0 fc 2fC 3f C 


Fid 8 45 Ratio of the charac 
tenjt c velocity to the velocity 
in the wave guide 


H: = - — E y , H, = 


r E vx 

— cos — e 
tuna a 


(21-1 S) 


where 0 is the longitudinal phase conscant The maximum voltage V is 


V 


bE v 




(21-16) 


The total longitudinal current I m the lower face of the tube (Fig 8 44) vs 
obtained by integrating -ff„ thus 




M, ■>. 

rf\ t 


(21-17) 
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The power W carried by the wave is 

The “ integrated ” characteristic impedance may be defined in several 
ways. Thus we may define it either as the ratio of the maximum voltage 
to the total longitudinal current or in such a way that the formulae for the 
power in terms of the longitudinal current or in terms of the maximum 
voltage remain the same as the corresponding formulae for transmission 
lines consisting of parallel wires; thus 


V 1W 

Kv.i = ~j ) Kw.i - jji > Kv?,v = 


(21-19) 


These integrated characteristic impedances satisfy the following equation 

Kv.i = V* K\yjKiy t v (21-20) 

Other definitions are possible; but at present these satisfy all practical 
requirements. 

From these definitions and from the expressions for V, I, and IV, we 
obtain the following expressions for dominant waves 

K V j = K a , K WS = ^K Z , K WJ = ~ K z . ( 21 - 21 ) 


All these integrated impedances are proportional to the wave impedance 
at a point and involve the dimensions of the guide in the same way. They 
are proportional to b , the dimension parallel to the electric lines, and in- 
versely proportional to a, the width of the faces which carry the longi- 
tudinal current. These expressions do not differ greatly from the approxi- 
mate characteristic impedance {b/a)r\ for transverse electromagnetic waves 
in a pair of parallel metal strips. The integrals in (17) and (18) may have 
obscured simple considerations by which the values of the integrated im- 
pedances may be obtained from the wave impedance K z . The longitudinal 
power flow per unit area is proportional to K z ; if the transverse field were 
uniform throughout the cross-section of the guide all the integrated imped- 
ances would be equal to {b/a)K z . Since the longitudinal current distri- 
bution is sinusoidal the total current is only 2/tt times the maximum current 
density and the voltage/current ratio becomes {irb/2a)K z . Similarly, for 
a sinusoidal distribution of the field over the cross-section, the power flow 
is only half what it would be in the case of uniform distribution with the 
same maximum voltage along electric lines; hence the impedance on the 
power-voltage basis is twice that for the uniform field. 

As we have already seen, the impedance concept plays an important 
role in the theory of reflection. When the field distributions in equiphase 
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surfaces are the same for the incident, reflected and transmitted waves the 
reflection and transmission coefficients depend solely on the ratio of two 
wave impedances, taken in the direction of wave propagation This is the 
case when the boundary conditions over the entire interface between two 
media are satisfied automatically as soon as the boundary conditions at 
any one point of the interface are satisfied In some cases the incident 
wave may be resolved into components which are thus simply reflected 
Examples of this type of reflection have been encountered in the theory 
of cylindrical and spherical sh elds when the sources were not axially or cen 
trally disposed In such cases we have to consider an infinite number of 
wave impedances one for each wave component, and the reflected wave 
will depend on an infinite number of impedance ratios In wave guides 
the exact theory of reflection is often even more complicated Ne\ erthe 
less there are instances in which the ratio of integrated impedances may be 
expected to give a satisfactory indication of the amount of reflection For 
example, m two conductor wave guides (parallel wires or coaxial pairs) at 
frequencies so low that only transverse electromagnetic waves are trans 
mitted wh le other waves are rapidly attenuated and contribute only 
negligible end effects the integrated characteristic impedances* determine 
quite accurately the reflection and transmission coefficients at a junction 
between two lines In Chapter 12 we shall prove that for frequencies 
between the lowest cut-off and the next higher, the above mentioned end 
effects may be represented by proper reactances either in shunt or in senes 
with the was e guides 

If a and b are varied simultaneously and fairly slowly it is possible to 
keep the characteristic impedances constant and thus el m nate reflections 
which would ordinarily occur when the d mensions are altered Reflection 
losses may be avoided even when the change in the dimensions is abrupt 
provided we introduce compensating d scontinumes 

If the conductivity of the tube is finite but large the tangential com 
ponent of E is very small The above express ons for the field become 
first approximations to the exact expressions The magnecic field tangen 
tial to the tube is large and is not appreciably affected by the change in the 
boundary conditon hence the tangential electric intensity is obtained if 
we multiply the magnetic intensity by g — 31(1 + <) where 3L is the 
intrinsic resistance of the tube The power absorption of the two faces 
parallel to the E vector is then 

;r, . a h.h: Jy - SjJ? (21-22) 

Jo il P e 

* For transverse electromagnetic waves the integrated impedances Kv 1 Kw v 
and R<r 1 are equa 



WAVES, WAVE GUIDES AND RESONATORS—! 321 


The power absorbed by the faces perpendicular to E is 

n a 9 (aF 2 

= &f o (H X H* + ftfff) dx = • (21-23) 


The power absorbed by these faces depends on the frequency only through 
91 and hence is proportional to the square root of the frequency. On the 
other hand, fp'i has the square of the frequency in the denominator and 
hence becomes small at sufficien dy high frequencies. This is not surprising 
since with increasing frequency the displacement current between the 
faces carrying the longitudinal current will predominate and the transverse 
conduction current will become smaller. 

In the yz-plane the transverse conduction current is 


Jc 



iwfia 


7T V 

ius\iab ' 


An equal current flows in the opposite face. For the transverse displace- 
ment current we have 


. C 2 . -s. 2iuea 

Jd = / E y dx = - tweaEe 11 " = • — — V. 

J o ir itb 

From these equations we obtain the shunt capacitance per unit length and 
the shunt inductance on the voltage current basis 

2 ta f nab 

c v,r - ~T > ^v.i ~ ■ 

■Kb Ik 


The longitudinal inductance L per unit length may be obtained from its 
definition 


dV _ . T T T 1 dV 

— - — 1WL.yjl , L.yj - — — — , 

dz lul dz 


and from (16) and (17); thus Lyj = Kfxb/2a. These expressions provide 
another method of obtaining K VJ . 

The integrated distributed constants of the guide may also be defined 
in terms of the energies associated with currents and voltages. But from 
the practical point of view the primary constants of wave guides are of 
lesser importance than the secondary constants. 

The total power dissipation per unit length of the guide is 

+ +“(£)]• 

From this equation and from (18) we obtain the attenuation constant 

- - -A— (, 4 ^ - « (V-h 

ybV 1 - v 2 \ a } rj\/ ] _ „3 ^ a J 


(21-25) 



322 


ELECTROMAGNETIC WAVES 


Chap g 


In the case of imperfect dielectrics the total attenuation constant is ob 
tamed by adding (14) and (25) The attenuation constant in an air filled 
copper tube with a = 20 cms and t *= 10 cms varies as shown in Frg 8 46 
The wavelength is expressed in centimeters and the attenuation in decibels 
per meter 

In order to produce waves of the type considered in this section the elec 
tnc field impressed over the cross section of the guide must conform to the 



Flo 8 46 The attenuation constant for the dominant wave (TEi »-wave) in a rectangular 
wave gu de a - 20 em« 4 = 10 cmi copper walls 

electric I nes and to the intensity distribution thus the impressed intensity 
must be independent of the ji-coordinate and be a sinusoidal function of the 
^-coordinate However, from general equations of Chapter 10 it will be 
apparent that if b < a and a < X < 2a, then the field of any source will 
differ from the one here considered only in the vicinity of the source 


8 22 Dominant Waves tn Circular Wave Guides (TEi t mode) 

A wave similar to the one considered in the preceding section may exist 
in tubes of circular cross section Electric lines cannot be parallel, of 
course, since they must end at right angles to the tube, but they show an 
unmistakable resemblance (Fig 8 47) to electric lines for the corresponding 
transmission mode in rectangular guides From the equations of section 21 
we find that for the dominant wave the longitu 
dinal magnetic current flows in one direction in one 
half of the guide and in the opposite direction in the 
other half This suggests that in the present case 
we should seek a solution of the following type 

H, = co$ V f~ r ’ (22 1 ) 

Since H, satisfies the wave equation, we have 

+ + <*V-»A-o. 

X 2 - r* + p*. r = 
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This is the Bessel equation of order 1 and its solution for the case when the 
medium inside the tube of radius p = a is homogeneous must be JJ z (p) 
= }J J l (xp). The second solution becomes infinite at p = 0 and should be 
included only when the axis is excluded from the region under considera- 
tion. Thus (1) becomes 

H z = HMxp) cos <p e~ Tz . (22-2) 

The remaining field components are now obtained from the general 
electromagnetic equations by setting E z — 0 and using (2); thus 

VM 

Hp — — - — - Jiixp) cos <pe~ v *, E v = ~K z Hp, 
x 

H* = ™ Ji (xp) sin * e- r % E p = K Z H V , 

X'P 


where the wave impedance in the 2 -direction is 

twp tup JJ 


K. = 


V x 2 - fp * 

Since E v must vanish for p = a, we have j[ (x«) = 0. The roots of 
this equation are 

x a~k~ 1.841, 5.331, 8.536, • • • ; 


hence the longest cut-off wavelength is 




2tr 

X 


2: xa 

L84 


= 3.41ff = 


\.ld. 


In Chapter 10 we shall examine all possible transmission modes in circular 
tubes and we shall find that 1.7 d is the largest value for the cut-off wave- 
length. 

The longitudinal electric current consists of conduction current only; 
this current is determined by H v and it flows in opposite directions in the 



i — 


Fig. 8.48. Longitudinal conduction currents associated with a dominant 
wave flow in opposite directions in the two halves of the guide. 


two halves of the tube (Fig. 8.48). Thus the total current / in the lower 
half of the tube is 





ITHa 2 Ji (k) _ Tz 

k 2 
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Calculating the maximum transverse voltage V and dividing by I, we 
obtain Krj 


r- «*/'” £ r '[X‘ /oMA - «*>]• 


y j f /.(«)* -/.(*) 

Ktj-j- Tjrr K. 


The power flow above the cut-off is 

»' - i«r‘(V - \)]’dt)fa‘K.H‘, 


therefore 

K.7J -'(**- I)*.', 


For the dominant mode the above expressions become 


J?r / « 1 - 38 A, * 






3S4 

3 vT-T* ’ 


Abt p 


The expressions for the attenuation constant and the power absorbed 
by the tube are 


For dominant waves in air filled guides the attenuation constant becomes 
« - - 13 76(1 - rV ,! - 2 SSv'nryiurJ 


8 23 The Effect of Curvature on E'ave Propagation 

Heretofore we have considered only straight wave guides In this section we shall 
study the effect of bend ng the wave guide by solving four $ mple problems two con 
cerning the bending of parallel strips and two sim lar ones for rectangular wave 
guides Imagine two parallel metal snips of width a separated by d stance b<Si_ a, 
and assume that after bend ng they form portions of two coax al circular cylinders 
We shall consider that mode of propagation which was transverse electromagnetic 
before bending with electric 1 nes running normally from one strip to the other After 
bending these lines become approximately radial as shown in Fig 8 49 If the strips 
were straight we would use cartesian coordinates and call the field intensities perhaps 
Ex and H y for a wave mo\ mg in the z-direci cm In the present case, however, cyl n 
dneal coordinates are mote suitable The principal component of the electric mten- 
s ty is Ep and the magnet c intensity is ff, the wave propagation is m the direction 
of the ^-coordinate. We shall ignore the edge effect It is possible to state a dear 
cut mathematical problem in which the edge effect is absent We need only con 
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sider a rectangular wave guide in which the impedance of two opposite faces is zero 
and the impedance of the two remaining faces infinite. The tangential electric inten- 
sity and the normal magnetic intensity vanish at a surface 
of zero impedance; similarly the tangential magnetic intensity 
and the normal electric intensity vanish at a surface of in- 
finite impedance. Thus in the present case we assume zero 
impedance boundaries at p = pi and p = p« where P 2 — pi = ^ Fl0 ‘ S ' 49 ' Ber *ding of 
and infinite impedance boundaries at z = 0 and z = a. " 

The field under consideration has at least two components E p and H t . If we were 
to assume only these two components we should find from (4.12-2) that the assump- 
tion is inconsistent with the equations. We then make a less stringent assumption 
d/d? = 0 which leads us to equations (4.12-7), connecting E„ H-, and E v . It appears 
therefore that one consequence of bending as indicated in Fig. 8.49 is to introduce an 
electric intensity in the direction of wave propagation. For the type of wave under 
consideration this intensity must be small, of course, but it is required by the induction 
laws. 

For progressive waves traveling in the negative ^-direction (clockwise in Fig. 8.49) 
we assume the following expression for the magnetic intensity 

= #(p)e i?p . 



Substituting in (4.12-7), we have (assuming g = 0) the remaining intensities and the 
equation for fl{p) 


E P (p,<p) = — - #(p)e ,?p , E v (p,<p) = 

o?ep 


1 dH . 

__ e w 
icoeap 


Ptl dft 

"V + p 5T + “ ip 


This is the Bessel equation of order q; hence its solution and the ^-component of E are 
H(.P) = AJ q (0p) + BN q {fip), 

EM = hUm P ) + BN' q (S P )V qr - 

The boundary conditions are £ v -(pi,<p) = 0, E v (p 2 ,<p) = 0; therefore 


AJi 03pi) + BN' q tfp i) = 0, 

(23-1) 

AJ'qffipi) + BN'M) = 0 . 

Nonvanishing values of the constants A and B will be obtained only if q is a root of 
the following equation 

_ l = mv* = mp* „ 

A NiWpi) NqWPi ) * ( > 

One method of solving this equation would be to plot both sides against q and 
obtain the points of intersection. Another method is to use the series expansions 
for the Bessel functions and solve for q by successive approximations, this method 
suggests itself when ftp* and q are small. In any case it is evident that the solution 
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of (2) is more d ffieult than that of the cortespotidsng equation fo* a stra ght guide, 
and it is more practicai to look at the problem from a physical point of view Thus 
if pi = pi = co so that the guide is straight, the wave under consideration has very 
simple properties, the transmission equations are the equations of a uniform line with 
distributed inductance and capacity given by L •= pb/a C — ta/b, E, and H, are 
un formly distributed and E r is zero Assuming therefore that in the first approxl 
(nation the bending does not alter the uniformity of H. and that the displacement 
current density tufE t may be ignored, we can calculate the new values of the distrib- 
uted inductance and capacity The inductance L and the capacitance C per radian 
are then 

^ m P(pj ~ Pi) m P*C £ *» t _ Pi + Pi 



Hence the characteristic impedance, the phase constant, and the wave velocity become 

^7 

If b is small compared with c we have approximately 

*- 7 ( ,+ 55 ?)- "•-’(' + 5 ?)’ 

Thus the characteristic impedance has been increased by bending likewise the wave 
velocity along the mean circle has been increased The characteristic impedance 
can be reduced to the former value either by decreasing the distance between the par 
allel strips or by making them wider 

The foregoing extremely elementary calculations may have created an erroneous 
impression that the fundamental electromagnetic equations have been ignored In 
reality these calculations are based on equations (4 12-7) Thus d/vidmg the first 
of these equat ons by p a d integrat ng the result as well as the remaining equa 
t on from P = pi to p — pi we obtain 

g^J" = *“**'> 7/,(p*) — Ht(jn) -= — i«<y' £»dp, 

<23-3) 

pE, (p) | — ~ = pH, dp, J' E, dp = V 

The first term m the th rd equation vanishes on account of the boundary conditions 
The second equat on shows that the variation in H is small because pi — pi is small 
compared w th the wavelength and E, is small for the wavt under cons deration, 
hence H,(p) = — I/a, where I is the conduct on current in the strp of radius pi 
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Substituting in (3) and integrating, we have 

dV iuiijpl - Pi) j 

dtp ’ 


dl _ 
7 ’ d<p~ 


Thus in following physical intuition we have not strayed very far from the funda- 
mental equations. 



Fic. 8.50. 


Returning to the exact formulation 
of the boundary value problem and to 
equation (2), we note a curious fact 
that this fundamental equation has been 
derived from the boundary conditions 
imposed on E f , that is, on a function 
which nearly vanishes for small curva- 
tures. Equation (2) is not easy to 
handle numerically. However some 
values satisfying this equation can be 
obtained indirectly; thus if q = 1, we 
can plot J[/N[ against (3p from the 
available tables (Fig. 8.50), select pairs 
of values fipi and j9 pe satisfying (2), 
and plot (3c = |/3(pi + Pz) against 
Pi/ps (Fig. 8.51). In this special case 
the phase qtp changes exactly by 2tt 
per revolution and the field between 
the cylinders is periodic. Two waves 
of this kind traveling in opposite direc- 
tions will form stationary waves and 



% 


Fig. 8.51. The ratio of the mean circumference 
of two coaxial cylinders to the Natural wave- 
length for the gravest oscillation mode. 


Fig. 8.51 gives the ratio of the average circumference to the natural wavelength as a 
function of the ratio of the radii. 
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The second problem concerns parallel strips bent in the plane perpendicular to 
the electric lines, so that the strips become two annular rings of width a, separated 
by distance b Using the same coordinates we now have to consider the field com 
ponents ff„ E,, and //, The equations to be solved are (4 12—6) The boundary 
value problem reduces to equation (2) and just as m the preceding case it is simpler 
to find an approximate solution by integrating the equations with respect to p and 
then making suitable approximations, thus letting c = 3 (pi + p 2 ) and pj — pi = a 
we obtain 



In this case the characteristic impedance is decreased by bending while die mean 
wave velocity is increased as before To increase the impedance to its original value, 
we should either increase b or decrease a Comparing this result with the preceding, 
we note that in either case the impedance may be returned to its original value by 
decreasing the dimensions of the wave guide in the plane of bending or increasing the 
dimensions perpendicular to this plane 

At this point we wish to emphasize that there exist exact transmission equations 
for ' circulating " waves which differ from (4) only in the values of the distributed 
line constants Thus the second equation in (3) may be replaced by the following 
more general equation, 

HM = H.(f) - ,«* f E t dp, (23-5) 

where e is either the mean radius, or pi, or some other radius between p = pi and 
p — pi Substituting from (5) in (3), we obtain exact transmission equations, 
connecting the transverse voltage A" and the longitudinal electric current either in the 
inner strip alone or combined with the longitudinal displacement current flowing 
between the coaxial cylinders p = Pi and p = c The constants in these transmission 
equations depend on the unknown function, E, (p) 

The two remaining problems concern the effect of bending of metal tubes of rec- 
tangular cross-section on the transmission of dominant waves We assume that before 
ot Tiding the electric lines were parallel to the shorter side 6 of the rectangle, that the 
field was uniform in this direction, that the transverse intensities varied in the direc 
tion of the longer side a as sin xs/a If bending takes place in the plane perpendic 
ular to the electnc intensity the appropriate equations are (4 12-6), assuming that 
wave propagation takes place m the ^-direction The solution of interest to us is 
the one which approaches 


Et — E sin 


*(p — Pi) 
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as p increases indefinitely. As in previous cases it is assumed that pi is the smaller 
radius of the bent wave guide and p» is the larger radius. 

If the bending takes place in the plane determined by the electric intensity and the 
direction of wave propagation, then the proper equations are obtained from (4.12-2) 
by equating E t to zero. In this instance the field has three components before bend- 
ing, namely E p> II?, II. and the solution in which we are interested is 

E„ = E sin — 


Thus bending has introduced two additional components E? and II p . 

We shall now consider in detail the former case and assume that the field distri- 
bution over the plane normal to the direction of wave propagation is unaltered by 
bending; hence taking (21-15) into consideration we assume 

7r(p - pi) vE ir(p - pi) 

E: ~ E sin — — - , ~ -- — - cos — — . 

a toipa a 


If V and I are respectively the maximum transverse voltage and the total longitudinal 
current in the face z = 0 and if 

V = IE, 7= P II, dp, 

"Pi 


then dividing the first equation of the set (4.12-6) by p and integrating it and the 
third equation from p = pi to p = pi and from z = 0 to z = b we obtain 


dV 

ds 


mpirb dl 
~2Aa 7s 


2iueaB 

irb 


2tt \ 
iwpab ) 


y, 


(23-6) 


where s = ctp, c = (pi + p 2 )/2, and 



7r(p - pi) 


dp 


■ *-ir 


p . ~(p - pi) , 

- sin dp. 


(23-7) 


As pi and p« increase, A and B approach unity and equations (6) approach the trans- 
mission equations for a straight wave guide, written in terms of the maximum trans- 
verse voltage V and the total longitudinal current 7. 

The cut-off wavelength and the characteristic impedance become 


\ c = 2av~B y Kv,. 


Evaluating (7), we have B = 1 and 


laVAB 



Thus in the first approximation the cut-off wavelength is unaltered by bending, 
large values of irpi/a we have approximately 


A = 


P1P2 ’ 


1 _ _ ,7= 

A~ 1 ~4?> 


-L = i_f! 
V A 


For 
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hence the impedance is reduced by bend tig To bring the impedance back to it 
original value a should be made smaller or b larger 
The exact equations for the above case are 
E. - U],&P) + 

H, - - -f- [AJ, (Pf) + BV,(0p)]t « 


ft*~~ UtJti Up) + BN,Wp)]' - 
Since £,{pi) and E,(pi) should vanish we must have 
B _ J'Qri 

~ A " N.tfpt) ** /V,(fJ ps) 

Again the exact treatment of the problems depends on Bessel functions regarded a; 
/unctions of the r order 



CHAPTER IX 
Radiation and Diffraction 

9.0. Introduction 

If the current distribution producing an electromagnetic field is known, 
the power radiated in a nondissipative medium can be calculated by ob- 
taining either the power contributed to the field by the sources or the power 
flowing through any closed surface surrounding the sources. The second 
method is based on the energy theorem (4.8-7) which states that when 
g = 0 the average power contributed to the field is equal to the real part 
of a certain surface integral (4.8-8). The surface ( S ) of integration may 
be chosen to suit our convenience. Since in general the distant field is 
much simpler than the local field, a sphere of infinite radius is a particu- 
larly suitable surface of integration. For the same reason the second 
method is usually simpler than the first from the computational point of 
view. On the other hand from the theoretical point of view the first 
method is more direct and fundamental than the second; and in some in- 
stances, when the local field can be obtained in a simple form, this method is 
also preferable from the computational point of view. Furthermore the first 
method makes it possible to determine the reactive power while the second 
method is useless for this purpose. In computing the power radiated in 
dissipative media the second method does not apply; in this case we must 
add to the surface integral the volume integral which represents the dissi- 
pated power. 

9.1. The Distant Field 

Equations (6.1-10) represent the intensities of the field produced by a 
given distribution of electric and magnetic currents in terms of two vector 
potentials A and F and two scalar potentials V and U. In nondissipative 
media the vector potentials are 



where dp c and dp m are the moments of typical electric and magnetic current 
elements, r is the distance between an element at P(x,y, z) or and 

a typical point in space Q(xj,z) or Q(r,d sV >) and the integration is extended 
ov;r the entire current distribution. Thus for r we have 

r = V (* - x) 2 + (y - S’) 2 + (z - z) 2 . 

331 


( 1 - 2 ) 
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From the triangle OPQ joining the origin the element, and the typical 
point in space, we have 

f — >/ r® — TrTcos + f 2 , (1-3) 

where ^ is the angle between OP and OQ, that is, between the directions 
(8,£) and (8,99) , therefore 
cos ^ =* cos 8 cos $ + sin 6 sin h cos (<p — v) (1-4) 
As r increases indefinitely we have 
? =» r - f cos * + 

tint point. 

that is, the difference r—T approaches the projection of the radius d-awn 
from the origin to the element upon the radius in the typical direction 
(V)(Fig 91) Since 



the expression for A may he written as 

We now define the magnetic radiation vector N as follows 

N >ir - o-n 

This vector is determined solely by the current distribution and it deter 
mines the principal term in the expression for the magnetic vector poten 
tiai at large distances 

Similarly we define the electric radtatton vector L and then express the electric 
vector potential at great distances as follows 

Equations (6 2-11) show that at great distances from a current element 
the radio} component of the held intensity vanes inversely as the square 
of the distance and that the principal components of the field are therefore 


00 , (1 5) 




RADIATION AND DIFFRACTION 


333 


normal to tire radius. From the foregoing discussion it is evident that, 
for any distribution of current sources which can be enclosed within a 
surface of finite area, the principal field components are normal to the 
radius drawn from some origin in the region of the sources. These princi- 
pal components can be expressed in terms of the radiation vectors, using the 
general formula (6.1-10). The divergence of A varies at least as 1/r and 
the 6 and ^-components of the gradient contain a factor 1/r; hence the 
only contributions to the principal terms come from the vector potentials. 
With this consideration in mind we obtain the following expressions for 
the intensities of the distant field 


E e = V H V = - ~ (yNg + L v )e~^, 
= - v H e = ~ (-^V„ + Lo)e-^ r . 


( 1 - 10 ) 


9.2. A General Radiation Formula 
The complex flow of power (4.8-8) across a sphere of radius r is 

* = y-J (E e H* - E V H$) dQ, 

where dti is an elementary solid angle, dtt = sin d dO dip. Substituting 
from (1-10) and assuming that r becomes infinite, we find that $ is real 
and we obtain the following expression for the radiated power IV 

IV = J $dn, $ = $ n + 2$ 12 + $ 22 , $„ = ^ (N e N$ + N V N*), 

( 2 - 1 ) 

= g/y (EoL* e + L V L%), $ 12 = ~ re(N e L* - N^L*). 

The integrand $ is called the radiation intensity in the direction (6,<p) 
and may be interpreted as the power flow per unit solid angle in that direc- 
tion. Since the power flow per unit area normal to that direction may 
then be expressed in the following forms 

$ FF* 

W s = ^ = hHH* = — , (2-2) 

the amplitudes of the electric and magnetic intensities are 

r V 17 '• \ J7 


(2-3) 
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The total radiated power is seen to consist of three terms 

w=w n +vr li + fy 2 2, (2-4) 

where W\\ is the power radiated by the electric currents alone Wn is the 
power radiated by the magnetic currents alone and UV\i is the mutual 
radiated power 

93 On Calculation of Radiation Vector s 
The general formulae (1—7) and (1-9) are adapted for calculation of the 
cartesian components of radiation vectors For a curvil near electric 
current filament the moment of a typical current element is I[s) 7s where 
7s is an elementary vector tangential to the filament and J(s) is the current 
in the filament, hence a typical cartesian component of N is 

N, - f (3-1) 


For a magnetic current filament we have a simitar expression with the mag 
netic current K in place of the electric current 1 The spherical compo 
nents which enter the expression for ♦ may now be obtained from 


** Nz cos 8 cos v + Ny cos 9 sin ^ — N, tin 8, 
® —N z s n if + AT, cos <? 


C3 2) 


There are certain properties of the radiation vectors which simplify 
practical applications of the above equations If an electric current ele 
ment of moment II is situated at the origin, 
the radiation vector is simply the moment of 
the element 

N = II (3 3) 

If the element is at (rft <p) then the radiation 
vector 

N = IIS* “* * (3-4) 



differs from (3) only by a translation factor exp(idr cos 4’) as if we 
had a virtual source at the origin with a moment of the same amplitude 
The wave from this virtual source is advanced in phase by dr cos it m 
order to correct for the phase delay introduced while it travels through 
the distance f cos ^ 

More generally we have the following successive translation formulae 

(Fig 92) 

N P = II, = Npt* coa * 

N 0 - N 4 e s ><**** -He 8 ' ~*+*v-*» (3 5) 
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where the subscripts designate the successive positions of virtual sources. 
The formula for the translation of a virtual source from one point to an- 
other follows from the theorem that the projection of a compound vector 
on any straight line equals the sum of the projections of its components 
(Fig. 9.2) 

r cos $ = r\ cos ypi + r 2 cos 4'2- (3-6) 

If we have an array of several identical and similarly oriented radiators, 
located at a number of points P\{r\ Pifofiztfz), etc., then the 
radiation vector of the array is evidently 

AT = N{LAne i?rn c0! (3-7) 

where N\ is the radiation vector of any element of the array and A n is the 
complex strength of each source, having amplitude a n and phase «?„, 

A n = « n e w ". (3-8) 

This theorem follows immediately from the translation formula. The 
summation factor is called the complex space factor of the array and its 
absolute value simply the space factor. The space factor represents more 
than just the effect of the arrangement in space of individual elements of 
the array since it includes the effect of the amplitudes and phases of the 
elements. Only when all the A n ’ s are equal to unity does the space factor 
represent the effect of the spatial arrangement. Since the cartesian and 
hence the spherical components of N contain the space factor, the radiation 
intensity of the array is the product of the radiation intensity of an individ- 
ual element and the square of the space factor 

= S 2 $i, S = | T.A n e iffrn 008 ]. (3-9) 

9.4. Directivity 

The radiation pattern or the directive pattern of a source or an array of 
sources is represented by h or V / 4>. An overall measure of directivity 
is defined as follows. A uniform radiator is taken as a standard. In the 
case of acoustic waves this standard is represented by a sphere pulsating 
radially. In the case of electromagnetic waves such a standard cannot be 
realized; but if figures of merit relative to this standard are known, other 
relative figures of merit can be immediately obtained. Secondary stand- 
ards may be varied as convenience demands. Let the strengths of the 
given source and of the standard be adjusted for a unit power output 

W = J$dQ = 1 , JVq = J = 1 ; ( 4 - 1 ) 

then the directive gain or the directivity of the given source is defined as 
the ratio of the maximum radiation intensity to the radiation intensity of 
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the standard This gain is expressed also in logarithmic units, thus 

£ = . G = 10 logic £ (4-2) 


Since 4>o = I/4ir, equation (2) becomes 

£ = 4 (4-3) 


Another way of defining the directivity is to make the maximum radia 
tion intensities of the soutce and of the standard equal to unity and com 
pute the ratio of the power radiated by the standard to that radiated by 
die source 


(f’o 4y 4f 


The directivity of an antenna and its radiation pattern describe com 
pletely the directive properties of the antenna In order to obtain the 
gain (or loss) in some direction other than that of maximum radiation, 
we simply multiply g by 4>/ or add 10 logio ♦/ 4> m », to G 
In practice we are interested in Tadiation properties in the presence of 
the ground, when the ground is assumed to be perfectly conducting the 
field can be obtained by the image theory Equations (3) and (4) are 
still applicable if fP represents the power radiated by the given sources 
and their images Of course, the actual power radiated above ground is 
only \W and the power radiated by the nondirective radiator is 2 ir instead 
of 4 t 


9 5 Directive Properties of an ’Electric Current Element 

Assume that an electric current element of moment 11 is situated along 
the z-axis at the origin, then its radiation vector is 


N, - 11, N, = 

and the radiation intensity becomes* 

. nPP - „ \S*PP 

v =» — 5 - sin* 6 — — — sin 


—//sin 6, 


Vi 


'flSrll 


In the equatorial plane the element is nondirective and the radiation pat 
tem is a circle with its center at the element In any meridian plane the 
plot of Vi is a circle tangential to the element 
* As usual the numerical coefficient refers to free space. 
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In order to obtain the directivity of the element we make the maximum 
radiation intensity unity and calculate the radiated power 

$ = sin” 8, IV = J' $ dQ. —2-z J si n 3 8 dd = ~ ; 

hence the gain is 

g = 1.5, G = 1.76 db. (5-2) 

The above power JV could also have been obtained from equation (6.3-1); 
to make $ mai unity we let PV/X 2 = 1/1 St. 

Next we shall consider the effect of perfectly conducting ground (the 
equatorial plane) on an element at height z — h above ground; the axis 
of the element is supposed to be perpendicular to the ground. The image 
of the element is positive and therefore the radiation vector and are* 
N z = Il(e'P h 008 6 + e~ ,flh 005 s ) = III cos {Jih cos 0), 


Ne = —III cos (fill cos 0) sin 0, 

7- 2Vl5^// 

V 4> = — — cos (/3/i cos 0 ) sin 8. 


The " horizontal ” pattern is still a circle, but the “ vertical ” pattern is 
affected by the height. If h is sufficiently large, the radiation intensity 
may vanish for values of the angle 0 other than zero^ these angles of the 
cones of silence are obtained from 


§h cos 6 — mr + - , cos 8 = 


(2n + 1)\ 
4 h 


The height must be greater than a quarter wavelength before other nulls 
than in the direction 0 = 0 make their appearance. Cones of silence are 
produced because in some directions the direct wave from the source is 
canceled by the ground reflected wave. 

The power radiated by the element in the presence of ground may be 
obtained from the equations of section 6.4. The mutual radiation re- 
sistance of the element and its image is obtained from (6.4-24) if we assume 
Zi — Z 2 = 2 Jr, thus 

15/ 2 /sin 2)3/; \ 

R “ ~ IF VW 

and the total radiated power is 

TV = 2(JV n + JVvf) = (R u + Ris)/ 2 = (~^ + i? 12 ) I 2 . 

* For the upper element & = 0 in equation (1-4) and for the lower element $ = tt; 
for both elements f = h. 
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We remind the reader that this is the power radiated by the source and its 
image in free space only one half of th s power is radiated above ground 
The maximum radiation intensity is unity when / 2 / 2 /X 2 — l/60ir, and the 
correspond ng radiated power and directivity become 

If the clement is just above 
ground, g becomes equal to l 5 
and the ground has no effect on the 
gain If the element is very high 
above ground then g ~ 3 and the 
ground adds 3 db gam When 

‘-—■-mVh-tl, 4-J57). 

l&h 

the added gam is also 3 db The 
added gam is greater than 3 db 
when the mutual rad ation res st 
ance Ru is negative otherwise the 
gain is less than 3 db Figure 93 shows how the gain in decibels varies 
with the height in wavelengths 

9 6 Directive Properties of a Small Electric Current Loop 

In free space the rad ation pattern of a small loop carrying substantially 
uniform current is the same as that of a current element In the plane 
of the loop the diagram is a circle with its center at the center of the loop 
in any perpend cular half plane the diagram is a circle tangent ai to the 
axis of the loop This is not surprising s nee the loop is equivalent to a 
magnetic current element If the plane of the loop is parallel to ground 
the image source is negative and the radiation intensity in the ground 
plane vanishes If the loop is near ground and the current is kept constant, 
the radiated power is considerably reduced 
If the plane of the loop is perpendicular to ground the image is positive 
Let the center of the loop be at height z = h above ground and let the axis 
of the loop be parallel to the x axis If ■? is the area of the loop, then the 
moment Kl of the equivalent magnetic current element equals topSI and 
the magnetic radiation vector of the loop and its image is 
L c = 2fa>tiSI cos (§h cos 9) 



Fio. 9 3 The gt n n decibeli of a current 
clement normal to a perfectly conducting 
ground. 
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For the radiation intensity we obtain 


$ = L X L% (cos 2 0 cos 2 tp + sin 2 tp) 
o??X~ 

2407T 3 d' 2 / 2 2 „w 2fl 2 . -2 v 

= j cos” (/S h cos 0)(cos 0 cos tp + sm tp). 

X 


Since 


cos 2 0 cos 2 tp + sin 2 <p = 1 — sin 2 0 cos 2 <p, 


<t> is maximum for all values of h when 0 = 90°, tp = ±90°; that is, the 
maximum intensity occurs all along the intersection of the plane of the loop 
and the ground plane. <h mai is unity when S 2 I 2 /\ 4 = l/240;r 3 . 

The radiation resistance Ru of the loop is given by (6.10-3). The 
mutual radiation resistance between the loop and its image may be ob- 
tained from (6.17-5) if we compute the electromotive force induced in the 
loop by its image; thus 


p rwd 2 " 2 

R 12 = re 

- 


-&12 — 


4irr 

240 tt 3 S 2 
\ 3 r 




2 h. 


The power radiated by the loop and its image is then 


TV = 


(i?n + R\z)I" — 


(R\\ + Ri2)X 4 

240n- 3 5 2 ’ 


and the directivity may be expressed as follows 


S = 



1 \3 sin 2(54 3 cos 2Bh~\ 1 

4/3 2 h 2 ) 4/3 h 8j3 2 /; 2 J i * 


When the loop is just above ground, it radiates uniformly in its own 
plane (tp = 90°). If however /S4 = ir/2, h — X/4, then the vertical radia- 
tion from the loop is canceled by that from the image and we expect a 
substantial improvement in gain. In this case we have 

g = 3 (i - £s) \ G = 5.49 db. 


The gain of a vertical current element, a quarter wavelength above ground 
is only 3.62 db; hence the loop has a gain of 1.87 db over the element. 

9.7. Directive Properties of a Vertical Antenna 

In the oase of a vertical antenna above a perfectly conducting ground 
the ground may again be replaced by an image antenna (Fig. 9.4). As 
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in preceding sections we suppose the ground removed and consider that 
the antenna and its image constitute a wire in free space energized from 

I the center If the wire is perfectly conducting and 

if its radius is vanish ngly small, the current distnbu 
tion is given by (6 8 1) In the next section we shall 

study the effect of finite radius on the assumption 

that the current distribution remains sinusoidal and in 
( Chapter 11 we shall determine the extent to which the 

! actual current distribution deviates from the assumed 

Fio 9 4 Vertical an distribution The finite radius affects principally the 
1 round ina'its a"* ,n P ut impedance and the radiation pattern in those 
directions in which the radiation intensity is small 
The radiation vector in the present case is 

IV, =» 21 f s n 0(/ — x) cos (0z cos 9) dx 
Jo 

”‘.8Q rc-n 


s, (flf cos 9) - 

0sin 2 0 ’ ‘‘ 

where l is the length of the wire above ground and 11 is the total length 
of the antenna m free space Hence for the radiation intensity we have 

607* sin* (1 — cos 0)J s n 2 (1 + cos 0)j 


In the special case when / =• X/4, 0/ = 
becomes 

_ 15/* cos 2 cos 9) 


(7-2) 

t/ 2 and the radiation intensity 

IS/ 2 


The radiated power may be obtained by integrating 4> If a new variable 
t = cos B is introduced, the integral may be reduced to Si and Ci functions, 
thus we obtain 

W = 15 (log 2v + C - Ci 2 t)/* = 36 56/ 2 

This is the total radiated power in free space one half of it is radiated 
above ground The voltage between the upper terminal (Fig 9 4) and the 
ground is one half of the total voltage applied at the center of the antenna 
in free space, thus the radiation resistance of a quarter wave vertical an 
tenna (of an infinitely small radius) just above a perfect ground is 36 56 
oftms wfiifc the tad ation resistance of the halfwave antenna in free space 
is 73 129 ohms 
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The directivity of our antenna is 

G = 10 logio ^ = 2-15 db. 

Comparing this with G = 1.76 db for an electric current element, we find 
that the gain of the half-wave antenna over the element is only 0.39 db. 
The principal difference between a very short antenna and a half-wave an- 
tenna is in the input impedance; the short antenna has a high reactance 
and a very small radiation resistance 
while the half wave antenna has a compara- 
tively large radiation resistance. Figure 
9.5 compares the vertical radiation pat- 
terns of the element and the half-wave 
antenna. 

It is evident that the length of the an- 
tenna above ground can be increased to X/2 
and the maximum radiation will still be in 
the ground plane. In the ground plane 
the radiation vector is equal to the mo- 
ment of the current distribution 

r l \I 

N s = 2 1\ sin/9(/ — z)dz — — (1— cosjS/); 

J 0 v 

this becomes maximum when /3/ = t. Further increase in / reduces the 
intensity in the ground plane and shifts the maximum toward the normal 
to the ground plane. 

9.8. The Effect of the Radius of the Wire on the Radiated Power 

In this section we shall consider the effect of the finite radius of the wire, assuming 
that the current distribution remains sinusoidal; a more complete discussion is de- 
ferred to Chapter 11. If we assume that the current is distributed on the surface 
of a wire of radius a, we may regard the wire as a circular array of sources of which 
each source is an elementary current filament. The plane of the array is the equa- 
torial plane. From (7-1 ) we obtain the radiation vector of a typical element of the 
array 

dtp 

df\T = e i0a sin 5 cob fc) 

* 2tt 1 * 

where ip defines the angular position of the elementary filament. Hence the space 
factor is 

i r~ T 

S = 2^Jo ^ ” in 5 ° 0! ^ ^ = S ' n 6) ’ 

and the radiation intensity 5 becomes 3> = S 2 $, where $ is given by (7-2). If /Sa -Cl, 
$ — 1 and the radius has a negligible effect on the radiated power. 



Fig. 9.5. Vertical radiation patterns 
of a short doublet (the outside 
circle) and a half-wave antenna 
(the inside oval). 
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9 9 Linear Arrays with Uniform Amplitude Distribution 
Consider an array of n like radiators equispaced on a straight line 
(Fjg 9 6) Let the amplitudes of the 
sources be equal and let i? be the 
phase lag as we pass from one source 
to the next from left to right If 
is the radiation intensity of each mdmd 
ual radiator, the radiation intensity 4> 
Fm 96 Ii**t wray of eqvaspaced 0 f the array 1S obtained from (3-9), 
thus 

At - 1, A z = A, = e- 7 *, 

r\ * 0, rj •» / cos if, r 3 = 2/ cos if, 

(9-1) 

<3/ cos f - d (9-2) 


(9-3) 

5 is maximum when ( = 0, then S = n The direction £ for which the 
space factor js maximum is determined from (2) 


and consequently 
where 


i - S 2 *, 


S-ll + ^ + e^+I + e ,( " 

Hence the space factor of the array is 

. I---U 

s -prrn' 


“I. i- 



fil « iJ, 


COSl? 


d = dX 
(9/ 2t/ 


Thus if the phase delay d along the array is zero, <f = 90“ and the space 
factor is maximum in the plane normal to the line of sources Such an 
array is called a broadside array The direction of maximum space factor 
is parallel to the line of sources if ^ = 0, that is, if 


d - 


2*1 
X ' 


such an array is called an end-on array or an end fire array The requisite 
phase delay may be obtained automatically if the sources are fed from a 
transmission line starting with the antenna at the extreme left For inter 
mediate values of the phase delay d the space factor is maximum in some 
direction making an angle between 0° and 90° with the line of sources 
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Null directions for the space factor are given by 
e {nt =1, = ±2*tt, 

where £ is an integer, excluding zero. Substituting from (2), we have 

, _ 2 Jbr 

pi cos ^ = ± . 


For an end-fire array this becomes 

, , - s 2kv , . k\ . 4> 

0/(1 — cos = — , 1 — cos ^ , sm- = 


a 

Ini ' 


nl ’ 2 

If «/is large, the first few nulls are small angles and we have approximately 


f = 



2a _ /2X 

w 1 “Vsr ■ 


The total width of the major radiation lobe is 

It should be noted that nl equals the total length of the array, augmented 
by /. 

For a broadside array we have the following equation for null directions 

_ 2 a _ a 

pi cos ip — ± , cos ^ = ± — . 

n nl 

When the total length of the array is large, then for the first few nulls we 
have approximately 

. fir ~\ a ir _ a 

The first nulls, one on each side of the direction of maximum radiation, 
are 


2 ^ nl y 2 ' f '~ 1 


\ 

nl' 


In this case the width of the major radiation lobe is 

2X 


A = 


nl 


For the broadside array the major lobe is narrower than for the end-fire 
array. 
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Between successive null directions there will exist secondary maxima 
of the space factor These maxima coincide approximately with the direc 
tions for which the numerator in (3) is maximum, thus 


Vi 

2 


±(2*+l)* 


Ok + IV » . . (2* + l)r 

= — , PI COS V — t? = =fc » 


where k is an integer The amplitudes of the successive maxima, beginning 
with the second, vary approximately as 
_1 1 

f" .. (2*+ l)*-‘ 

sin „ sin 

1 1 n 

For large n and small k the maximum amplitudes beginning with the pnn 
cipal maximum, are 

2 » 2 » 2 » 

H> 3r* St* 7*' 1 

or 

1 0212 0127 0091 

The level of the second maximum is about 13 5 db below the principal maxi 
mum, independently of the actual value of n as long as n is large 

Figure 9 7 illustrates how the space factor varies with £ for the case 
n = 10 As the angle ^ vanes from 0’ to 180®, which is the maximum 
span for f varies from pi ~ d topi + i?, if this range is within (— ir,+ir), 



Fig 9 ^ UnweTsa! Tad aUon pattern for 1 near arrays of ten 
sources with equal amp! tudes 

then the space factor conta ns only one major lobe and the minor lobes 
dimmish with increasing angle from the direction of maximum ■S' For 
a broadside array the span of £ is {—filpl) and so long as / does not 
exceed one half wavelength, the above condition prevails As soon as l 
becomes larger than X/2 however, the secondary maxima beyond a certain 
point begin to grow more prominent, for / = X, for instance, there will be 
just as much radiation in directions parallel to the array as at right angles 
to it 
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For an end-fire array the absolute value* of £ varies from 0 to 2/3/. In 
this case / should not exceed X/4 if we wish to exclude growing secondary 
maxima. If / = X/2, there is just as much radiation in the direction 
9 = 180° as in the direction 6 = 0°. 



We shall now consider two special cases. The first is a broadside array 
of two elements, one-half wavelength apart. The space factor of this 
array is (reducing the principal maximum to unity) 



S vanishes along the line joining the sources; the polar diagram is shown 
in Fig. 9.8. The second case is the end-fire array of two sources, one- 
quarter wavelength apart. In this case 

S = cos ^ = cos (1 — cos . 

The polar diagram is heart-shaped (Fig 9.9). 

9.10. The Gain of End-Fire Arrays of Current Elements 
First we shall consider an end-fire array of n elements, perpendicular 
to the line of the array, a quarter wavelength apart. Let us assume that 
the z-axis is the line of the array and that the elements are parallel to the 

* Only the absolute value is important in the expression for 5. 
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, then the space factor and the radiation intensity become 

|-(f .'-■*) | 




i’pIS 1 


If we reduce the maximum radiation intensity of the array t 




(co3* S cos 2 <p + sin 2 v>) 


(1W) 


( 10 - 2 ) 


The radiated power may be obtained either by integrating or from the 
mutual impedances between the elements In the case of a few elements 
the second method is preferable, for a large number of elements, it is easy 
to obtain an asymptotic expression by the first method When n ts large 
the principal radiation lobe is within a small angle 6 where we have approxi 
mately sin 9 •» 8 and cos 6 <= 1 , thus 

i 64 sin 2 (Jmrfl 2 ) 1 28 /*' s n 2 (Jmrfl 2 ) ^ 

* = »W ’ »w 0 ? " 

Introducing a new variable / = \nr6 2 , we have asymptotically 

From (3 7 18) and (3 7 19) we have W = (8/n) Si « 4>r/» Hence 

the directivity of the array is 

g = », G =• 10 log l0 * (10-3) 

If the separation between the elements is a then instead of (2) we have 


2 sm 2 


(cos 2 8 a 
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Let a decrease and n increase in such a way that the total length / of the 
array remains constant; then 

sin 2 {&l sin 2 

l> (1 — sin 2 6 cos 2 <p), 

firl 2 sin 4 ^ 


and the radiated power is 
JV = 



The first term represents the power which would be radiated by a continu- 
ous array of nondirective elements; the second term expresses the modifi- 
cation due to the directivity of the elements. As / becomes larger the 
second term becomes smaller in comparison with the first. Evaluating, 
we have 

rrr 4ir ( c- „ „ , lo g - Ci 20/ + C - cos 2 0 / sin 2 0 /\ 

/r.-(&2fw w j. 

As / increases, TV approaches TV = 2 tt 2 /0/ = 7 rX//. Hence the directivity 
of the array is 

4/ / 

g - G = 10 logic ~ + 6 - (10-4) 

If (3) is expressed in terms of the total 
length of the array in wavelengths, then 
we also obtain (4). 

The power TV 1 radiated by a long 
continuous array within the major lobe 
is TVy = ( 47 r/0/) Si 2 tt, hence the ratio 
of TV 1 to the total radiated power is 

TV 1 2 Si 27t _ _ J_ 

TV TT 7T 2 * 

If we had ignored all secondary lobes in Fig. 9 . 10 . Radiation pattern of an end- 
computing the directive gain, our figure ^ re array °*" e ‘ g * lt elements, spaced 
would have been 0.46 db too high. one-quarter wavelength apart. 

The first null direction of the continuous array and the width of the 
major lobe are 




(10-5) 
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The total width of the n ajor lobe is inversely proport onal to the square 
root of the length of the array m wavelengths Figure 9 10 represents 
the radiation pattern (£) of an end fire array of eight nondirective elements, 
spaced one quarter wavelength apart 


9 11 The Gam of Broadside Arrays of Current Elements 
For a continuous broads de array of electric current 
elements parallel to the x axis the radiation intensity 
with its maximum reduced to unity is 



*(l#cosfl) 


(t — sin" Q cos 2 -p) (U 1) 


The first two null directions, one on each side of th 
maximum d rection are obtained from $01 cos 6 “ ±ir 
The total width of the major lobe is 




The directivity of the array is calculated to be 
— /Sift/ . cos 0l s n gA ~* 

Fio 911 Radii ' ^ ' 

^continuous ^s * increases ' vc have asymptotically 
broads de a 


(11 3) 


two wavelengths 


70 1 4/ 


~ G - 10 log l0 + 6 db (11-4) 


Figure 9 11 represents the radiation pattern of a continuous broadside 
array of nondirective elements, two wavelengths long 


9 12 Radiation from Progressive Current Waves on a Wire 
Let us now suppose that a progressive wave is traveling in a wire of 
length / with velocity 5, tn general d fferent from the velocity v charac 
tenstic of the med um If the wire extends from z = 0 to z = /, the radia 
tioti vector and the radiation intensity are 


N, ■ 




Itii* 

0 — 0 cos 8 

. 3 0x/ 3 [t - cos (g - 0 cos 0)l\ 


■■0)1- 


US~» M 9)1/2 
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When integrating $ in order to obtain JV, we introduce a new variable 
t = 0 — 0 cos 0)/; thus we obtain 


30*7 „ 

w = — I- X 

A 


[7 j3A 1-cos/ 2j 3 /* (fl ' + « ! l-cos/ 1 r <p " +ml ,, . ,1 

( 1— Si) I — 3— 1 *+s>/ — — (I-cos/)* . 

L\ P '”<$-0)1 1 P “(e-fii 1 P ‘ ”<B-0)1 -* 

If the phase velocity along the wire is equal to the phase velocity charac- 
teristic of the surrounding medium, then 0 = 0 and 


■c 


/F = 30/ 2 1 log 2(3/ - Ci 2/3/ + C - ld- 


sin 2/?i 
2/3/ 


0 - 


( 12 - 1 ) 


The direction of maximum radiation is found by equating to zero the de- 
rivative of 4> with respect to 0 ; thus we obtain the following equation 


tan u _ / _ «\ / _ u - 

u \ 0 1) ’ X 7r(l — cos 0) ■ 

The greatest maximum corresponds to the smallest root of this equation. 
When the wire is long, this root is substantially independent of / and it 
occurs for a value of u about halfway between 1.16 and 1.17. The maxi- 
mum radiation intensity is unity if 

T „ 1-16X X 

I = • 2 , 77 = 0.046 7 . 

30/ sin 2 1.16 / 

Substituting this in (1) and calculating the gain, we obtain 

G = 10 log 10 l ~ + 5.97 - 10 log 10 (logic ( + 0.915^ . (12-2) 

9.13. Arrays with Nonuniform Amplitude Distribution 

In all arrays with uniform amplitude distribution the shape of the axial 
cross-section (by a plane passing through the line of radiators) of the space 
factors is more or less the same, regardless of the number of elements, so 
long as this number is not too small. If, however, the amplitudes of the 
individual elements are varied, the shape of the major lobe may be altered. 
Consider, for example, an array in which the amplitudes are proportional 
to the coefficients in the binomial expansion 


h n - 1 , 


(» ~ 1 )(» - 2) (» - 1)(» - 2)(» -3) 


1-2 


1-2-3 


1 , 1 , 
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In the notation of section 9, we have 

S = 1 1 + <«{—» = 2- 1 cos'- 1 * 

Thus the space factor of an array of n elements with binomial amplitude 
distribution is the ( n — l)th power of the space factor of a pair of elements 
of equal amplitude While in the case of uniform distribution the number 
of radiation lobes increases with the number of elements in the binomial 
array the number of lobes remains the same as for a pair of elements 
Similarly we can start with an array of three elements with uniform 
amplitude distribution so that the space factor is 

and design another array with the space factor equal to the square of 5 0 
S- $2- | 1 +2* * + 3^*4- 2<»* + * 4 *] (131) 

This array will contain five elements with amplitudes proportional to the 
coefficients in equation (I) Me have seen that in a uniform array the 
levels of the secondary radiation lobes are substantially independent of 
tie number of elements if this number is fairly large In an array of 
type (1) the secondary lobes are considerably reduced m size On the 
other hand the width of the major lobe is larger than in the case of a un form 
array of the same number of elements 

It is possible to assign the disposit on of null directions at will thus let 

S-l e*) 

where it correspond to the chosen null direct ons When S is 

expanded it becomes a polynomial of (n — l)th degree in e i and it has n 
terms The coeffic ents of th s polynomial represent the relative amph 
tudes and phases of an array with the preassigned null directions This 
method can be used to design highly directive arrays but nonuniform 
amplitude distributions require larger currents in the individual elements 
so that ohmic losses are increased and may easily become prohibitive 

9 14 The Solid Angle oj the Major Radiation Lobe the Form Factor and 
the Gam 

The expressions for the gam of various long arrays show that the gain 
increases by 3 db when the length of the array is doubled If we compute 
the solid angle oecup td by the major lobe we shall find that the solid 
angle is inversely proportional to the length of the array, and it is easy 
to see that g should be inversely proportional to the sol d angle if the shape 
of the major lobe rema ns the same 
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g - p > G = 20 logi 0 ^ + 6. 


For an idealized radiator which sends all its energy uniformly within 
a given solid angle ft, the directivity is simply 

g - ~ , G = 10 log 10 7 ; + 10.99. (14-1) 

If the solid angle is formed by a cone of angle 8, then 

J f*, 

1 sin 8 dB = 2tt(1 — cos 6). 
o 

When 0 is small, this becomes ft = ~ 0 2 . In terms of this angle the gain is 

(14-2) 

o 

If the radiation intensity is 

m = (l - p) 2 ", o <e<8, 

(!4-3) 

= 0, 0 < 0 < 7 r, 

and if 0 is small, then == 7r0 2 /(2 « + 1) — ft/ (2k + 1)- In this case 
the gain is 

G = 10 logic l + 10.99 + 10 logic (2k + 1), (14-4) 

where the last term represents the effect of tire form of the major lobe. 
For a continuous end-fire array of length / we have from (10-5) 

-o 2X 2tt\ 

* =7> n = T-’ 


and the gain (10-4) of the array becomes 

g = ^ > G - 10 logic - + 14.00. (14-5) 

If u = 1 in equation (4), the gain becomes 

G = 10 logio ~ + 15.76. 

This differs from (5) by less than 2 db and the array whose radiation in- 
tensity is given by (3) with n = 1 approximates fairly well the end-fire 
array. In making estimates of the ground effect or in estimating the gain 
of arrays made of end-fire arrays calculations may be simplified if we re- 
place the original $ by the simplified form (3). 
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Various alternative approximations for $ might be used instead of (3) 
For instance, from the form of (10-2) for small values of 8 we might assume 

*(8) = ^1 - ^ , 0 S 8 g 0, 

= 0, §< 8 £ x 

Integrating, we find 

BO 1 

W - -jj G - 10 log,, - + 13 72 

This value is very close to that found in (5) but the simphcitj of the ap- 
proximation (3) may at times outweigh the advantage of greater accuracy 
obtained by using this particular form of $ 

9 15 Broadside Arrays of Highly Directive Elements 
Consider a pair of highly directive radiators located at (— d/2 00) and 
(d/2 0,0) Assume that the radiation intensity of each radiator is 
4>o-l, 0 £ 0 <, 8 , 0 < <(> < 2 t 
- 0 , i<,6< r,0<,v<2rt 

The radiation intensity of the array is then (with the maximum reduced to 
unity) 

$ = ^ 4>o -f a cos (~j~ sin 8 cos 

The second term represents the mutual radiation of the two sources If d 
is small, the mutual radiation is almost equal to and there is little 
gain from the array over a single radiator, if d is sufficiently large, the gain 
is 3 db If 8 is small, we have approximately 
, / 2rd8 \ 

= 2 $o + 2®0 COS 1 — - — COS lp\ , 

IKM¥)] 

As the directivity of the individual radiators increases, they must be set 
further apart in order to increase the gam If d — X/2§, then IV = 0 59ft 
and the gam of the array over a single radiator is 2 3 db If a continuous 
end fire array is arbitrarily approximated by a radiator of the type postu 
la ted in this section and if 8 is taken to be one half of 8 corresponding to 
the end fire array, then d = V^X/ Thus two end fire arrays, eight wave 
lengths long, would have to be separated by about two wavelengths tn 
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order to obtain an additional 2.3 db gain. These figures give a general 
indication of the relationship between the directivity of the individual 
radiators, the separation between them, and the directivity of the array. 
Better numerical estimates may be made if 3 > 0 > s chosen to conform more 
accurately to the actual radiation intensity of the elements of the array; 
but the general trends will remain the same. 


916. Ground Effect 

The effect of a perfectly conducting ground on the directivity of a given 
radiator is obtained if we consider the array consisting of the radiator and 
its image. If the image is positive we have exactly the case analyzed in 
the preceding section, where d = 2 h and h is the height of the radiator 
above ground. If the image is negative, then the sign of the mutual radia- 
tion intensity becomes negative. In this case the maximum <h is sin 2 j3 h 
so long as h does not exceed a quarter wavelength; for larger values of h 
the maximum intensity is unity. When the image is negative, the radia- 
tion intensity in the original maximum direction (parallel to ground) is 
canceled. 

If the ground is not a perfect conductor, then its approximate effect 
may be obtained by assuming a reflection coefficient equal to that for 
uniform plane waves; thus 

$ = | 1 ■+• q exp (21/37; sin 6 cos <p) | 2 <h 0 , 

where q is a function of 6 and <p. This assumption is justified when h is 
not too small as will be shown in Chapter 10. 

9.27. Rectangular Air ays 

Consider now a broadside rectangular array 
of identical radiators with equal amplitudes. If 
is the separation between the radiators in 
the x-direction and b\ the separation in the 
y-direction (Fig. 9.12), the space factor of the 9 .1Z Rectangular array 
array IS of equispaced sources. 

_ m— 1 n — 1 

S = exp(ip|3rti sin 0 cos 9 ) exp(fgj35 1 sin 6 sin ff) j . (17-1) 

p =0 g =»0 



This space factor is the product of two space factors, one corresponding 
to a linear array parallel to the .v-axis and the other to a linear array parallel 
to the y-axis. From (1) we obtain 
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Let a t and b\ become infinitely small while m and n become infinitely 
large, in such a way that the dimensions <* = (m — l)aj and b = (« — l)ij 
of the array remain constant let the amplitude of the elementary radiator 
be A dS{*= Aa t bi) where dS is an element of area, then m the limit we 
have 


n sin 8 cos <pj 



— sin 8 sin >p 


07-3) 


where 5 1 is the area of the array The space factor is maximum and equal 
to AS when 9 ** 0 


918 Radiation from Plane Electrtc and Magnetic Current Sheets 
Consider a plane electric current sheet of density J z and a plane magnetic 
current sheet of density A/„ The radiation vectors are 

N,-ff jmsY* •~us,L,-Jf ’ xmv * " * 

where p is the distance of a typical current element from the origin and 
cos ^ = sin 6 cos {p — £), t> cos ^ — (t cos *» + $ sir. w) sin 6 
If *= and if the two sheets are superimposed on each 

other, then the radiation intensity becomes 

*- KS<> +“•»)’ I W.l' (»-D 

For a combination of an electric current element whose moment is 
1 meter ampere and a magnetic current element of moment equal to 
1 meter volt, at right angles to each other, we have 

*»- 5 ? « + ”’»)' 

The radiation pattern of this particular source called the Huygens source, 
is similar to the radiation pattern of an end fire couplet of nondirective 
sources, a quarter wavelength apart (Fig 9 9) Both patterns are sym 
metric about the axis of the source (the straight line connecting the ele- 
ments m one case and the perpendicular to the plane of the elements m 
the other) and there is no radiation in the direction opposite to that of 
maximum radiation The two patterns are not exactly the same how 
ever, for instance when 8 => 90°, the radiation intensity of the Huygens 
source is 6 db below the maximum while for the end fire couplet it is onlv 
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3 db below the maximum. The directivity of the couplet is g = 2 and 
the directivity of the Huygens source is g = 3. 


9.19. Transmission through a Rectangular Aperture in an Absorbing Screen 
Assume that the .yy-plane is the plane of a screen and let the boundaries 
of the aperture be x = 0, x = a, y = 0, y = b. Let a uniform plane 
wave impinge on the screen normally and let its field in the .vy-plane be 

E x = Eq, H v = Hq, Eq = 1)H 0 . 

The effect of the screen is expressed by an added field which, by the 
Induction Theorem of section 6.13, may be produced by electric and mag- 
netic current sheets of densities J x = —Hq, M u = — Eq. 

If the screen is a perfect absorber and if the aperture is large, we may 
assume that the waves emitted by elementary sources directly in front 
of the screen are completely absorbed and that the field of the sources over 
the aperture is substantially unaltered. In this case the radiation in- 
tensity of the field transmitted through the aperture is approximately 

* = W (1 + C ° S 0)2 §2 = || (1 + cos 6 ? S2 > t 19 " 1 ) 


where S is equal to S in equation (17-3) with A — l. 

The maximum 3? is in the direction normal to the aperture and 


cl) : 


c mni 2 71 ' 


1 HlS] = 2&P 

2rj\‘ 


2 > 


(19-2) 


where S is the area of the aperture. In the wz-plane, <p = 0 and (1) be- 
comes 


$ = 


vHlS 2 

8\ 2 


(1 + cos 6) 2 



If 6 is small, we have approximately 

sin 2 u 

*** ^2 ^maxj ^ 


srad 

T' 


Figures 9.13 and 9.14 represent an d $> as functions of u. In the opti- 
cal frequency range the pattern observed on a remote screen parallel to the 
aperture would consist of alternate bands of high and low illumination. 
The distribution of $ in the yz-plane is similar to that in the #z-plane. 
In optics the field transmitted through the aperture is called the diffracted 
field. 
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Flc 9 13 y/i vs u - ra»/\ for a rectangular aperture in an abaorbing screen 
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the zero root being excluded. In the case of light waves we should see on a distant 
screen alternate light and dark rings. 

It will be remembered that equation (1) has been obtained on the assumption that 
the screen does not affect the field of the secondary sources over the aperture; to 
obtain an idea of how large the aperture should be to make this approximation satis- 
factory, we shall compute the ratio of the power /Eradiated by the electric and mag- 
netic current sheets in free space to the power // 7 o = delivered to the aperture 

by the incident wave. For this purpose we integrate $ over the unit sphere. In the 
form of a power series we have 


JV* ~ n =o (2 » + 3)[(» + I)!]*? 


(20-2) 


but when Pa is large, the following asymptotic expansion is more convenient for nu- 
merical computations 


w_ _ 1 + /t(2fo) Togfr) Tigfo) l-3/ 8 (2fla) 

W o 2 Pa + {Wa)- + (Wa)* + (20<j)< + 


(20-3) 


In order to obtain this expansion we multiply (2) by pa, differentiate the result with 
respect to Pa, compare the series with the power series for Jo(x), and then integrate 
with respect to Pa; thus we have 


d 

dtfa) 




M2pa), 


W 
W * 



10 


7 


¥ 


Integrating by parts, we obtain (3). 

Figure 9.15 shows how fV/lV a varies 
with the size of the aperture. When 
the diameter equals one wavelength, 

Pa = x and the power ratio is about 
0.9. It may be expected that for this 
and larger apertures, the radiation pat- ^ 
tern will not differ very much from the -1 
actual radiation pattern, particularly in 
directions in which the radiation is 
large. The radiation pattern near the 
null directions is likely to be affected to 
a much greater extent by the approxi- 
mations. 

Huygens was the first to suggest 
that any wavefront could be regarded 
as an array of secondary sources and 
he postulated that the field of the 
secondary sources should be entirely 
in the direction of the advancing 
wavefront. He offered no explanation 

of this property and no suggestion of the physical nature of these secondary sources. 
The Induction Theorem states that each secondary source is a combination of electric 


.01 


10 

yfla 


10 . 


Fic. 9.15. Power ratio vs. pa = 7 va/\; JV<s is 
the power incident on a circular aperture and 
//'is the power scattered by the aperture if the 
edge effect is ignored. 
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and magnetic current elements whose moments are respectively proportional to the 
magnetic and electnc intensities tangential to the wavefront. The Induction Theorem 
is, of course, not restricted to the wavefront, but its pract cal usefulness is largely 
limited either to situations in which we have reason to believe that the field of the 
secondary sources is not appreciably affected by the surroundings or to situations in 
which the surroundings are such that the exact field of a typical secondary soutce may 
be determined 

The approximate solution of the problem of reflection from a large conducting 
plate is quite similar to the above Thus on reflection from an. infinite plate the 
tangential component H, of the incident field is substantially doubled and the linear 
current density in the plate will be 2Hi In the case of a large plate the current density 
is assumed to be 2 H t m the first approximation The component of the current 
density normal to the edge of the plate must vanish, of course and our assumpt on 
is at its worst in the vicinity of (he edge, but th s edge effect depends on the cir 
cumfercnce of the plate while the main effect (for large plates) depends on the area 
If a plane wave of the type considered in the preceding section is incident normally 
on a circular plate, the radiation intensity of the field reflected from the plate is given 
by (1) provided we replace the factor (1 4- cos 0)* by 4 (cos’ 9 co$V + sm’y) 


9 21 Transmission through a Rectangular Aperture Oblique Incidence 
Let us now cons der the case in which the me dent wave strikes the screen obliquely 
Let the angle ^ between the wave normal and the normal to the screen be 



Flo 9 16 Rectangular »p 


small (Fg 9 16) and assume that the wave 
normal is parallel to the x&plane The 
components of £ and H parallel to the 
screen are nearly equal to the total E and H 
and the principal difference between this 
case and the case of normal incidence is in 
the progressive lag of secondary sources 
in the positive *-d rection Hence the radi- 
ation intensity is 






>■(?)'■ 


In the plane of incidence q> — 0, cos v «* l hence, for small angles, <£ is the same 
{unction of 8 — $ for all values of i p Figures 9 13 and 9 14 represent the vartatton 
jn V'J and if we take u = ta{9 — \f > )/X The radiation pattern in the yz-plane 
ss independent of ^ 
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9.22. 'Radiation from an Open End of a Rectangular Wave Guide 
For the dominant wave in a rectangular wave guide open in the plane 
2 = 0 we have 

E„ = E 0 sin ~ , H x - - - E v , k = <Tl - *< 2 , 
a v 


if we assume that in the first approximation the field is not altered by 
the sudden discontinuity. On this basis we calculate the radiation 
vectors and the radiation intensity 


L x = Eo f f sin — ^ C0S ^ “ 0 die dy , N v = - - L x 
v o J o a 


LA = 


2a\E 0 sin sin 6 sin <pj cos sin 0 cos 

sin 6 sin (p — $~dr sin 2 6 cos 2 <p) 5 

a 2 El sin 2 (— sin 0 sin <p ) cos 2 (— sin 0 cos <p J 

$ All L L ptQ /.) 

2 jj sin 2 d sin 2 <p(ir — /S 2 <? 2 sin 2 0 cos 2 $)" j ’ * 
F(0,k) = (k + cos 0) 2 + v 2 sin 2 6 sin 2 <p. 


Ordinarily there exists backward radiation since F(ir,k ) = (1 — k) 2 . 
At the cut-off, k = 0, and the radiation intensities in the forward and back- 
ward directions are equal. What happens is that the electric current sheet 
over the aperture vanishes and the magnetic current sheet by itself has a 
radiation pattern which is symmetric with respect to the plane of the aper- 
ture. In this case, however, our assumption that the field over the aper- 
ture of the wave guide is unaltered by the discontinuity is least justifiable. 
This assumption implies that no energy is transferred along the guide 
which would be the case in an infinitely long guide but cannot be true when 
power is radiated. If we compute the power radiated by the magnetic 
current sheet alone, we can determine the magnetic intensity which must 
exist over the aperture in order to deliver the radiated power. Then we 
can obtain a second approximation to the radiation intensity by including 
the radiation from the electric current sheet defined by this magnetic 
intensity. This inclusion will increase the radiation intensity in the for- 
ward direction and decrease it in the backward direction. 

When the operating frequency is high above the cut-off, v is small and 
k is nearly unity; then F(6,k) (1 + cos 9) 2 and the backward radiation 

intensity is approximately zero. The radiation intensity in the forward 
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direction is 


If we also assume that there is no reflection of power in the wave guide 
at the aperture, then we have the radiated power fV from (8 21-18), thus 
W = abE\/ 4ij If the electric intensity is adjusted for unit power output 
then = 8 ai/th.*, and the directivity of the wave guide as a radiator 

I°l°gio^+ 10 08 (22-1) 


If the field were uniform over the aperture of the wave guide, then we 
should have 



for unit power output and the gain would be 

G = 10 logio + 10 99 (22-2) 

Hence the effective area of the aperture is 8/r* times the actual area or 
about four fifths of the actual area 
9 23 Electric Horns 

Ordinarily the cross section of a wave guide supporting a dominant 
wave is comparatively small, the larger dimension will be, perhaps, greater 
than X/2 and less than X, the smaller dimen 
sion may be about one half the larger dimension 
If an open end of such a wave guide is used to 
radiate energy, the radiation pattern will be 
comparatively broad In order to increase the 
directivity the wave guide is flared out into an 
“electric horn” (Fig 9 17), it may be flared 
out either in the direction of electnc lines of 
force or in the direction of magnetic lines of 
force or in both directions 
Let I as shown in Fig 9 17 be defined as the 
length of the horn and let 2\t- be the angle of 
the horn \\ e shall assume that ^ is so small that the ratio of the area of the 
aperture to the area of the wavefront at the aperture is nearly unity Since 
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the ratio is nearly unity even for a fairly large angle We shall assume 
that the field distribution over the wavefront is that which would exist if 
the horn were continued. The approximate gain can then be obtained by 
the method used in the preceding section. 

First let us consider a sectorial horn flared out in the magnetic plane 
(the .vz-plane). The radiation intensity in the forward direction (the 
positive z-axis) is 

„I/2 I pb/2 r a/2 A 2 

/ / cos-e'VJxdy , (23-1) 

where (.4,j y,2) is a typical point in the wavefront 
and hence z is the distance of a point in the 
wavefront from the plane of the aperture (Fig. 

9.18). This distance is approximately 

*"'( c° s 7- a,s f/)*f/-f- (23_2) 

If the horn flares out in the electric plane we _ „ 

, .... ... f Fig 9.18. Distances connected 

may express the radiation intensity in the for- ^ t j, ,) 1C j 10rn ; n Fjg 9 17 

ward direction in the following form 

rj2 I n W2 r a/2 « 2 

d> ( °) = yJ f f cos -j-e^dxdy , (23-3) 

\ J —b/2 v -a/2 O 

where z has the value defined by (2). In both cases the radiated power is 
approximately 

W = ^ = \nabHl (23-4) 

which is equal to unity when 

v abHl = 4. (23-5) 



Expression (3) is simpler to evaluate than (1). Substituting from (2) 
in (3), we obtain 



The second factor may be expressed in terms of Fresnel integrals as de- 
fined by equations (3.7—32). Thus we find 
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The plot of S(x) against C(x) is called Cornu’s s piral (Fig . 9.19). The dis- 
tance of a point on the spiral from the origin is V C 2 + S 2 and the distance 
between any two points is — C*i) 2 + (^2 — •S’i) 2 - Since C(x) and 

.?(*■) are odd functions, the sums C(*i) + C(x-i) and *S , (^i) -f can 
always be regarded as differences C(xi) — £?(•— # 2 ) and S(xi) — S(—x 2 ). 
The length s of the spiral between the origin and a point corresponding to 
x - x is 

j = rv ^ ( ,)] 2 + 1^^)] 2 = r dx = *. 

Jo Jo 



Fig. 9.20. Directive gain of a horn flared out in the electric plane. 


Thus we have a simple geometric interpretation for the independent vari- 
able. 

Cornu’s spiral helps to interpret formulae involving Fresnel integrals. 
I hus it is evident at once that if \fi is kept constant and a is increased, a 
point is reached at which g of (7) is maximum; for larger values ol a the 
gain in the forward direction will never be as great. What happens is 
that as the area of the aperture increases, some of the secondary sources 
on the wavefront at the aperture are out of phase with others and interfere 
destructively in the forward direction. 
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Figure 9 20 shows how g vanes with the si 2 e of the aperture and the 
length of the horn when b = X 

We now turn our attention to the case in which the horn flares out in 
the magnetic plane Integrating (l) with respect to y and expressing the 
cosine in terms of exponentials we have 


Introducing new variables we reduce this to Fresnel integrals and obtain 

*(0) - 2® \[C(u) - C(e)]» + [£(«) ~ 6(e)]*}, 

! (V\l , * \ 1 (V)j a \ 

Vi\ a y/yj)' ° “ Vi \ a \f}j) 

Substituting from (5) and using (4-3) we obtain 

I “ UC(a) - C(.))’ + |S<«) - Si,) 1*! (23-8) 


Figure 9 21 shows how g varies with a and / when b «= X 
If tbe born flares out m both planes, then 

a = +y 2 

8 / 21 


Substituting in (1) and integrating, we have 


||C(») - C(,)l a + [i(«) - (23-9) 

f ^ K;4>) + - cwi ’ + >«“> - 


The directivity of such a horn can be obtained from Figs 9 20 and 9 21 if 
we multiply the g s corresponding to the two sides of the aperture and 
divide the result by 32/a- = 10 02 For example let / — 100, then if the 
side normal to E is SX, from Fig 9 21 we find *=51, if the s de parallel to 
E is 4X, then from Fig 9 20, we find £2 = 41 The directivity of the horn 
is then g =* 0 \g1g2 = 209 Of course when / is large and a and b small, it 
does not make much difference whether the horn flares out one way or the 
other, the curves m Figs 9 20 and 9 21 begin to differ as they approach the 
maximum points 
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The directivity can be expressed in die following form 

g = (23-10) 

where S e ;t is the effective area of the aperture. When / is large and a 
and b are small, we have S e{( - (8 /tt 2 )S, where S is the actual area. For 



optimum horns the effective area is about 65 per cent or 63 per cent, de- 
pending on whether the horn flares out only in the electric plane or only in 
the magnetic plane. 

9.24. Frestiel Difraction 

In sections 19 and 20 we have studied the field transmitted through an aperture 
in an absorbing screen at distances so great that all the waves “ emitted ” by the sec- 
ondary sources over the aperture arrive in phase at a point on the normal to the screen. 
In optics this is the case of Fraunhofer diffraction. In the case of Fresnel difraction 
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we are concerned with transmitted fields at d stances large compared w th the wave 
length and the dimensions of the aperture and yet small enough to require cons dera- 
tion of the effect of the phase d fferences between secondary wavelets even along the 
normal to the screen * 

First let us cons der the distant field of an elementary Huygens source Let this 
source correspond to an element of area dS ( n the xy plane) of a plane wave traveling 
m the positive a-direct on 

£.= £■*-*, H,^ Her ^ Eo ** ijffo 
then we have electric and magnetic current elements of moment 
y>„ y EodS 


From (1 10) and (3-2), we find 


where r is the distance from the Huygens source 
mately 


£.= 


lEadS 


E,- 


For small angles B we have approxi 
•E, dS 

V ' unv 


and consequently 


tEaJS _ 


£» = 0 


For a d stnbution of Huygens sources ovet an apietturc m a screen 

In a plane parallel to the screen at distance a from it we have 
r - V(T^sy + ~(r~^ 

wherefcL^O) s a typical point m the plane of the aperture When: 
with the dimensions of the aperture this is approx mately 

2z 


we have therefore 
(24-1) 


2 is large compared 


If we now assume that z is in the range m wh ch th' amp! tude factor 1/r is substan 
tully constant but the phase factor e"'*’ is not then equat on (1) becomes 

i-- 1 ? ff «-[-**=*&=*]« ™ 

* Assuming that the tneident wave is normal to the screen 
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At normal incidence £ 0 is constant over the aperture; hence for a rectangular 
aperture bounded by x = —a/2, x = a/2, y = —b/2, y = b/2, we have 

On the z-axis the square of the amplitude is 

I & 1= = 4S |>’ (vk) + * (vfe)] [« (ps) ■ + *■ (vis)] ■ 

As the size of the aperture increases the electric intensity increases until it readier 
the first maximum (see Cornu's spiral). 

It is easier to follow the variation in the intensity when the aperture is circular. 
In this case we have, when x = y = 0, 

f ( " 2 M 

E x = 2/£ 0 sin — exp -<p l z 4- ~ } J - 

The maximum amplitude of E x is 2£ 0 and it occurs when 
a = V«Xz, n — 1, 3, 5, • • •. 

The minimum value of E z is zero and it occurs when n is an even integer. The above 
points correspond to the radii for which the difference 



between the distances from the point (0,0, z) to the edge of the aperture and to its 
center equals an integral number of half wavelengths. The plane of the aperture 
is divided into Fresnel zones. The neighboring zones produce equal and opposite 
intensities at (0,0, z). The first zone produces an intensity which is twice the intensity 
which would have existed at the point if the screen were removed. The aperture has 
a focusing effect on the field at distances of the order a~/\, provided a is large compared 
with X. The intensity at (0,0, z) is increased still more if alternate zones are blocked 
out; but the successive increments will eventually become smaller as the distance 
between (0,0, z) and the zones increases. 

The case of a rectangular aperture can be discussed qualitatively by the use of 
Cornu's spiral. Consider, for example, the variation in the electric intensity along a 
line parallel to the *-axis. In this connection we need to fix our attention only on the 
factor 



On the Cornu spiral this factor is represented by the chord joining two points separated 
by distance 2a/ V 2Xz measured along the curve; the midpoint of the arc is at distance 
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2x/V2Xz from the origin (along the carve) Ftcst kt the position of the receiver he 
fixed, then the midpoint of the arc is fixed As a increases the ends of the are move 
outward and, up to a certain width of the aperture, the amplitude of the field at the 
receiver increases Beyond this point the arc begins to wind itself on the coil of the 
spiral and the amplitude starts to decrease and finally reaches a minimum From 
there on the intensity passes through successive maxima and minima but the fluc- 
tuations gradually dimmish On the other hand, if the size of the aperture and the 
distance between the receiver and the screen are fixed, then the arc is of fixed length 
while its midpoint will move as the receiver is moved parallel to the x axis The 
spiral is least curved at the origin, hence when the receiver is on the z-axis, the length 
of the chord is maximum As the receiver is moved away from the a-axis, the length 
of the chord decreases and therefore also the received voltage If the arc is very 
short (narrow aperture) f^e diminution is gradual but if the arc is long enough 
(a wide aperture) it will wind itself around one of the coils of the spiral and the re 
ceived field will fluctuate 

Consider now a source at some finite distance 
2 from the screen (Fig 9 22) If the source and 
the transmitter are on the z-axis, then 



F- + «• + /*- 


1 + 


*'+? 

T.z ' 


Fro 922 Fresnel diffraction 
through an aperture. 


r- vV + ** + S' 


If the source is an electric current element of moment 11 parallel to the screen, then 
at the aperture we have approximately 


MM) 


Substituting in (2) and integrating wc obtain the intensity £{S) at the receiver 
Thus for a rectangular aperture 


- [CM - ,S(u)J[C(«.) - ,S(«)1 


ard if the aperture is circular, then 

yllr* r ‘ + ” 


MAh 

mh M-£(h)] 


These express ons differ from the corresponding expressions for ; 
distance quantitatively but not qual tatively 


infinite 
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9.25. The Field of Sinusoidally Distributed' Cutrents 

As a rule the calculation of the complete field produced by a given current 
distribution involves difficult integrations. One important exception is 
the case of a sinusoidal distribution on a thin straight wire. In section 6.7 
it has been shown that such distribution is obtained on an infinitely thin 
perfectly conducting wire and therefore may be taken as the first approxi- 
mation to the distribution on a thin wire. 

Let the current filament be along the z-axis between z = z i and z = z 2 
and let the current 7(z) satisfy the following differential equation 


fm 

dz 2 


-iS 2 /(z); 


(25-1) 


let the current and its derivative be continuous in the interval Zj < z < z 2 . 
The vector potential of a typical element of the filament is 


dA z = n/(z) dz, 



f- = \/p 2 ( 2 _ z") 2 . 


(25-2) 


By (6.1-10) the corresponding electric intensity parallel to the filament is 

dE z = ~(°^ + a 2 n) I(z) dz, 
loot \ dzr / 


i a 2 n s 2 r 12 

E z = ~ /(z) — y/z + f- / 11/ (z) dz. 

twej z , dz 2 uaej.. 


an <Pn _ a^n 

d£ ’ dz 2 dz 2 


(25-3) 


From (2), we have 

of _ _ df an 

dz dZ ’ az 

Substituting in (3), we have 

l a 2 n s 2 r Zi 

£, = — / i(z)~dz + ^ n/(z) dz. 

Integrating the first term by parts twice, we obtain 

* - f -"{ H" + iX,” n(i) (S + * 

In view of (1) the integral vanishes and the integration is completed; thus 

E < = ~ [/(z) n(z)T = - -A- T/(z) — + — nT . 

az dz X, tweL w az dz L 


(25-4) 
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Let ri and r 2 be the distances from the end of the filament to a typical 
point P(p*\z) 

r, - V? + (z - «,)*, r, - •J? + (2 - z»)“; (25-5) 

then (4) becomes 

1 P . /■*'» 3 d 

J i 25 - 6 ) 


Thus the electric 



9 23 Distances 
involved in the 
expression* for the 
fietdof a sinusoidal 
current in a wire 
of finite lengthy 


intensity parallel to the filament is expressed m terms 
of the current and its derivatives at the ends of the fila 
ment 

By (4 12-9) the magnetic intensity is expressed in 
terms of E, as follows 

f H,-mJ' a £,*+F(»), (25-7) 

where F(z) may be determined from the condition 
2xp//„ — I(z), 2\ < z < 2j, as p — * 0, 

(25-8) 

= 0, Ki| or 2>ij 
From (5) we have 

p dp » ri dr u P dp = fj dr 2 (25-9) 

Substituting from (6) and (9) in (7) and integrating, we 
have 


—4ri(ipH ¥ 

- /'(*.)'■*' - f toy** + /(») ~t-*- - 7(a) (25-10, 

except, perhaps, for a function of 2 alone In order to evaluate the denva 
tives we note that 

cos j 

« Orj dz rj 

where 6 t is defined in Fig 9 23 A simitar expression is obtained for the 
derivative m the last term Thus (10) becomes 

t*pH. - -1'Mr*- • - i 

«f> ip 

+ I(x,)r^ cos e, - I{tt)e-* r ' cos h (25-11) 
Assuming a general solution of (1), substituting in the above equation, and 
evaluating for p » 0, we can verify that conditions (8) are satisfied and 
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that F(z ) in (7) vanishes as we have already anticipated in the subsequent 
equations. 

The radial component of the electric intensity is obtained from (4.12-9); 
thus 

iiriuepEp = I' (z 2 )e~' Br - cos 8 2 — /'(z i)e~' Br ' cos 0i 

+/(z i) ^/0 cos 2 0i (25-12) 

-7te)(» - s ^) 

When an infinitely thin wire, extending from z = — / to z = /, is energized 
at the center, then 

I(i) = / sin 0(/ - «), 0 < 5 < /, 

= I sin 0 (/ + $), -l <&< 0, (25-13) 

where / is the maximum amplitude. In this case 

/(-/) = /(/) = 0, 1(0) = / sin 0/, /'(-/) = 07, 

/'(- 0) - 0/ cos 0/, /'(TO) = -0/ cos 0/, /'(/) = -07. 


Since the current vanishes at the ends of the wire and is continuous at the 
center, the only contributions to E z come from the first two terms in (6). 
The derivative 7 / (z) is discontinuous at z = 0, so it is necessary to apply 
(6) to each half of the wire separately; thus in free space we have 


E z 


( e —i(3 r e -v0n 

2 cos 0/ 

r r\ 



= ~ (e~' Br ' + e~'^ - 2e~' Br cos pi), 


47T P 

30/7 

P 


(25-14) 


£ p = (f '■ 3r ‘ cos 0i + e ' Bri cos 0o — 2 cos 0/ r ' Br cos 0). 


In the case of a perfectly conducting wire E z should vanish on the surface 
except in the vicinity of the center where it should be equal and opposite 
to the applied electric intensity. Hence on a wire of finite radius, no 
matter how small, the current will deviate from the sinusoidal distribution 
although the deviation diminishes as the radius of the wire approaches 
zero. In Chapter 11 we shall obtain a quantitative idea of the magnitude 
of this deviation. 
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9 26 The Mutual Power Radiated by Two Parallel Wires 
Consider two parallel w res (Fig 9 24) of equal length 2/ Let each 
wire be energized at the center so that 
I t (t) ~ /, sin 0(1 - a), h(z) <= h an 0(1 ~ 2), 0 < z < l 

(26-1) 

m Is sin 0(1 + *) * It sin 0(1 + z), -l < z < 0, 

3 ( i 4 where It and 1 2 are the maximum am 

phtudes Without loss of general ty 
we may assume Ij and -1 2 to be in phase 
The complex power contributed to the 

j j field in virtue of the electromotive 

o force in one wire sustaining the cur 

Fid 9 M P.nOM . „ ««h ad «« fidd ° f *■“ oth " 

at the center wire IS 

tf.i v 26-2) 

Substituting from (25-14) we hate 

tii-30 + — -2— 1)* »6-» 

Jo \ n r t r 0 / 

where r 0 is the distance from the center of one wire to a typical point on 
the second wire 

Defining the mutual impedance Zu with reference to current antinodes 

(2M) 

and integrating* (3) we obtain 

R i2 - 6012 Ci ftp - Ci 0 (r M + /) - Ci 0(r Oi - l)] 

+ 30[2 Ci 0p — 2 Ci @(ra, + I) — 2 Ci 0 (rot — l) 

+Ct (S(r i4 + 20 + C. 0(r ti - 201 cos 101 
•f 30[2 Si 0(r Oi - t) — 2 Si 0(r M + l) 

+Si fifyu + 21) - Si 0(r,« - 2/)| an 29/, (26-5) 

Xit = 60[Si /9(ro< + 0 + Si /9{r<)4 — 0 — 2 Si &>J 
+30(2 Si 0 (r 0 4 + 0 + 2 Si 0<r Qi - l) - 2 Si ft» 

-Si 0(r 14 + 20 - St J3(r,« - 201 cos 2(3i 
+30[2 Ci 0(r M - 0 - 2 G /9(r 04 + /) 

+Gfi(ru + 20 - Ci d(r 44 - 201 *n 2(3/ 

* See equal on* (3 7 39) to (3 7-42) 


(26-6) 
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The principal advantage of the present method of calculating the radiated 
power over the method based on the power flow across an infinite sphere 
is that it enables us to obtain the reactive power. However, in Chapter 1 1 
we shall show that, in practical situations in which the radii of the wires 
are small but not infinitely small, the reactance as given by (6) can be 
used only for a pair of parallel wires so energized that they carry equal 
and opposite currents, and that in the case of an isolated wire certain 
modifications are needed. It should also be noted that in the above ex- 
pressions Z 12 refers to maximum current amplitudes and not to input 
currents; just how these expressions can be used to obtain the input 
impedance will be explained in Chapter 11. 

9.27. Power Radiated by a Straight Antenna Energized at the Center 
The self-impedance (referred to the maximum current amplitude) of 
an isolated wire of radius a is obtained from the mutual impedance formula 
of the preceding section if we assume that the distance p between the axes 
of the filaments is equal to the radius of the wire. When the radius is very 
small we have approximately 

2 2 

VF+^ = / + ^ , ViP + a 2 = 2 l + j r (27-1) 


Substituting in (26-5) and (26-6) and evaluating, we have 

R = 60 (C + log 2/3/ - Ci 2/3 1) + 30 (Si 4/3/ - 2 Si 2/3/) sin 2/3 / 

+30 (C + log pi ~ 2 Ci 2/3 / + Ci 4/3/) cos 2/3/, (27-2) 

X = 60 Si 2/3/ + 30(2 Si 2/3/ - Si 4/30 cos 2/3 / 

-30 flog ^ - C - log 2- - Ci 4/3/ + 2 Ci 2/3/^ sin 2/3/. (27-3) 


If/ is the maximum current amplitude, the radiated power is IV = yRI 2 . 
When expressed in this form the radiated power is independent of the radius 
of the wire. If 1(0) is the input current, then as the radius of the wire 
approaches zero we have 7(0) = / sin /3 /; hence the asymptotic expression 
for the input resistance is 


Rx = 


R 

sin 2 pi ‘ 


(27-4) 


If we plot this R as a function of /3 /, we obtain a curve which is approached 
by the input resistance curves for finite radii as the latter approach zero. 

9.28. Power Radiated by a Pair of Parallel Wires 
Consider now two parallel wires of length 11 (Fig. 9.24) carrying equal 
and opposite currents. The complex power 'I' is 

4' = (Z - Z 12 )/ 2 , 


(28-1) 



374 


ELECTROMAGNETIC WAVES 


Chap 9 


where Z is the self impedance of either wire 
Evaluating Zj2, we find that when the mteraxial separation d is small, 
then 

2, a «= Z - Z = R + (28-2) 


R - 


240ir*rf*/ 3 sin 20/ , 

-p-^i + j-swr— 5^- + 


- (1 4- I cos 20/) - 120 log 


1 7 cos 2ffA 

is 2 / 2 + W 2 / 2 /’ 

20 / 


(28 3) 
(28-4) 


and the power radiated by the two wires is /P" = Ja/ 2 It should be 
noted that as the length of the wires increases, the radiated power fluctuates 
between two small limits 
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10.1. Transverse Magnetic Plane Waves (TM-waves) 

Assuming that transverse magnetic waves are traveling in the 2 -direc- 
tion, we have by definition H. = 0. Since there is no longitudinal mag- 
netic current, the transverse electric intensity can be expressed as the gra- 
dient of a scalar potential 

E t = -grad V. (1-1) 

The divergence equation for H becomes 


dH x dH v 

dx + dy 


(1-2) 


and the magnetic intensity can be derived from a stream function n 


II - a 11 n _ 011 

n x — , — . 

dy dx 

(1-3) 

Hence we may write 


H = curl A, A- — A v = 0, A z = II, 

(1-4) 

where H satisfies the wave equation 


a 2 n , e 2 n a 2 n 


dx 2 + aj 2 + dvr ~ <rIL 

d-5) 


For the electric intensity we have 

^ _ curl H _ grad div A — AA grad div A — cpA 
g + iue g + r'coe g -J- iut 

Since A has only a 2 -component the transverse electric intensity is 


grad div A 
g + rwe 


i , an 

— — - grad — , 
g -f- icoe dz 


and in equation (1) we may assume 


V 


l an 

g -f- ;&>e dz 
375 


(l-£) 
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The longitudinal electric intensity is then 

g+IO€\d^ / g 


/a 2 n a 2 n\ 

»\a** + by' 1 ) 


(1-7) 


Thus the entire field has been expressed in terms of one scalar wave func 
tion n 

The foregoing expressions are general for any field in which H, = 0 
For waves in which the field pattern in planes parallel to the xy plane is 
the same, we have 

n - T<#jr)f(z) <1 8) 


In general T(xy) may be complex 

T(xy) - T, (xy) + tTj (xy), (1-9) 


but for plane waves there should be no phase change in any direction 
parallel to the xy plane (except for a complete reversal) and T(xy) must 
be real except for a poss bly complex constant factor This factor can 
always be included in T(z) and hence for plane waves T(xy) may be taken 
as real 

Substituting from (8) in (5) and dividing by II we have 


1 (&T &7\ lft 9 

rW + a// + T<h* " ° 


(MO) 


The first term is independent of z and the second is independent of x and 
y, while the sum >s a constant hence each term is a constant and 


d 2 T d*T 

ax* + a/ 


= ~x 2 T 


(Ml) 


For plane waves x* is real and x itself is either real or a pure imaginary 
Substituting from (11) in (10), we have 


ft 

d 2* 


= r*T, r 


t(z) = Fe- r ' + Q< r ‘ 


( 1 - 12 ) 


Substituting from (8) and (11) in (7) we find that the longitudinal 
electric mtens ty and the electric current dens ty differ from the stream 
function II by constant factors 


U (y + twt)E, - x a H 


0-13) 
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In cartesian coordinates the transverse field intensities are 

T, 

dy v dx i+ tae dz 


E x = Zt H v , E u = -Z\H X , 2+ = - 
In cylindrical coordinates we have 


1 


df 


(1-14) 


(g + iue)Tdz 


Jl'-tfr, E„ = Z$H V , E p = (1-15) 

po<p dp 

For progressive waves traveling in the positive z-direction, we obtain 

r 


f = Pe~ Tz , Zt = K s = , . . 

g + *£oe 

Then in cartesian and cylindrical coordinates we have 


(1-16) 


H — P— p ~ V: H — P — 
H ’- P Ty‘ ’ P J,' 

E x = K t H vy E v = -K : H X ; 


,-r* 


d-17) 


ar 


ar 


H p = P —— e~ V: , H v = -P — e 


,-r* 


pdip 

E p = AV/ v ., 


ap 


= -A*ff P . 


In nondissipative media the propagation constant T and the wave im- 
pedance K- for progressive waves become 

r = V x 2 - d 2 , A, = = 2£ . (1— i8) 

rare ip ' 

When the frequency is such that 


then T = 0. The frequency so defined is the cut-off frequency, since for 
lower frequencies T is real and on the average no energy is transmitted in 
the z-direction. The cut-off frequency and the corresponding wavelength 
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In terms of the frequency ratio 

" 7 /»* 

equations (18) become, above the cut-off, 

r = k, = ,vT^7 


(1-20) 


( 1 - 21 ) 


Below the cut-off T is positive real and the wave impedance is a negative 
reactance Sufficiently below the cut-off, we have approximately 


r 


(1 22 ) 


and the wave impedance is substantially a capacitance t/x 
Equations (6) and (12) imply that V and n satisfy the following trans 
mission equations 

£ - - («•» + -£-) n, SS - - (s + «»)r (1-23) 

3a \ f + »w«/ 3a 

These are the equations of a transmission line with series distributed con 
stants per unit length equivalent to an inductance n plus a capacitance 
f/x 1 in parallel with a conductance g/x*,and with shunt distributed con 
Stants per unit length consisting of a conductance g and a capacitance « 
Equipotential Jmes in transverse planes are defined by the following 
family of curves 

TQCtj) “ const or T(p&) = const (1-24) 


Differentiating along each curve, we have 


Since the partial derivatives arc proportional to — H y and H x (see eq 14), 
we obtain </)/</* — thus the magnetic lines coincide with the 

equipotential Jmes On the other hand we have E t H x + E V H V = 0, 
hence the transverse electric intensity is perpendicular to the magnetic 
intensity 

The magnetic intensity is linearly polarized at each point For pro- 
gressive waves in nondisstpative media the transverse electric intensity 
is in phase with the magnetic intensity while the longitudinal electric 
intensity is in quadrature Thus in the case of progressive waves the 
electric intensity is elliptically polarized and the plane of the ellipse is 
perpendicular to H 

Consider a cylindrical strip of unit length in the direction of its gen 
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erators (the 2 -axis) and suppose it intersects the .vy-plane in a curve PQ 
(Fig. 10.1). Then the magnetic flux $ crossing the strip in the counter- 
clockwise direction depends only on the end points of the curve; thus 



rin (P) -n (£?)]. 


In an unlimited homogeneous medium plane waves can be generated 
only by current sheets of infinite extent. Consider such a sheet in the 
.vy-plane. The lines of flow should be perpendicular to the magnetic inten- 
sity. The electric intensity should be continuous across the sheet while 
the magnetic intensity should be discontinuous and the discontinuity 
should equal the current density. This sheet will generate two progres- 
sive waves of equal amplitudes, traveling in opposite directions; hence 
from (17) we find the current density in the 
sheet j 


Jx = 2P 


dT 
dx * 


Jv ~ 2P 


dT 

d y ' 


The current density / is subject to two restric- 
tions. The less stringent one is obtained by 
differentiating the above equations 

d/x _ d/j, 

dy dx 



o x 

Fic. 10.1. Cross-section PQ 
of a cylindrical strip whose 
generators are parallel to 
the z-axis. 


The more stringent restriction demands that T be a solution of (11). 
us suppose that the current density is 


r _ on d7i dT 2 dT\ dT 2 

Jx ~ 2Pi ^ +2P2 dx ’ Jv ~ 2 Pi iy + 2 P 2 n> 


Let 


where T) is a solution of (11) with x — Xi and T% is a solution with x = X 2 - 
In this case two waves will be produced on each side of the current sheet. 
These waves will travel with different propagation constants. At the 
current sheet the field pattern will conform to the impressed pattern 
T\ + To; but this pattern will not be maintained as the waves travel away 
from the sheet. Complicated fields can be constructed by superposing 
transverse magnetic waves with finite amplitudes or with infinitely small 
amplitudes as for instance 


/* “ f g v Jv ~ J ~ T(x,y;x) dx- 
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JO 2 Transverse EUctrtc Plane (Faves (TE-waves) 

Transverse electric waves represent a counterpart of transverse mag 
netic waves the theories of these two types of plane waves are closely 
analogous Thus by definition we have E, = 0 Since there is no longi 
todmal electric current, the transvetse magnetic intensity can be expressed 
as the gradient of a scalar potential 

Hi - -grad V (2-1) 


The divergence equation for E becomes 
0E% dEy 

dx dy 

and the electric intensity can be derived from a stream function “P 


= 0. 


E, - 


9* 




£ — — curl F where F, «* F t «* 0, F, - 


( 2 - 2 ) 

(2-3) 

(2-4) 


and "P satisfies the 


equation 
[/ = - 


As in the preceding section we find 


tuft dz 


(2-5) 


The longitudinal magnetic intensity is then 




JL( d 2l 4 . ¥*\ 

dy*) 


( 2 - 6 ) 


Thus the entire field has been expressed in terms of one scalar wave fiinc 
lion ¥ 

The foregoing express ons are general for any field m which E, = 0 
For waves in which the field pattern in planes parallel to the sty plane is 
the same we have 'f = T(x l y)T(z) In general T{xj) may be complex 
as in (1 9) but for plane waves it is real The functions T and T satisfy 
the same equations as in the case of transverse magnetic waves Substi 
tutmg in (6) we find that the longitudinal magnetic intensity and magnetic 
current density are constant multiples of P 

Hi = — - P, tufiH, = x 2, P (2-7' 


In cartesian coordinates the transverse field intensities are 




Y+Ey H g **YtE x y+= 


J_ - 

‘ Zt = 


l dt 

SU( iT dz 
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In cylindrical coordinates we have 

E p =-~T, E<p — ~~ Ty H p =-YtE v , H v = Yt Ep- (2-9) 

pd<p dp 

For progressive waves traveling in the positive z-direction, we obtain 

( 2 - 10 ) 


f - Pe -r, 2 + - K = — = ^ 
1 -Fe , ZT - A s - ^ r 


Then in cartesian and cylindrical coordinates we have 

E x = -P~e- T % E v = P d -fe~ T \ H x = -M Z E V , H v = M Z E X , 

by ax 

(2-11) 

E p = -P — r r: , Ef = P — e~ r: , Hp = -M z Ef, H 9 = M t E p . 

pbip bp 


In nondissipative media the propagation constant T and the wave im- 
pedance K : for progressive waves are 


r = V x 2 - d-, K c 


iup. 

T~ 


iyfi 

r 


( 2 - 12 ) 


The cut-off frequency is expressed in terms of x by the same formula (1-19) 
as in the case of transverse magnetic waves. In terms of the frequency 
ratio defined by (1-20), T and K x may be written 


r = it JVT - , 2 , Kp = ^f== . (2-13) 


Below the cut-off T is positive real and the wave impedance is a positive 
reactance. Sufficiently below the cut-off, we have approximately 


r = x, 



(2-14) 


and the wave impedance is substantially an inductance p/x- 
As in the case of TM - waves U and ^ satisfy the following transmission 
equations 

3* . „ dU ( v 2 \ 

-• - Tz-~ m “ u ' -v r+, " + w*- < 2 -> s > 


These equations are the equations of a transmission line with series dis- 
tributed inductance p, shunt conductance g, shunt capacitance e, and shunt 
inductance pf x 2 , all per unit length. 
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Equation (1-24) now represents the family of magnetic equipotential 
lines Electric lines coincide with these equipotential lines and the trans 
verse component of H is perpendicular to E The electric intensity is 
linearly polarized, although the direction of polarization vanes in general 
from point to point For progressive waves in nondissipative media, the 
transverse magnetic intensity is in phase with the electric intensity, while 
the long tudmal intensity is in quadrature Thus in the case of progressive 
waves the magnetic intensity is elhptically polarized and the plane of the 
ellipse is perpendicular to E 

The electnc displacement crossing counterclockwise the cylindrical 
strip of Fig 10 1 depends only on the end points of the curve, thus 

q - < f (E v dx - E x dy) = «f*(0) - *(P)J 


In an unlimited medium progressive waves can he generated by an 
infinite plane current sheet If the generating current sheet is in the 
xy plane, then the current density is 


/. - -2H y (xj,+0) 


Jv - W,(xy,+0) 


9J* . £/» 

3x T dy 


0 


-2 PM, 


ar 

ax 


Let us now suppose that we have an arbitrary current sheet If we 
can find two functions T\ and T a satisfying the following equations 

dx ^ dy Jz> ay dx Jy ' 

we shall be able to separate that part of the total field for which H, =* 0 
from the other part for which E, = 0 Eliminating either 7* or T\ from 
the above equations, we have 

a*Tt B aj, aj t a 2 T 2 b 2 t 2 __ aj t aj y 

dx 2 By 2 dx dy ’ dx 2 By 2 dy dx 


Thus we have a pair of partial differential equations for the unknown 
functions and Tt 


10 3 General Expressions for Electromagnetic Fields in Terms of Two Scalar 
Watt Functions 

The most general electromagnetic field in a source free region can be 
expressed in terms of two scalar wave functions II and ¥ Suppose we 
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start with a given general field and determine a particular II from 


a 2 n 

6S 2 


— a 2 n — (g+ iwe)E z . 


If we calculate the field defined by II and subtract it from the total field, 
the remainder will be a field in which E z = 0. From H z we can find an- 
other scalar function satisfying 

a 2 \& 

~ - a 2 * = iufxH z . 


If the sum of the fields obtained from II and ^ is subtracted from the 
original field, the remainder is a transverse electromagnetic field. It 
has been shown in section 8 9 that such fields may be expressed in terms 
of wave functions satisfying the two-dimensional form of Laplace’s equa- 
tion; these functions may be included in II and ’3'. Hence the two scalar 
wave functions are sufficient for the complete expression of any electro- 
magnetic field in a source-free region. 


10.4. Natural Wanes in Cylindrical Wave Guides 

For practical purposes the best procedure is to start with the theory 
of wave transmission in regions bounded by perfectly conducting cylinders. 
Later the first order correction due to finite conductivity which manifests 
itself primarily in the attenuation wili be considered. On the boundary 
of any perfectly conducting wave guide the tangential electric intensity 
should vanish. For transverse magnetic plane waves E z is proportional 
to the amplitude distribution function T(xy) and therefore, on the bound- 
ary, 

T(xj) = 0. (4-1) 

Then the electric potential V, and hence the tangential component of the 
transverse electric intensity will also vanish on the boundary and the above 
equation will represent the only added restriction on T. 

The vanishing of the tangential electric intensity is equivalent to the 
vanishing of the normal component of the magnetic intensity. In the case 
of transverse electric waves the latter is the normal derivative of the mag- 
netic potential U; since U is proportional to T, we have as the boundary 
condition 

dT 

- - 0. (4-2) 

The above boundary conditions impose restrictions on the constant x- 
We have already shown that for plane waves x 2 is real. For waves in 
homogeneous regions bounded by perfectly conducting cylinders x itself 
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is real Thus if U and V are any two wave /unctions then by the two- 
dimensional Green s theorem we have 


SfJ 


dx dx By By) 




By' 




V—ds, (4-3) 


where the double integration is extended over an area $ and the simple 
integration over its periphery Let U = V «* T(xy), then 

J J I end rl’JS- X j f + f T^J, (4-4) 


For waves in 


. guide either T or 3T/dn vanishes on the periphery, hence 


J f |8r«dr|Vs 


(4-5) 


The right side is positive and x must be real, there is no loss of generality 
if we assume it positive 

If the wave is not plane T may be complex By substituting 17 *» T 
and V = T* in (3), we can show that x is still real Hence if T is of the 
form (1 9), 7i and Tj satisfy (1 11) and any wave in the wave guide may 
be resolved into plane waves 

At the cut-off x “ v/p S nee equation (1-1 1) is satisfied also by the 
displacement of a vibrating membrane the cut-off frequencies in a cyhn 
drical wave gu de are proportional to the natural frequencies of membranes 
equal in shape and area to the cross section of the wave guide The bound 
ary condition for transverse magnetic waves corresponds to a fixed edge 
of the membrane 

The following transformation 


xVr yV r 

Vs ’ = Vs 


(4-fi) 


preserves the shape of the cross-section of the wave guide and changes the 
area S, making it equal to the area of a circle of unit radius Applying 
this transformation to (5), we obtain 


^ ,jsm 

K ~ V?' 
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where the modular constant k depends only on the shape of the cross-section 
and the particular transmission mode. 

In a progressive transverse magnetic wave at frequencies above the 
cut-off, the average magnetic energy W” 1 per unit length of the guide, the 
average energy associated with the transverse electric field and the 
average energy W\ associated with the longitudinal electric field may be 
expressed in terms of T as follows 

IV* = bf f HH * dS = f ! grad T | 2 dS, 

fr t =hf f E t Ef dS = *,,(1 - v 2 )ff 1 grad T | 2 dS, 

m = le f f EX dS = Wx 2 f f T 2 dS. 

Using (5) the first two expressions may be written 

W™ = Wf f T 2 dS, W\ = ^x 2 (l - v2 )ff 

Hence the average magnetic energy in a progressive transverse magnetic 
wave is equal to the average electric energy. At the cut-off the electric 
energy is associated exclusively with the longitudinal field and sufficiently 
above the cut-off most of it is associated with the transverse field. 

For transverse electric waves we have 

w* = wf f T 2 dS, #7 = W* 2 f f T 2 dS, 
tn = ?«x 2 (i - " 2 )// t 2 ds. 

In this case the average electric and magnetic energies are also equal. 
At the cut-off the magnetic energy is associated exclusively with the longi- 
tudinal field and sufficiently above the cut-off it is associated largely with 
the transverse field. 

Above the cut-off the average power carried by progressive 7Wf-waves 
in the direction of the guide is 

W = iff - E V H%) dS = h 2 K z f f T 2 dS, (4-8) 

while for TE - waves we have 



(4-9) 
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Since T is proportional to the longitudinal current density, electric or 
magnetic as the case may be, the power transfer is proportional to the 
mean square longitudinal current 

The conduction current density in the cylinder is equal to the tangential 
component of the magnetic intensity Hence for transverse magnetic 
waves the conduction current is strictly longitudinal and its density is 


where n is the outward normal to the cylinder 
In the case of transverse electric waves the longitudinal density is the 
tangential derivative 

(MI) 

ds Iwfi dldz tun dt dl 

of the magnetic potential, taken in the counterclockwise direction as seen 
from the positive side of the xj plane, the counterclockwise transverse 
conduction current density is 

/, - a- * - — Tt (4-12) 

tun tun 

For progressive 7"£- waves traveling in the z-direction, we have 

/, - — . r r - - (4-13) 

tun 6j K, ds tun 

Below the cut-off /, and J\ are in phase, above the cut-off they are in 
quadrature If /, is kept constant as the frequency increases, J, ap 
proaches zero The total longitudinal current is proportional to the total 
change in T around the periphery, hence this total current equals zero 
In the case of progressive transverse magnetic waves the power absorbed 
by an imperfectly conducting cylinder is obtained as usual by integrating 
the square of the tangential magnetic intensity or the square of the conduc 
tion current density, thus 

- ;*/(£)'■" -I* <«*> 

where s is the length of the periphery and I is the root mean square con 
duction current The attenuation constant (due to the losses in the con 
auctor) is therefore 


(4-15) 
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On the other hand, for progressive transverse electric waves we have 
the following expressions for the dissipated power (if the dielectric is non- 
dissipative) 



(4-16) 

Jh = i&f JtJUs = f T 2 ds. 


Hence the general expression for the attenuation constant is 


a 

2 ,, 


J-) ds 
ds ) 


7 + 


/ 


T 2 ds 


X 2 J I T2dS If T2JS 


Vl - V 2 


(4-17) 


10.5. Natural Wanes in Rectangular Wave Guides 
Let a rectangular wave guide be bounded by the following planes 

* = 0, x = a, y = 0, y = b. 

For transverse magnetic waves the boundary conditions are then 

T(0,y) = T(a,y) = 7\*,0) = T{x,b) = 0. 

Particular solutions satisfying these conditions and the corresponding 
values of x are 

. imrx . n-xy 2 /W\ 2 fnir\ 2 

T(*,y) - sm — sm — . x 2 - {-) + (j) , 

where ?»,n = 1,2,3, • • •. To each pair of nonvanishing integers there 
corresponds a definite field pattern and a definite propagation constant. 
The cut-off wavelength of the “ TM m ,„-wave ” is 




n 


2 7T 

Xm,n 



lab 

\^m 2 b 2 + n 2 a 2 ' 


(5-1) 


The longest wavelength corresponds to m = n = 1 




lab 

y/lF+T 2 ' 


(5-2) 


Thus the cut-off wavelength for the dominant transverse magnetic wave 
is twice the distance from a vertex of the cross-section to the opposite 
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diagonal (Fig 10 2) A typical higher mode is the dominant mode in a 
guide with dimensions ajm and bjn The cut-off frequencies are inversely 
proportional to the corresponding wavelengths hence these frequencies 
are proportional to the radii from the ongn to 
points (no mb') The attenuation constant is ob 
tamed from the general formula ->f the preceding 
section, thus 

Ml(^+nV) 2 m 

FlO 10 -> Relation of + »V> 1 " * * 

the cutoff wavelength 

for thedom nant tnns- For wave guides of square cross section this becomes 



(TV wave) 'to the 
dimcngonsof the guide 


(5-4) 


The field of a TM« M wave is then obtained m the form 


K* 

Hy 


E, 

t mn 




«n mix nry ^ 

- — cos — Sin ~ Trn w(z) 

Zt+Hy, E v - -Z+ntf,, Zi» - - 


1 Jt mm 

(f + <«.)!•.. d ’ 


g+ tut 

■ A n n e- r - *■ ■ 


-t—w 


In the case of transverse electric waves dT/dx must vanish at * = 0 
and x = a and dT/dy must vanish at_y = 0 and y = b, therefore 


T{xj) = cos 


where m and n are integers not equal to zero simultaneously Hence the 
cut off frequencies are given by (1) but since either m or n may be zero 
there exist more transverse electnc modes than transverse magnetic The 
cut-off wavelengths of the additional modes are 


X* 0 


2b 


VS) 


For these modes the electnc hues are parallel to one of the faces of the 
wave guide From the general formula the attenuation constant of trans 
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2 _l „2\ (1 p) v ^ 


■]. 


m dp 0, n 4= 0, 

(5-6) 


verse electric waves is found to be 

_ 1dLr p(pm 2 + » 2 ) / — — 

“ ~ ,< L fW + 

a = — (7 + -t'm.o) (1 ~ I’m.o)'" 1 ' 2 , « =t= 0, 71=0, 

a = ~ (^ + ^ vo.n) (1 - vl, n )~ in , m = 0, » + 0, 

where p = b/a. In square tubes this reduces to 

2ft(l +r 2 ) .„ , „ 91(1 + 2r 2 ) , r , „ „ „ 

a = , if m, n 4= 0; a = == = == , if in =£ 0, n = 0. (5-7) 

Wl - r 2 Wl - r 2 

For the field of a T£ m>n -wave we obtain 

mr mirx . mry * 

£i = — cos sin — I m ,n(z)> 

b a b 


tmr . tmrx »iry 

a a b 


E u = - ~ sin cos ^ ? m ,n(z), 


H x = -Y+, n E v> H v = Y+ T+.„ = - - 


1 


7U1/X 1 mi n dz 


Xm.n mirx mry - 
H z = T— cos — COS — i m ,n(z). 
a b 


10.6. Natural Waves in Circular Wave Guides 
In a circular wave guide solutions of (1-11) in cylindrical coordinates 
are 

T(p,v>) = Jnixp) cos nip, /„(xp) sin wip. (6-1) 

The Bessel function Wnfxp) becomes infinite when p = 0 and is therefore 
not an admissible solution when the wave guide is hollow. The boundary 
condition for transverse magnetic waves is now / n (x«) = 0, where a is the 
radius of the tube. If x« = *n, m is the w/th nonvanishing root of this 


equation, then the values of k n , m 

for small values of n and m are 

*o,i - 2.40, 

* 0.2 = 5.52, 

*o,3 = 8.65, 

*o ,4 = 11.79,- ■ 

*i,i = 3.83, 

*i,2 = 7.02, 

* 1,3 = 10.17, 

*i,4 = 13.32, • ■ 

* 2.1 = 5.14, 

*2,2 = 8.42, 

*2.3 = 11.62, 

o 

CO 

T— "< 

II 

X* 

cs 

* 3,1 = 6.38, 

* 3,2 = 9.76, 

* 3,3 = 13.02, 

* 3.4 = 16.22, • 
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The boundary condition for transverse electric waves is /»(x«) * 0 
In this case if x<* ~ *«,*» is the mth nonvanishing root of this equation 
then the first few * values are 


* 01 - 3 83 , *01 = 7 02 , 

*, i « 1 84, ki 2 = S 33, 
*2 1 = 305, *2 2 = 671, 

*3 1 = 4 20, *3 2 = 8 02 


*o s = 10 17, 
*13 = 8 54, 
*2 3 = 997, 
*3 3 = 11 35, 


The cut-off wavelength is 




Ira 

T 


(6-3) 


( 6 - 1 ) 


Inspecting (2) and (3) we find that there is one transverse electric wave 
the TE\ i wave, which has a lower cut-off frequency than any transverse 
magnetic wave, this TE t l wave is the dominant wave in a circular wave 
guide 

Substituting from (1) into the general formula for the attenuation 
constant, we obtain for transverse magnetic waves 

(6-S) 

V « 

Similarly the attenuation constant for transverse electric waves is 



For circular electric waves tt — 0 and a becomes 

(M) 

va 

As the frequency increases the attenuation constant of circular electnc 
waves approaches zero 


107 Natural Waves between Coaxial Cylinders 
When we consider waves between two coaxial cylinders we have no 
reason for excluding the second Bessel funct on and the value of T to be 
considered is 

TM = [P/*(xp) + QN n {xp)] cos nip (7-1) 

For transverse magnetic waves the boundary condition is 

TM = T(M =0 (7 2) 
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where a is the radius of the inner conductor and b the radius of the outer. 
Hence 

_ Q _ Jn(xa) _ Jn(xb) 

P Nn(xa) N n (xb)‘ 

For transverse electric waves the boundary condition is 

dTM BTM Q _ j'„(x<i) _ Jnixb) 

da db ’ P K( X a) K(xb) ' 


(7-3) 

(7-4) 


The smallest roots of these equations can be determined graphically. For 
the larger roots there exist asymptotic formulae. 

When the radii are nearly equal, the curvature effect on the field dis- 
tribution is small and we have approximately 


T(p,<p ) 




P cos 


tmr(p — a) 
b — a 


+ Q sin 


mv(p — 


> - f)~ 
— a . 


ns 


cos 


where c is the mean radius and s is the distance measured along the circle 
of this radius. For transverse magnetic waves T should vanish at p = a 
and P must be zero. For transverse electric waves dT/dp should vanish 
at p — a and hence Q must be zero. The constant x becomes approximately 

2 2 2 
„ 7TT 7T 11 

x ~-jrr~f + 7^ 


In the case of transverse magnetic waves m — 0 does not lead to a non- 
vanishing solution but for transverse electric waves we may have 


*> 



The cut-off wavelength for these waves is 


Xc 



» = 1 , 2 . 


The longest cut-off wavelength is equal to the average circumference of 
the coaxial pair X c = 2irc. This simple approximation is fairly good even 
when a = 0, when the approximate expression reduces to \ e = ssb = 2^/2, 

while the exact expression is X c = • 


Figure 8.51 shows the exact value of the ratio of the mean circum- 
ference to the wavelength as a function of the ratio of the radii. 
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10 8 Watt Guiits «/ Mutellaneaus Cran Sections 

Exact solutions for the fields and the cut-off frequencies can be found for all wave 
guid«3 formed by two coaxial cylinders and two axial planes 
p ** a, p «= i, <p — 0, ip i 

For transverse magnetic waves T(p <p) should vanish at <p *= 0 hence T is propor 
tional to sm pip, and we write 

T(pf>) = [/>/,<*>) + QN,(xp) ] sm pp 


Since T vanishes for <p — i, we have 

pi » nr, p - , n * 1,2,3 (8-1) 

In order to satisfy the boundary cond tions at the cylindrical surfaces, x must be a 
root of (7 3) with p in place of n If a = 0 then ],{xb) = 0 
Similarly for transverse electric waves we have 

T(p/p) - [PJ,(XP) + QW»(xp> 1 tosjv> 


where p is defined by (1) and x « a root of (7-4) with/ in place of n If * *■ 0 then 

J'M) - o 

If <r = 0 and = 2r, the wave guide becomes a hollow metal tube with a metal 
baffle along an axial half plane, the cross-sect on of this guide is shown in Fig 10 3 
In this case p = n/2 When / = $, the 
boundary equation becomes sm x* ‘ 
where a is now the radius of the metal tube, 
hence 

x * 

XO-mr, K. ** — 

For transverse electric waves the equal 
Fig 103. Cross, for x becomes 
section of a metal , 

tube with a radial ? — ^ q *5 _ n 

baffle d(xo) \/^f \a 




The smallest root of this equation is x« = 1 16 and the larger roots are given approxi- 
mately by 


Thus the baffle has increased the cut-off frequency of the dominant transverse mag 
nettc wave and decreased the cut-off for the dominant transverse electric mode 
If* + 0, but i * It, then the wave guide becomes a coaxial pair with a connecting 
baffle. When a and i are nearly equal, this wave guide is approximately a rectan 
gular wave guide bent into the shape whose cross-section is shown in Fig 10 4 In 
ibis ease the equation for x is approximately 
, ***** 
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where e is the mean radius. For the dominant wave the value of x is x = l/2f» 
X c = 4vc. 

Another case for which an exact solution is possible is the case of a wave guide 
whose cross-section is an equilateral triangle. We shall summarize the results without 
going into the details of their derivation. Let a be the length of the side of the equi- 
lateral triangle and b the radius of the inscribed circle, a — lb' s/'. 3, b = a/'l'S 3. Let 
A , B and C be the vertices of the triangle and 0 its center (Fig. 10.5) and let a, ft, y 
be respectively the angles made by AO, BO and CO with the *-axis of a cartesian sys- 
tem whose origin is at 0. We introduce the following homogeneous trilinear coordi- 
nates C 

u = .v cos a + y sin a, 

v = x cos /S + y sin jS, 0 = a + — , 

w = x cos y + y sin y, y = p + — . 

The line a = constant is perpendicular to AO and hence 
parallel to BC; similarly v = constant and w = con- 
stant are parallel to the remaining sides. If we draw 
lines parallel to the sides of the triangle through some Fl0 , as> Equilateral trian- 
point (#o0, then u, v and w are respectively the dis- g i e representing the normal 

tances from O to these lines. The equations of the cross-section of a metal 

sides of the triangle are then tt — b,v = b,w = b. tu * 5C - 

If now /, m, tt are three integers whose sum is equal to zero, / + m + n = 0, then 
for transverse magnetic waves the T-function is 

tv \ . 2irl(u \ tr(ttt - »)(a - w) 

T(x 0 ’) = sm 1^2 + 7 cos 9 b 

. 2ttm(u \ 7r(n - I)(v - w) 

+sin irU + 7 cos — % — 

• 2w«/k \ tr{l — m){v — w) 

+s,n irVi + 7 cos % — • 

For transverse electric waves the T-function is 

. 2,r f , \ ttfrn — ti)(v — w) 

™ = cos u V 2 + 7 cos % — — 

2 Ktn(u \ i r(n -/)(w- ta) 

+ c “ii“V5 + 7 e " * — 

, tiznfu ^ t(/ - m)(o - ui) 

+ “ ir\2 + V “ — 5 — ■ ■ 

Substituting either of these values of T in (4-5), we find 

X = 3bV^, Vm ' + mn + + mn + n\ 
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For transverse electric waves the dominant modes are obtained from one of the sets 
of values 

»- 1, d-Q, /= -1, 

m = 0 , 1 , /= - 1 , 

m=\, »= - 1 , /»= 0 , 

then 


In each of these modes the electric lines arc curves roughly perpendicular to one of the 
three sides of the triangle 

In the case of transverse magnetic waves a zero value for any integer results in a 
trivial solution 7" * 0, hence the dominant mode corresponds to » = »■<* 1 and the 
value of X i s 


4t 2r 
x ~.Vj~w 


X, = 


h. 


where h is the height of the triangle. 

Complete sets of transmission modes can also be found for elliptical wave guides 
and for wave guides whose cross-sections are isosceles right angled triangles In 
the latter case the 7 functions are found among T functions appropriate to square 
iwt guides, vn the former ease they ate solutions of the Mathitu oquatwn But hi 
general no convenient exact method exists of solving the problem for wave guides of 
other than the above-mentioned cross-sections Some solutions can be found when 
the cross-section is a regular hexagon and it is always possible to construct isolated 
solutions by taking some function T which satisfies (1 II) and then determining 
boundaries which are consistent with this function, thus (4-1) represents the equa 
tion of the boundary for transverse magnetic wavts and (4-7) the corresponding 
equation for transverse electric waves For example we might start with the follow 
ing function 

T - M2 40p) + 0 63/, (2 40 p) cos Zp 


and plot its contour lines which are also magnetic lines of force The line T = 0 
can betaken as the boundary of the wave guide supporting the transverse magnetic 
wave whose field is determined by T For transverse electric waves the same contour 
lines are electric lines of force, in this case the boundary should intersect the contour 
lines at nght angles 


Figures 10 6 and 10 7 show E lines for transverse electric waves and 
//-lines for transverse magnetic waves for guides with different cross- 
sections The arrows along the boundaries indicate the directions of the 
transverse conduction currents m relation to the directions of the trans- 
verse displacement currents, dots and crosses indicate longitudinal cur 
rents flowing respectively toward the reader and away from him The 




Fig. 10.6. The .E-lines for transverse electric waves. The density of the lines indicates the 
amplitudes of the transverse field components. The transverse component of H is per- 
pendicular to the £-lines; if the E-vector is turned through 90 degrees in the counter- 
clockwise direction so as to coincide with the transverse //-component, then a right-handed 
screw turned in the same way will advance in the direction of the wave motion. The 
numbers above the figures refer to the relative cut-off frequencies on the assumption that 
the largest linear dimensions are the same for all figures. The cut-off wavelength of the 
transmission mode shown in (A) is twice the longer side. The following transmission 
modes are shown: 


(A) r£i*.mode, T * 

(B) TEs, o-mode, T = 

(C) r^M-mcdc, T = 

( 01 r£2,i*mode, T ~ 
(F.l ££2, 2-mode, £ -■ 


COS TX, 

cos 2tx, 
cos tx cos 2xy, 
cos 2rx cos 2ry, 
cos 2tx cos 4t>', 


tF* £ => i(cos TX — cos xy), 

(G) £ = cos TX cos xy, 

/o(3.83p) 

' /o(3.83) 1 
JoV-Mp) 
/o(7.02)’ 


(J) ££,,,. mode, £ = 4 tT 57T “s d, 
yi(L84) 

(K) ££:, l-mode, r = cos 2«, 

(L) ££ 1 , 2 -mode, £ = cos «, 


(H) T’JSo.i-mode, T = 

(I) T£os5*niodc, T = 


the boundary is 1, 


(M) 7\E^ l -mode, T ■■ 


gri * 

/j(1.16) “* 2‘ 
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the amplitudes 0 F the transverse field component! The transverse component of E 
perpendicular to the H 1 nes The numbers shove the figures represent the cut-off f 
quencies in terms of the cut-off for the transmission mode shown in Fig 10 6A The folio 
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relative directions as shown in the figures correspond to waves moving 
toward the reader; for waves moving away from the reader the directions 
of the longitudinal currents are reversed. 

10.9. Slightly Noncircular Wave Guides 

The effect on wave propagation of a small change in the shape of the cross-section 
of a wave guide can be obtained very simply by “ perturbing ” the field distribution 
function T. For example, in considering the effect of a slight compression of a circular 
wave guide on the propagation of waves with circular lines of force we might assume 
the following solution of (1-11) 

T(p,tp) = Jq(xp) + n/;(xp) cos 2p, (9-1) 

where u is small and x is either a zero of Jo(x) (circular magnetic waves) or a zero of 
Ji(x) (circular electric waves). 

Inasmuch as magnetic lines do not penetrate a perfect conductor we expect that 
for circular magnetic waves the magnetic lines will simply be compressed to conform 
to the compression of tire guide itself; no more radical change is likely to occur. In 




Fro. 10.8. Electric lines of force. Fro. 10.9. Electric lines associated with a 

“ circular electric wave ” in a slightly 
flattened tube. 

the case of circular electric waves, however, the compressed conductor will touch 
electric lines of nonzero intensity; these lines will break and turn toward the con- 
ductor. Thus the appearance of the electric lines in the neighborhood of the con- 
ductor may be radically changed even though the quantitative effect of the compres- 
sion may be small. For example, assuming x = 3.83 and u = 0.1, we obtain Fig. 10.8 
for the electric lines of force; inserting a perfect conductor at right angles to these 
lines we have Fig. 10.9. 

Since dT vanishes along a contour line the equation of these lines is 

cte _ x[-/i(xp) + 1‘J".(xp) COS 2 p] ' 

dp 2 u Jt(xp) sin 2p ' 

When u = 0, dip/ dp is infinite, the length of the radius drawn from the origin to a 
point on a particular contour line is independent of p, and the contour lines are circles 
coaxial with the origin. When u is small compared with unity dp/ dp is usually large 
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and the contour lines are approximately circular but in the vicinity of the circle 
p = 1, the numerator is small and may even van sh The vanishing of dp/ dp marks 
the points at which the level lines are tangential to the radii and the locus of these 
points is 

-/i( 30 ») + */t(XP)cos^ = 0 (9 3J 

Let p = 1 + 4, then 

/><») = 7i(x + xi) - x/iCxW - x/t<xM 

(9-4) 

Jt(xp) " Jt(x) * — o sji(x) 


Substituting m (3), we have 

S - - cos 2? = 0 136a cos 2? (9-S) 

2x/«(x) 

The numerical constant corresponds to the special case % — 3 83 The curve (3) 
crosses the unit circle when *> = ±45°, ±13S° and it represents an oval which can 
be described as a circle slightly flattened m the neighborhood of tp — ±90° The 
boundary of the metal tube will approximately co ncide with the curve (3) The 
largest radius corresponds Co <p «* 0 and is 1 + 0 136«, the smallest radius co re 
sponds to ip w 90° and is 1 — 0 136a The rato of the largest d ameter of the 
tube to the smallest exceeds unity by an amount A *■ 0 272a This quantity may 
be chosen to represent the degree of departure from perfect circularity 

We have seen that the attenuation constant of circular electric waves diminishes 
with increasing frequency This happens because 3775/ vanishes along the boundary 
of the rube and in the general attenuation formula (4-17) only the second term re- 
mains For a deformed wave guide, however, we have approximately 

•r- -2«/><xU«l*. <M) 

dip dp 

Thus at the surface of the metal tube 3775/ is proportional to u and the first term in 
(4-17) is nearly proportional to u 1 For small departures from perfect circularity 
the attenuation constant is dominated by the second term of (4--17) in the neighbor 
hood of the cut-off frequency, and as the tube becomes more nearly circular the second 
term remains dominant within an increasingly large frequency range In this range 
the attenuation constant diminishes with increasing frequency 

Substituting from (6) in (4—17), we obtain the following approximate formula 
for the attenuation constant in a deformed circular wave guide' 

« - - leo - *’1-“* + ,n - e>'"l p. - 1 83!a ’ 

V 17i( J * J )1 


Minimizing a with respect to the frequency we find that, to the same order of approxt 
nation, the minimum occurs when » ** v V/3 <s 0 782A If for example the largest 
•The coefficient of the first term m die brackets is also affected by the departure 
from perfect circularity and a term proportional to A* should be added to unity 
However, this term is of less importance than the correction term involving p 
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diameter exceeds the smallest by one per cent, the minimum occurs at a frequency 
which is 128 times as great as the cut-off. 

10.10. Transverse Magnetic Spherical Waves 
The theory of spherical waves is in all respects similar to the theory of 
plane waves. Thus there exist transverse magnetic waves for which 
H r — 0 and transverse electric waves for which E r = 0. In the former 
case the divergence equation for H becomes 


(sin 6H $ ) + ^ = 0; 

dd d(p 




consequently the magnetic intensity may be expressed in terms of a stream 
function II 


Hence we have 


. „ an r , an 

r sin 6 H e = — , rH v = - — 
dp do 


H = curl A, A r = II, A b — A v — 0. 


( 10 - 2 ) 

(10-3) 


Since the radial magnetic current vanishes, the transverse electric inten- 
sity may be expressed as the gradient of a potential function; thus 


7- BV dV 

rEe = ~ ae ’ r sm 6 E * = “ ^ ' 

In addition to (1) we have the following field equations 

r*-- -L- ri£,. -L 

g + /we or g + /we dr 

a(sin 8H V ) dH e 

~7T~ T~ = (g + twe)r sm 6 E r , 



1 

B(rH v ) 


g + iioe dr ’ 

a (sin 6 H^) 

dH e 


de 

dp 

dE r 

— cm f) 

d(rE P ) 

dip 

oixi v 

dr 


d(rE e ) 

dE r 


dr 

dd 


Substituting from (2) and (4) in (5), we obtain 

an 

— = -{g+i U e)F. 


(10-4) 

(10-5) 

( 10 - 6 ) 

(10-7) 

( 10 - 8 ) 

(10-9) 
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The radial electnc intensity may be obtained from (6) o 
and from (7) or (8) on the other, thus 


I 


W0d0\ 98/ sui 8 dip j 


( 10 - 10 ) 


( 10 - 11 ) 


(g- + tu^r 3 Lsin 8 

_ „ ar l /a*n , \ 

E, =* —mhU — — ■» — ; (-rr — « 2 n) 

dr g+iutXdr 2 / 

Comparing, we have 

> *“_„vn 

ar* sin»a>\ 98/ sin 2 8 dp 2 
The complete field has been expressed in terms of a single scalar function 
II In the narrow sense of the term equation (11) for n is not a wave 
equation, that is, it is not equation (1-5) m spherical coordinates 
We shall now consider fields for which 

n (rM - T(8,<p)t(r), (10-12) 

that is, the field pattern is the same on all spheres concentric with the 
origin Substituting from (12) in (ll), we obtain the following equations 

■» »s(" n + 0 " -<» + ') «»’ 8 T - <' M3 > 

00-14) 

where n is a constant For sphetical waves T and therefore « must be 
real, in general, however, n may be complex 
Substituting from (12) and (13) in (10), we have 

»(» + »n 


thus the radial electnc current 
of the wave function IX 

From (9) and (14) we have 

»(» + 


*(» + i)n, (10-15) 
r unit solid angle is a constant multiple 


■p n, p- -tg+^W ( 10 - 16 ) 

dr L (? + tut)r‘J dr 

Hence V and II vary with r as the voltage and current in a transmission 
line whose distributed senes constants per unit length are an inductance 
jj, a capacitance ^ ^ ^ m parallel with a conductance ^ and 


«(» + 1 ) 
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whose distributed shunt constants per unit length are a capacitance e and 
a conductance g. Sufficiently far from the origin the series capacitance 
and conductance are very large. 

When II is of the form (12), the transverse field intensities are 


r\ r P r\ r P 

r sin 6 He = — f, rH 9 = - — T, 


dip 

Eg = Z+H v , 


d9 


E v = ~Z+H t 


e> 


where the radial impedance is defined by 

1 


Z+ = - 


df 


(10-17) 


(10-18) 


( g + iue)T dr 

In terms of the functions defined in section 3.5, we have 

f = Al n (or) + BR n (ar). (10-19) 

For progressive waves traveling outward we must have A = 0 since 2 
becomes infinite atr= °o. For stationary waves having no singularity 
at the origin we must have 5 = 0. Thus the radial impedances for pro- 
gressive waves and for stationary waves become respectively 


K+ - - n 


#(«•) 


K- = v 


n jar) 
2 n (<rr) ‘ 


( 10 - 20 ) 


&(?r) ’ 

In nondissipative media the latter becomes 

(10 - 21) 

The T-function is a spherical harmonic and is briefly discussed in sec- 
tion 3.6; in general T is either a series of terms of the following type 

T(6,<p) = [CP" (cos 0) + DP" (— cos G)] (P cos m<p + Q sin m<p), (10-22) 


or an 


integral J T(6,<p)dm dn, where C, D, P, Q are functions of m and n. 


In free space, however, m must be an integer, since T should return to its 
original value when <p changes by 2?r. Furthermore the Legendre functions 
become infinite either at 6 — 0 or 6 = it unless n is an integer; hence for 
free space n must be an integer. Thus in free space (22) assumes the 
following form 


T(G>yO = Pn (cos G)(C cos m<p + D sin mtp), (10-23) 

where m and n are positive integers. When m > P" vanishes; hence we 
may assume m <n. 
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The following are the Legendre functions of low order 
PoCcos 0) = 1 , Pi (cos 0) = cos 8, Pi(cos 8) =» — sin 0, 

Pa(cos 0) = ^(3 cos* 8 — 1), Pj(cos 0) = —3 sin 8 cos 0, 

P*(cos 0) = 3 sin*0, 

Ps(cos 0) = j(5 cos* 0 — 3 cos 0), P*(cos 0) = — £ sin 0(5 cos* 0—1), 

P|(cos 0) = 15 sin* 0 cos 0, P|(cos 0) = - 15 sin 3 0, (10-24) 

P 4 (cos 0) = |(35 cos 4 0 — 30 cos* 0 4- 3), 

P*(cos 0) = — 4 sin 0(7 cos* 0 — 3 cos 0), 

Pf(cos 0) «= sin* 0(7 cos* 0 - 1 ), Pj(cos 0) 105 sin* 0 cos 0, 

Pj(co$ 0) - 105 sin 4 0 

In a region bounded by a perfectly conducting cone 8 = 4', (22) becomes 
(for 0 < tfr) 

T(8jf) = P?(cos 0)(P cos m<f + Q sin my) (10-25) 


since the second Legendre function is infinite on the radius 9 = 0 In this 
case m is stiU an integer, but « is not necessarily integral Since E, is 
proportional to T and must vanish when 0 = tfr, » must be a root of the 
following equation 

P?(cos *) = 0 (10-26) 

In a region bounded by two perfectly conducting cones E r and hence T 
must vanish on the boundaries 0 = 0 t) 0 *= 0 2 , therefore n must be a root of 


P?(cos0,) P?(cos 0 2 ) 
P?(- cos 0j) " p:(-cos 8 2 ) 


(10-27) 


If the region is bounded also by two perfectly conducting axial half 
planes v» = 0 and = fo, then P must vanish in (22) and 


m = ~, s = 1,2,3, (10-28) 


If the region is bounded by two perfectly conducting spheres r -= a and 
r = b, then Zf and hence dT/dr must vanish at these spheres, thus we 
have 


b km _ Km Km Km 
a * km “ Rim * Km " Km 


(10-29) 


The first equation applies to dissipative media and the second to non 
dissipative media 
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The average flow of power across a portion ( S ) of an equiphase surface is 
* = b- 2 f f (EbH* - E v Ht) JO 

J J (S) 


" //„ [(£)’ + S?9 (0] Ja - 


(10-30) 


Multiplying (13) by T dd d<p/ sin 6 and integrating over (5), we obtain the 
following identity for a wave in free space, or for a wave bounded by per- 
fectly conducting conical surfaces including planes emerging from the 
center of the wave 

SL IB? + ^ (f)1 Ja - " ( " + '> //. ^ Ja - (10 - 31) 

Hence (30) becomes 

* = \n(n + 1 )Z+Tf* J T 2 dQ. (10-32) 

Let I be the root mean square radial electric current 

- s 'J' f Vs m IL nn ' j ^ < io - 33 > 


then (32) becomes 


+ = 


r 2 Ztf 


Z+I 2 


(10-34) 


2 n(n + 1)5 2 n(n +1)12 

10.11. Transverse Electric Spherical Waves 
Using the same method as in the preceding section, we obtain the follow- 
ing expressions for transverse electric spherical waves 

E = - curl F, F r = +, F e = F? = 0, 

H t = - gradt U, 


U = - ~ ~ , 
/ un dr 


r sin 6 E$ = — 


dip ’ 


_ 

rE v = — , 
* dd ’ 


fHe = " 5 r sin 6 H v = ~ > 

„ _ 1 r 1 5 ( ■ ,d*\, 1 3 2 *1 

r ioi/sr 2 Lsin 6 dd \ n dd) sin 2 6 dtp 2 J 

, . . Nt dU 1 (dHt . \ 

The stream function + satisfies equation (10-11). 


( 11 - 1 ) 
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When ¥ »= T(f}<p)t(r), the field pattern in spherical surfaces concentric 
with the origin is independent of r In this case the expressions for the 
field become 

ran £ f. 

H. - -W2„ H.-YiE., {11 2) 

// r = ” < ‘£^> 1 -»> = »(« + 1)^ 

T and T satisfy equations (10-13) and (10-14) The magnetic potential V 
and the electric stream function 'i satisfy 

Tr~ -«■£!, + (IH) 


Thus 4' and U vary with r as the voltage and current in a transmission line 
with senes inductance m, shunt conductance g shunt capacitance t, and 
shunt inductance — all per unit length Sufficiently far from the 

origin, the shunt inductance becomes very large 
The radial impedances for progressive waves and f or stationary waves 
without singularities at the origin are respectively 

K * "tM) <1M) 

In nond ssipative media the second impedance becomes 

K n W ) <ii - s > 


Comparing with (10-20) and (10-21), we find that the product of the corre 
sponding impedances for transverse electric and transverse magnetic waves 
is equal to the square of the intrinsic impedance 
The T (unction is in general, a series of terms of the form (10-22) or 
it may be expressed in the form of an integral In free space m and n are 
integers and m < n In a region 0 ^ 6 < \[> bounded by a perfectly con- 
ducting cone 8 = , E f and therefore dT/dO must vanish on the boundary , 
thus n must be a root of the following equation 


-/?(«**) -0 


(Il-fi) 
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For a region between two perfectly conducting cones 8 = 0% and 6 = O 2 , 
n must satisfy 


^(coso,) 

il I-/"'- “ s8 *> 


(H-7) 


If perfectly conducting half-planes <p = 0 and <p = <p 0 are added to the 
cones, m need not be an integer. In this case Eg and hence dT/dtp must 
vanish at the planes; therefore Q in (10-22) should vanish and m is given 
by 

fTT 

tit — — , s = 0,1, 2, 3, • • •. (11-8) 

V>o 


Finally, if perfectly conducting spheres r — a and r = b are added, 
then T should vanish on the spheres and 

B _ L(ca) _ L(cb) Jn (fia) _ Jnj 
A R n (ca) R n (ab)’ #„(j3 a) ft„(pb)‘ { ' 


The complex power flow across an equiphase sphere in free space, or 
across a portion of such a sphere bounded by perfectly conducting cones, 
can be found as in the preceding section; thus we have 

72(77 + 


* = 


2 Z* 


T 2 dQ. 


(S) 


(11-10) 


In terms of the root mean square radial magnetic current K defined by 


K = S^f J^uVHrWdS, 
the expression for is 

r 2 K 2 K 2 

* " 277(77 + \)sz* ~ 277(77 + 1 )nz* ‘ 


(11-11) 

( 11 - 12 ) 


10.12. Wave Guides of Variable Cross- Section 
Approximate equations for wave guides in which the cross-section varies 
in size but not in shape can be obtained as follows. In the case of trans- 
verse magnetic waves V and II satisfy equations (1-23) and x is given by 
(4-7) where the modular constant k depends upon the particular trans- 
mission mode and on the shape of the cross-section but not on its size. 
Thus we can write (1-23) in the following form 

dv r. , Tk 2 1 an 

77 - - + <?T7777sJ n - 77 “ - ( * + < 12 -» 
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where S is the area of the cross-section and s is th* distance measured 
along wave normals We now assume that these equations are approxi 
mutely true when 5 is a slowly varying function of s Similarly the cqua 
lions for transverse electric waves are 


W 

ds 




ajJ 

ds 




(12-2) 


When the cross section of the wave guide is circular, then S » »■**(/), 
where a(j ) is the variable radius Furthermore if the wave guide is a 
cone, then «{r) = rf , where $ is the angle between the axis of the cone 
and its generators In this case (1) becomes (after t is replaced by r) 

Tr~ ■["* + (f + i»v] n . fr~ - + '“O*', 02 3) 


where it is a zero of /„(*) The exact equations ate (10-16) in which « 
is a root of (10-26) Let n» ■* 0, then according to Hobson the roots 
of (10-26), when is small, are given approximately by n = k/(2 sin $/2) 
where k is a zero of /o(*) Hence we have 


»(n + l)^» a 


k* 

2(1 -cos*)*** 2 


Thus we again obtain equations (3) It is also apparent that the approxi 
mation (3) will be improved if we write 2(1 — cos ^) in place of if* This 
value is obtained from (1) if S is taken to be the area of the equiphase 
surface intercepted by the guide This would have been a reasonable 
initial assumption Equations (1) and (2) can then be solved approxi 
mately by the method of section 7 11 


1013 Cylindrical Waves 

By definition a cylindrical wave is a wave whose equiphase surfaces form a family 
of coaxial circular cylinders The common axis of the cylinders is the axis of the wa\e 
In general cylindrical waves are hybnd waves m the sense that they are associated 
with nonvamshing E and H in. the direction of wave propagation If we start w th 
an assumption E, “ 0, we shall find that E f must also vanish and that the field must 
be independent of the ^coordinate Further investigation would show that the only 
transverse electric cylindrical waves are the waves in which the £ vector is parallel 
to the axis of the wave or the waves having circular symmetry Similarly the only 
transverse magnetic cylindrical waves are the wai es in which the H vector is parallel 
to the axis of the wave or the waves having circular symmetry 

In section 3 we have shown that the most genera! electromagnetic field may be 
represented in terms of two scalar /unctions II and ’J' satisfying the wave equation 
In the case of cylindrical waves these functions should be of the following form 

n(p#>,*) = T(<p a)f (p), (13-1) 
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where T(jp,z ) is real. Substituting this in the wave equation, we have 

_w / df\ 1 d*T a 2 r~ I . 

pfdp v dp) Tlp 2 ^ 2 dz 2 J 


(13-2) 


The sum in the brackets must be a function of p alone; but one of the terms of 
this sum contains p and the other does not; therefore, {\/T){d‘ i T/dz i ) and 
(l/jT)(d 2 !r/dip 2 ) must be constants and consequently 

T(fp,z) = T(<p)T(z), n = T(<p)T(z)f(p). (13-3) 


Thus the general form of II appropriate to cylindrical waves is 

H = [AI q {Y P ) + BK v (.Tp)](C cos £z + D sin £z ){P cos qp+Q sin qip), (13-1) 


where the radial propagation constant T is 

T = vV + £=. (13-5) 

The field intensities are derived from II by using equations (1-1), (1-4), and (1-6); 
thus 

1 - _ dT(v>) - df(p) 

H„ = - p f(p)T(z) , H, = -T(<p)r(z) , H c = 0, 

(13-6) 

_ t dfdf _ t dTdf __ r 2 n 

g + iue dp dz ’ v (g + iue)p dip dz ' 1 g -f- iue ’ 

In general E and H are elliptically polarized. The plane of the 77-ellipse is always 
perpendicular to the axis of the wave but the plane of orientation of the A-ellipse 
varies from point to point; thus the wave may be called a “ magnetically oriented 
wave.” In nondissipative media T is either real or imaginary and consequently E v 
and E, are in phase. In this case the plane of the .E-ellipse passes through the wave 
normal. 

In free space q must be an integer; but inside a wedge formed by two perfectly 
conducting half planes tp = 0 and <p = issuing from the axis of the wave, we must 
have P = 0 and 

W7T 

q — , n — 1,2,3, ■ • •• (13—7) 

The values of q are restricted as above because E p and E t and hence T(<p) must vanish 
on the boundaries. In free space £ may assume any real or imaginary value; but 
in a region bounded by two perfectly conducting planes z = 0 and z = h, we must 
have D = 0 and 

mv 

S = — > m = 0,1,2, • • •. (13_8) 

This restriction follows because E p and hence dT/dz must vanish at the above bound- 
aries. 

The field of electrically oriented cylindrical waves is obtained from a function 'I' 
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of the same general form as II -with the aid of the equations of section 2 Thu we 
fG>)?(a)^, E, = r(*07Yz) , &- o 

(13-9) 

H T_dfdT h f dTdf ^ _ r*v 

r tup dp dz ' * lu/jp dp dz’ * tup 

In free space q is an integer, but in a region bounded by perfectly conducting half 
planes ip — 0 and <p = issuing from the axis of the wave, dT/dp should vanish at 
these boundaries and consequently 

S»0, , n = 0,1,2, (13-10) 

In free space f may assume any real or imaginary value but in a region bounded by 
perfectly conducting planes s =• 0 and a *= 4, 7* must vanish on the boundaries and 
therefore 

C-0, i-~, m - !,2A (13-11) 


In the case of circular symmetry T(t i) — 1 and the field becomes considerably 
simpler Thus from (6) we obtain the following expressions for transverse magnetic 
waves 


„ . 

Of 1 f+«w« g+t t 

J"(p) — JIoiYp) + fiAo(rp), T(z) “ Ceos (z + D sin ft. 


dfd? 
i dp dz ' 

(13-12) 


The radial impedances for outward bound progressive waves and for stationary waves 
having no singularity on the axis are 


X* 


rKt,<rp) _ r/t(r P ) 

(r + «w«)A:i(rp) ’ ' (g + w«)/i(rp) 


(13 13) 


The field of transverse electric waves is obtained from (9), thus 

E,- Tw^. 


rxe(rp) * 


(13-14) 


(13-15) 


we obtain waves whose wave normals, at sufficiently great distances from the axis 
of the waves, form a cone A typical equtphase surface will be a cone with its apex 



WAVES, WAVE GUIDES, AND RESONATORS— 2 409 


on the axis of the waves, except in the neighborhood of the axis itself where the cone 
is " blunted.” Thus, if the medium is nondissipative, and if Tp is large we have 

ff = 4 = '-pVw-iU (13-16) 

Vp Vp 

When £ > (3, this function determines a wave traveling parallel to the z-axis; but 


when £ < jS, we write (16) as 


'pT ~ — - e~ £pV?-F— if« 

Vp 

(13-17) 

The cone of constant phase is 


pVj 3 2 — £ 2 + £z = constant; 

(13-18) 

the wave normals make an angle 


V B- - £ ! 

d — tan 1 ^ 

(13-19) 

with the z-axis, and 


£ = 0 cos d, V (}- - £= = j8 sin d. 

(13-20) 


Near p = 0, the phase of /fo(Tp) is nearly independent of p and the equiphase 
surfaces are normal to the z-axis. One exception is the case in which £ = 0; then 
$ = 90°, the waves are traveling radially and the equiphase surfaces are cylinders 
coaxial with the z-axis. 

10.14. Circulating JVaves 

A wave is circulating if its equiphase surfaces are half-planes issuing from an axis 
called the axis of circulation. Such waves are possible only in nondissipative media. 
The field of magnetically oriented circulating waves may be obtained from the follow- 
ing stream function 

II = [AJ q (xp) + BN q {xp)](C cos £z + D sin £z)e+ io *’, x 2 + £ 2 = V- (14-1) 

This function is of the same general form as that given by (13-4); but T(p) must be 
real and it must satisfy certain boundary conditions. The form (1) is more suitable 
for the latter purpose than (13-4). Similarly the field of electrically oriented circu- 
lating waves is obtained from a potential T' which is of the same form as (1). 

Except when q is an integer, circulating waves can exist only within some ip-interval 
{<Po,<Po + P) where i/ 1 is not greater than 2 tt. Of course, waves in a wave guide wound 
into a helical coil are approximately circulating waves in the above defined sense and 
then <p is unrestricted. The restrictions on the range of <p are physical and not mathe- 
matical. Mathematically we may consider fields in a Riemann Space, wound on it- 
self; such a space is an idealization of the wave guide wound into a helix. 

Some circulating waves have already been studied in section 8.23 in connection 
with wave propagation in bent wave guides. While the field in such wave guides 
can be expressed exactly in terms of Bessel functions regarded as functions of their 
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order q there are no rabies ava lable to enable us to apply the formal results to prac 
oeal problems and we must resort to approx mate methods 

10 IS Relation t between Plane, Cylindrical, and Spherical Wanes 
From the mathematical point of view the difference between plane 
cylindrical, and spherical waves is merely the difference in the coord nates 
used in the expressions for the wave funct ons By transforming coordi 
nates it should be possible to express a spherical wave function in terms 
of cylindrical wave functions or in terms of plane wave functions The 
choice of the particular coord nate sjstem and the particular type of wave 
function is dictated by the nature of the source and of the boundaries di 
viding the medium into homogeneous regions Each current element in a 
homogeneous medium emits a spherical wave, hence if we know the com 
plete current distribution it is natural to regard the field as the resultant 
of spherical waves emitted by the current elements On the other hand 
tf an element is in a medum consisting of two homogeneous semi infinite 
media, separated by a plane interface we express the spherical wave emitted 
by the element in terms of p)«ne waves moving toward the plane bound 
ary and use the relatively simple formulae for the reflection and trans 
mission coefficients of such waves m order to obtain the field of the element 
as modified by the change m the environment S militly if a plane wave 
is striking a spherical obstacle, we express it as a resultant of spherical 
waves incident on the obstacle and use the formulae for the reflection and 
transmission coefficients of spherical waves at a spherical boundary In 
either case the reflection and transmission coefficients depend on the im 
pedance ratio for a typical elementary wave 

At times a mathematical transformation of a wave function throws 
a new light on a physical phenomenon In section 8 21 we have considered 
dominant waves in a rectangular wave guide Above the cut-off these 
waves travel along the guide with a velocity greater than that of light 
This high phase velocity and the filterlike characteristics of the guide are 
the properties of all transmiss on lines having a shunt inductance m parallel 
with the shunt capacitance On the other hand if we express the sines 
and the cosines in (8 21 IS) in terms of exponential functions we obtain 

E y = ~\tE[e {T,aU U - f-* u,/oto+S4 ) $ = 

and correspond ng express ons for the //-components The amplitudes 
of the individual terms are independent of the coordinates hence these 
terms represent uniform plane waves The sum of the squares of the 
coefficients of * and zm the exponents eguals fP and a real angle C can be 
found to satisfy P = P cos C, v/a — P sin C Comparing with the equa 
tions of section 4 10 we find that our equations represent two uniform 
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plane waves moving in directions making the following angles with the 
coordinate axes 

A = - + C, B = C= C; and A = ^ - C, B = C=C. 


For each wave the corresponding total magnetic vector is perpendicular to 
the electric vector and the ratio of the intensities is i). Either wave is 
obtained from the other by reflection at one of the faces of the wave guide 
(Fig. 10.10). This picture also helps to explain why the velocity in the 
direction of the guide is higher than the 
velocity of uniform plane waves in free 
space. The directions in which the uni- 
form components are moving depend on 
the frequency. When the frequency is 
sufficiently high P is nearly equal to P Fic. 10.10. Directions of uniform plane 

and C is nearly zero: then the waves are waves int ° which guided waves in 
. , . ij- • c .i. rectangular tubes may be resolved, 

moving almost in the direction of the 

guide. At the cut-off p = 0 and C = 90°; in this case the waves cease to 
advance in the direction of the guide. Below the cut-off this picture fails 
altogether. 

If instead of dominant waves we consider waves whose electric intensity 
varies as sin Mrx/a, we obtain the following expression for the angle C 



sin 


C = 


tfir 

Pa 


»X 

2 V 


If X is small compared with la, there will be several real values of C satis- 
fying this equation, and these will be the “ permissible ” angles for uniform 
z plane waves between two 

parallel perfectly conducting 
planes. Each permissible angle 
corresponds to a particular 
transmission mode. 

Even inside circular wave 
guides it is possible to express 
guided waves above the cut- 
off as bundles of plane waves 
repeatedly reflected from the 
cylindrical boundary. Con- 
sider for instance a bundle of 



Fig. 10.11. 


Cone of directions of elementary uni- 
form plane waves. 


uniform plane waves with H parallel to the avy-plane and let the wave 
normals of elementary components form a cone coaxial with the z-axis 
(Fig. 10.11). If, at the origin, the amplitude of the electric intensity of a 
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typical elementary wave is A[{>) dp, then 

£, = sin Cexp(— t0zcosC) f A{p) exp(— /dC-ccos^ + y sm<£) sin C\d$ 

(JM) 

Since x cos p ■+■ y «n p = p cos (v> — p), the above equation becomes 
E, *» sm C exp(— t 0 z cot C) J A(p) exp £ — //3p sin C cos ( <p — ^)] dp 

Letting A(v) =* Eo, using equation (3 7-6), and integrating we have 
£, - IrEo sin CJ 0 (fip sm 

More generally, if A(p) — Eo cos np, where n is an integer, then 

£, - (-tyivE* sin CJJSp sm C) cos np (15-2) 

Thus we have transverse magnetic waves tn which 
x *• 0 sin C, 0,^0 cos C 

For waves inside a perfectly conducting cylinder of radius a, E, must vanish 
on the boundary, thus 

tfasmC-*, sm C = 7 , 

0 a 

where J is a zero of /„(*) 

Similarly it is possible to express the field component H, of transverse 
tlectnc waves as an integral of the type (1) Hence transverse electric 
waves above the cut-off may also be regarded as bundles of uniform plane 
waves The difference between transverse magnetic and transverse elec 
trie waves becomes merely the difference in the state of polarization of the 
elementary components Below the cut-off in nondissipattve media, and 
at all frequencies jn dissipative media, it is possible to resolve transverse 
dectnc and transverse magnetic waves into plane wave components of 
1 exponential type” but not into uniform plane waves These compo 
nents, however, are of little practical value since the exponential waves are 
no simpler than the original transverse dectnc or transverse magnetic 
waves from which they are derived 

We shall now turn our attention to the representation of spherical waves 
m terms of cylmdncal, conical, and plane waves We may confine our 
attention to an electric current element of moment II Such an element 
may be regarded as an infinitely long current filament tn which the current 
is zero everywhere except m a short interval If the element is situated 
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at the origin and directed along the z-axis, the current 7(z) in the filament 
is the impulse function (Fig. 10.12); the moment II is represented by the 
area of the impulse. In section 2.9 this function has been expressed as 
the following contour integral 



(15-3) 



_i i z 

where the contour ( C ) is the imaginary ' 2 

axis indented at the origin (see Fig. Fio. 10.12. Electric current element re- 
2.19). Thus the current is now repre- i? rded as an infinitd >' lon e current 
sentea as the resultant of an infinite 

number of elementary progressive waves traveling along the z-axis. 
Each elementary current wave produces a field of type (13-12) in which 


n = Tt= am A r o(r P )^*' dy, r = _ T 2. 


Thus for each elementary wave we have 
H, = YA{y)K,{Y P )e^dy, E z = - 

Ep = - — A{r/)K x {Y P )c^ dy, 
g + toie 


A{y)K a {Y P )e^ dy, 

g -f- tcot 

+ YF 0 (Yp) 

" (g+ iue)K x (Yp)' 


Assuming that a is the radius of the filament and using 2iraH v (a,z) = 7( z), 
we obtain 


A(y) = 


yl 

I sinh — 

2 


I sinh 


yl 


2ii? 2 yYaK\ {Ya) 2i~ 2 y 


, as a ■ 


0 , 


and the field produced by 7(z) is 


H, 3 


2 » r 2 J(c) 


• i y? 
r sinh — 


K 1 (Yp)ey’dy,Il = — 2 


■" 2:rl, c ; 


sinhi' 

2 


K 0 {Y P )e^dy, 


E z = 
Ep = 


2 iir 2 (g + iwe) J (c) 

L f 

2}TT 2 (g + fUf) J (C) 


-K 0 (Y P )e^dy, 

7 

Fsinhy K x (Yp)eV*dy. 


(15-4) 
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If / is infinitely small, the above expressions become 

n -&L K °W*" 

(15-5) 

*■--«*£=> !„**'*»"*■ 
h. - f ^ rx,(r 

O-i the other hand, using spherical coordinates, the field of the current 
elem nt may be derived from II = A, in (6 2-7) Comparing with (5), we 
have 

— --f M^-rV4 » + 0 (15-6) 

r 

This identity could have been established mathematically and equations 
(4) would then follow 

The integrand of (6) has two branch points y = <r, y = ~o If g = 0, 
these branch points are on the imaginary axis and t he contou r (C) should 
be indented as shown in Fig 10 13 Since T * 'J<P‘ — y* is a double 
valued (unction it should be remembered that the proper value, corre 
sponding to the principal branch of the K a /unction, is in the first quadrant 
or on its boundaries When y is at infinity on the negative imaginary 
axis, T must be positive real so that the initial phases of a — y and <r + y 
should be 

ph(v-y) = 2. ph {<r + y)=~ *, y — — «« 

The t.iange in ph r along the contour may easily be followed if the above 
differences are represented graphically as in Fig 10 14 Thus at infirity 
on the positive imaginary axis we have 

ph(<7 — 7 ) = - ^ ' ph(v + Tr) = 2 » y ~ 

and T is again positive real 

In the case of nondissipative media T is either real or imaginary on (C) 
except on the two infinitely small indentations,* it is real outside the 
interval y = — y — id and imaginary inside it. When r is real, the 

* There is nos rigular ty at the origin and therefore (C) need not be indented there 
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equiphase surfaces of the elementary waves are normal to the z-axis and 
the waves are plane; when T is imaginary, the equiphase surfaces are 
inclined to the z-axis (and curved near it) and the waves are conical. 



Fic. 10.13. Fio. 10.14. 


Separating the integral into two parts, one taken along the positive 
and the other along the negative imaginary axis, and reversing the sign 
of the variable of integration in the second part, we obtain 

— = / KoipV—p' 2 — y 2 ) cosh 7 zdy~- I K 0 (p^i 2 ~ P 2 ) cos fz<f$. 

r tirJo TTi/ o 

(15-7) 

The second integral is taken along the positive real axis indented above 
£ = p. The equiphase surfaces of elementary waves are cylinders coaxial 
with the z-axis. 

The above expressions are valid either for positive or negative values 
of z. If z > 0, the exponential function in the integrand vanishes on the 
circle of infinite radius in the second quadrant and (C) can be deformed 
into the contour (Cj) shown in Fig. 10.15; on the negative real axis 
ph T = ir/2. The exponential function vanishes also in the third quadrant 
and (Ci) can be deformed into (C 2 ) of Fig. 10.16. On the lower side of 
the negative real axis ph T = — r/2. Between 7 = 0 and y — — ip, 
ph T = 7r/2 on the right side of the contour and ph T = — 7r/2 on the left 
side. By (3.4—11) we have 

- A' 0 (pV-(3 2 - Y 2 ) = -AWpv'F+T) - f/o(p V d 2 + 7 2 ) , ph T = l , 

t r 2 

= - No (p 7 2 ) + ijo (pV^+V 2 ) , ph r = - 

(15-8) 

where the arguments of the /o and IV 0 functions are real on (C 2 ) excepting 
the infinitely small circle round y = —ip. The integral round this circle 
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is zero because the No function becomes infinite as log J y + tfl | while the 
length of the circumference vanishes as | y + tff | On the two halves of 
(C 2 ) t dy is in opposite directions, thus substituting from (8) in (6), we find 
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that the terms involving No cancel out Reversing the s gn of the variable 
of integration, we finally obtain 

— ~ =* f + y 2 )e~ y ‘ dy — f / o ( p v/ ? + y a )c~ y ‘ dy 

r «/ o " o 

Introducing a new vanable x •= + y* and combining the two integrals 

in one, we have 

£ ~« f *>0, (15-9) 


where (C 3 ) is the positive real axis indented above \ = P (Fig 10 17) 
Unlike (6) this integral converges when p = 0, it converges also when 
z = 0 as long as p 4= 0 In this representation all 
elementary waves are plane waves traveling in the 
positive 2 -direction When \ > P, the propagation 
constant m the z-direction has all real values be 
tween zero and infinity, when x < P, the propaga 
Fio 10 17 tion constant , s imaginary and the phase velocity 

assumes all values in the interval (u,® ) where » is the characteristic 
velocity This second group of wates can be expressed as a group of 
waves traveling with constant velocity o but in different directions, we 
need only express Jo(xf>) as an integral of type (1) 

When i < 0, we have 

%dx 


£_ = r 
r ''«?,) 


h<a»y* 




= ~f ic Ko(pV-0 - t -r‘ dy t 


(15 10) 
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where the contour of integration (C 4 ) is shown in Fig. 10.18. On the real 
axis the elementary waves are plane and their propagation constants are 
real; on the imaginary axis above 7 — iP, T is 
real and the waves are plane, traveling in the nega- | 
tive z-direction with velocities smaller than the 
characteristic velocity; in the region between 7 = 0 
and 7 = ip, T and 7 are imaginary, with the sum 
of their squares equal to ~P 2 , and the waves are 
conical, traveling with velocity v in directions making 
acute angles with the negative z-axis. 


. ip 


CO,) 

Fic. 10.18. 


10.16. Waves on an Infinitely Long Wire 
Consider an infinitely long cylindrical wire of radius a and assume that 
an electromotive force V is applied uniformly over a section of length s; 
then, assuming that the wire is along the z-axis, 


Vs s 

EZ(afi) = — 5 — 2 < ' Z< ^2’ 


(16-1) 


outside the interval the applied intensity is zero. Representing this im- 
pulse function as a contour integral we have 


ElM = 


-/ 

its <r 


sinh ? 




dy. 


(16-2) 


Consequently the magnetic intensity at the surface of the wire is 
Hfiafi) = 


Z J 

iTTS \J tr 


sinh e yz 


ins J i C) y[K+ (a) + K p («)] 


dy. 


(16-3) 


In order to obtain the magnetic intensity at any distance p from the axis 
of the wire we multiply each element of the integrand in the above expres- 
sion by the //-transfer ratio; thus 


y f 

= — / 

ttrs J (c) 


sinh -y Ki(Fp)e yt 
7 \Kt{a) + K;{a))KilTa) 


dy. 


(16-4) 


The corresponding E z is obtained if we multiply the integrand by — K+(p); 
hence 


E z (p,z) = — 


J 

iwt) J tr 


r sinh y K 0 (Vp)e yc 
i^ s (g + iwe) J iC )y[Kt(a) + K~ (<?)]/Ci(r«) 


dy. (16-5) 
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In the special case when the wire is a perfect conductor and the medium 
is nond ssipative these equations reduce to 


£.(pz) = - 


»,(M) " ! 


d 


smh~ JTo(I»*' 

, yK a (r a y~ 

sinh^X,(W 


-dy T = V~y~- 


(16-6) 


vTKoira) 

The current J(z) m the wire is then 


m - 


* *'«:> 7rXo(ra) 7 


06-7) 


If the input admittance K, is defined as the ratio of the current I(s/ 2) 
through the upper terminal of the generator to the applied voltage then 


y 



yrK a (Ta) 




If / is small, the real part of the input admittance is nearly independent 
of s , but the reactive part of the adm ttance is positive and approaches 
infinity as t approaches zero This is natural since the capacitance be 
tween two infinitely close cylindrical w res must be infinite For thin 
wires the above integrals yield the results of section 8 13 


10 17 Waves on Coaxial Conductors 

Consider now two perfectly conducting coaxial cylinders and assume 
that an electromotive force V 0 defined by equation (16-1) is applied to 
the inner cylinder The long tudmal electric intensity is then the negative 
of the impressed intensity (16-2) and 


EMfl) - 



(H-1) 


Between, the coaxial cylinders we have 


£.(pz) = 



Xs {*>p)** M dy 


(17-2) 
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;w>-*/ - 

Its a 

-/ 

ttn rr 


ys 

sinh — xe s («,p) 


7-Zjf (p) 


^7> 


sinh — XE c (fl>p) 

EM = - y / -rr- <*y. 

^ <c) -yZJ (p) 


For each elementary wave we may assume 

E. = yjoixp) + BN 0 (xp))e y2 , x 2 - 7 2 = /3 2 , 


= 


/6J6 


U/x(xp) + £Ni(xp)F 2 , 


(17-2) 


(17-3) 


£ P = — - [AJ i(xp) + RWiCxp)]^ 2 . 

x 

The longitudinal impedance of a typical wave is then AT* = •- y/iut. 
Since £ 2 (/0 = 0, we have ^ = PN 0 (xt>), B = — PJoixb); hence 


Xe,(«,p) — 


-Vo (xb)Jo(xp) - /o(x^)Vq(xp ) 

NoW)Jo(x*) - MxVNoM’ 

Z+ () x[No(xi)Mxp) - /o(x*)AM xp)] 
/&je[W o {xb)J l (xp ) ~ 7n(x^)A'i(xp)] 

Hence equations (2) assume the following form 


E 2 (p,z) = 


H<p(p,z) = 


n f f 

/7TJ 1 1/ f 1 


sinh — S(xp,xb) 


its J (c) yS(xa,xt>) 

C OtV I 


y f si 

7 TJ t ) (n « 


sinh y U{xp,xb) 


*s J (c , 7xS(xa,xb) 


e^Jy, 

e yz dy, 


y f sinh y U{ X P,xb) 

£ p (p,z) = - — ! — 

TSJ/a i A ' 


(17-4) 


(17-5) 


iTsJ( C ) xS(x“,xb) 

S<XP,X&) = /o(xp)AW) - IVo(xp)/o(x*), 

U(xp,x^) = A r i(xp)/ 0 (x^ - /i(xp)V 0 (x^). 

The transverse voltage E"(z) is obtained by i. tegrating £ p along a radius 
and the longitudinal current /(z) in the inner cylinder by multiplying 
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H v {a) by lira, thus we have 


K f ! '” h ? 


w„ f s,nh f 

•/«?» T*-S(x<*»x^) 


(17 6) 


The first of these integrals can be calculated at once by the method of 
residues Thus if z > r/2, (C) can be closed in the left half of the plane 
The point y — —t(l is theonly pole enclosed and the value of the integral is 


V{2) 



(17-7) 


Thus the transverse voltage is given b> the principal wave alone 

To evaluate /(2) we note that the integrand is a single valued function 
of y and consequently we may again use the method of residues The 
poles of the integrand are the roots of 

Sixaxb) =»0 or Z}{o) «* 0, (17 8) 

and thus represent the natural propagation constants The contrast be 
tween this case and the case of an isolated wire is worth noting In t! e 
latter case the radial impedance function is multiple valued an d has no 
poles If Xn is the nth root of (8), then y n =* = v'xl - f? 

When the frequency is such that < %i, all these poles are on the teal 
axis As the frequency increases, some poles move to the imaginary axis 
In addition there are two poles yo = ±»/3 which are always on the imagi 
nary axis Ei aluating /(z) for z > s/2, we have 


/(*) = r 7„(*) 1 7.(2) = - 


Anuta V 0 sinh U(x**,x*i>) 


/o(2) = 


\\ hen 0 < xi> all current waves except the dominant wave /o(*) are attenu 
ated The impedance to the dominant wave is a pure resistance the 
additional current waves add a reactance in parallel with this resistance 
If we define the input admittance as the ratio of /(/ 2) to the applied 



WAVES, WAVE GUIDES, AND RESONATORS — 2 


421 


voltage V 0 , then we have 

V; = £ v„, Vo 

n =0 

When s is vanishingly small, the resistive component of the input admit- 
tance is 1/2 K. In this case, however, the reactance in parallel with 2 K is 
infinitely large; an infinitely small gap provides an infinitely large capaci- 
tance and effectively short-circuits the gap. Nevertheless the capacitance 
approaches infinity so slowly that for the “ small gap ” encountered in 
practice the capacitance is usually small. 

If the applied electromotive force were not distributed uniformly round 
the circumference of the inner conductor, all possible natural waves might 
be generated in the region between the two coaxial conductors. A study 
of the roots of the equations in section 10.7 indicates that if the wavelength 
is greater than the circumference of the outer conductor, all natural waves, 
except the principal, are attenuated. 


. Ps 

i sin y 


2 K 


2 


<0«/2 y _ 
* n 




V 0 


(17-10) 


10.18. Waves on Parallel Wires 

Consider now two thin perfectly conducting parallel wires, with their axes separated 
by distance /, and let the impressed voltage Vo be distributed along wire 1 in accord- 
ance with equations (16-1) and (16-2). The longitudinal electric intensities due to 
the currents in each wire are respectively 

£r(pi,z) = f A{y)K a {Tpi)e^ dy, E,(p : ,z) = f B(y)K a (Tp 2 )e'>‘ dy, (18-1) 

•Ac) «Ac) 


where pi and p« are the distances from the axes of the wires. At the surface of each 
wire the boundary conditions are 


Vo sinh — 

A(y)Ko(Ta) + B(y)K 0 (,Tl) : 

n rsy 

A{y )Ko(Tf) + B{y)Ko(Ta) = 0. 


(18-2) 


Taking one half of the sum and of the difference of these equations, we have 


Vo sinh j 


l(A(y) + 5(t)] 2iTrsy[Ko(Ta) + K 0 {Tl)] C(y) > 

Vo sinh 

*l A(y ) ~ 5(7)5 = 2iVi7[^o(r/) - Vo(r*)] = D(t) - 


(18-3) 
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Adding and subtract ng we cbta n 

AM = CM + dm. BM - CM - DM (18-4) 


Hence the total longitudinal intensity may be expressed as E, = St + £*, where 


E.= f CMlEolSpi) + K>(rpW *Y, 

J(C i 

t.- f DMlK<,(T fil ) - K 0 (r P , )]<■>■ /fy 
Jici 


(18 5) 


Thus the total field consists of two parts the one a symmetric function of p j and pj 
and the other an anti symmetric The first part alone would be produced if a voltage 
equal to \Vn were applied in phase to each wire, at distances large compared with 
the interaxial separation between the wires the wave is similar to the wave on a single 
wire and approximately spherical The second part alone would be produced if the 
voltages were applied in push pull, that is, \Va applied to one wire and — JFo to 
the other In what follows we shall consider only the second part 

The remaining field intensities are obtained from equations (13-12), that is, from 


H, =- 


•u*dE. 1 B*E. 

T* dp' E, ~ ~ T'dpdz 


The transverse voltage Vfz) from the first wire to the second is found to be the same 
as in the case of a coaxial pair The electric current in the first wire is 

I»- -2««« J J,Z>(TUl(r 

We have seen that the integrand in the expression for the current in the inner wire 
of a coaxial pair is a single valued function having an infinite number of poles. The 
present integrand is mult pie valued and thus resembles the integrand for the current 
in a single wire On the other hand it differs from the latter in that itscontributiOn 
to the current from the part of the contour in the vicinity of one or other of the branch 
points is finite This contribution is found to be equivalent to a pair of plane waves 
guided by the wires and moving in opposite d rent ons from the source Thus if 
z > si 2, we deform (C) into (Cj) of Fig 10 16 The contribution from the infinitely 
small circle (C«) round y — ~tfl is then 


Jib) - 



2 K 3s 


The quantity K is seen to be the characteristic impedance of two parallel wires to a 
transverse electromagnetic plane wave moving parallel to the wires As the length 
of the section ovct which the impressed voltage is distributed approaches zero, the 
second factor in the current formula approaches unity 
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The integral over the straight portions of the contour (C?) may be transformed 
with the aid of (15-8) and (3.4-11) to obtain the following expressions 

4ioieF 0 r° 4/w eJVY* - * , . 

7i(z) = / P(.y)e y ‘ dy, i*(z) = / P(y)e yc dy, 

trf «/ _oo « i/o 

_ 2 1 + |7rA[A^(A)y 0 (/) - /i(*Wo(/)] 

P(7) “ 703= + 7=) [W o 0) - Af 0 (/)]* + t/o(A) - /o(/)J 2 ’ 

a = a v> + 7 2 , i = /V/3- + 7 -\ 

/i(~) is in quadrature with Ft> for all values of z and hence represents a stationary 
wave; I\{s/2) is positive imaginary and the corresponding part of the input admit- 
tance is positive and tends to infinity as s approaches zero, / 2 (a) represents a group 
of progressive current waves moving with velocities greater than the characteristic 
velocity; 1 2 (z) approaches a limit as s approaches zero and 
7 2 (0) is in phase with the applied voltage Fo; consequently 
the corresponding admittance is a conductance. Thus 
the total input admittance of a parallel pair energized 
symmetrically in push-pull consists of three admittances in 
parallel as shown in Fig. 10.19. The first admittance is the 
admittance to the dominant transmission mode of the two 
halves of the parallel wire transmission line connected in 
series and it accounts for the power guided by the line. 

The second term is the capacitance representing the 
stationary field in the vicinity of the generator; in this 
local field the electric lines connect the two halves of each 
wire on the opposite sides of the generators. The third 
term is the radiation conductance; it accounts for power 
radiated in directions other than the direction parallel to 
the wires. In order to prove the last statement we should show that Ie(z) approaches 
zero as z increases. 

10.19. Forced Waves in Metal Tubes 

Consider a perfectly conducting cylinder of radius a, coaxial with the z-axis. Let 
the source be an infinitely thin line source of finite length, parallel to the axis of the 
tube and passing through the point {b, 0) in the equatorial plane (Fig. 10.20). If the 
source consists of electric current elements, the longitudinal electric intensity will be 
of the following form 

F\ = f A(y)K 0 (ixp)e yz dy, x 2 = 7= + /S 2 , (19-1) 

J (C) 

where p is the distance from the axis of the source and x is the radial phase constant. 
Thus in the case of an infinitely short current element in nondissipative dielectric, we 
have A{ y) - —Ily}/ 4coeir 2 . In the case of an infinitely thin antenna energized at 


7s 

1 

2K 


7\ 


1 B 1 






G 2 




Fig. 10.19. Admittance 
seen by a generator in 
series with a parallel pair; 
K is the characteristic 
impedance to the prin- 
cipal wave, G, is the 
radiation conductance, 
and B 1 is the capacitive 
susceptance representing 
the local reactive field. 
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the center we obtain from (925-14) and (15—6) (assuming the center at * “ 0) 
30/ 

AM - — (2 cos pi - r x - r-* 1 ) 


An antenna of finite radio* may be regarded as consisting of infinitely thin filaments 
and the corresponding express ons for AM can easily be calculated. 



Fro 10 20 Cross-section of a metal tube and a line source inside it 


In the region p > b the X»-funet on in (t) can be expressed in terms of the coordi 
nates p and <p as in (8 17 2), thus wt have 


£!- Z <•<.*•> *»* f d<a)IJxnK.<wW*t, 09 - 1 ) 

n -0 J (C) 

where » the Neumann number defined by to ■= 1, r* = 2 if n 4^ 0 This field is 
impressed on the cylinder and gives rise to a reflected field £J since the total field 
should vanish at p = a we have 


^(•y)/»(x*)Kb(ix*)/»(xp) 


The total longitudinal intensity is £j + £ from this using (1-13) we may obtain 
the stream function II and thence the remaining field intensities From (3 4-6) we 

AT.fer ’) = (-)■%>(*) - it/„(z), 

K.(zr~) - (~)*K.(2> + »»/,(*) 


With the aid of these identities it can be shown that the total E, is a single valued 
function of 7 , hence it can be evaluated in terms of the residues at the poles of the 
integrand If z is greater than the z-coordinate of any current element producing the 
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wave, we can close (C) in the left half of the plane and thus obtain 

E , = — IttiYLH ' 


= - — EE 

a n,m 


t n 6nSf( r n,m)Jn | 

(i k \ 

i I 

\ a ) 

Kn(ikn,m) Jn | 


/»'(* 

.dxa 
”- m) dy 



COS tup 


mA ( m ) Jr, ( k n m ) Vn (f’n.rr. ) / \ 

\ fl / r (a 


cos np, 


where k n , m is a typical zero of /„(x<?) and r„ t m is the corresponding natural 
propagation constant in the direction of the tube. From (3.7-13) we have 
Jn(.k n ( tn) ~ 2/trXl n( t?vAfn(^n,m), and 





COS )1tp. 


Thus we have an expression for the amplitudes of various natural waves generated 
in the tube by a given distribution of current elements parallel to the axis of the tube. 
Analogous expressions can be obtained for a similar distribution of magnetic current 
elements and also for distributions of current elements perpendicular to the axis of the 
tube. 


10.20. Waves in Dielectric Wires 

First we shall consider natural waves in a nondissipative dielectric wire of radius a 
imbedded in a nondissipative medium. Except in the case of circular symmetry these 
waves are hybrid. The components of E and H parallel to the wire are given by the 
following expressions 


E, = AJnixp) cos np, Hr = BJ n (xp) sin up, 
E t = CK n (kp) cos np, Hi = DK„(kp) sin np. 


(20-1) 


where the first pair refers to the wire and the second to the medium surrounding it. 
The exponential factor r r ' +l “ l is implied. The transverse phase constant x in the 
wire, the transverse propagation constant k outside the wire, the longitudinal propa- 
gation constant T, the intrinsic phase constant 0j of the wire, and the intrinsic phase 
constant 0 2 of the external medium are connected by the following equations 

X* = T 2 + $, * 2 = - T 2 - $, 0i = 02 = /j 2 e 2 . (20-2) 

If the waves are to be plane, x and k must be real. 
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From (I ) we obtain the <p components of the field 

r »r _ »iaii i i 

E * " L^xV + B ~x~ SU1 "f 

H* " ~ \f ~X C °S nip 

(20 

C —*.(*/>> + D'y*JG.CM)j ski «p 

M r = fc~ X.(*p> + D“ X.(*p)J cos «„ 

where aga n the first pair refers to the w re and the second to the external med u: 
At p — a the tangential ntens ties should be continuous and therefore 

AJ,(xa) - CKnM BJ . (*») - DK,(/to) 

,«wi , 


-/„(*«) + if - 




B .r _ 


*r „ 


A x J ' M + B xZ Jm(xa) “ ~ C ~ K ' m ~ D K K ' (ia) 

To sdve those equit/oni wo wnte 

A «* SX n (ka) C = SJ.(x*) B-TK^ko) D «= TJ n lxo) (20-5) 
and substitute in (4) to obtain 

(20-6) 

El m nat ng S and T and letting x a ■“ p ka = q we have 
tiMijSip) (ecus 4- Pi»)J.(p)K,(y) 

PVICP) ?*/.(?)*.(«) ?*«(*) 


-G' + ?)Cf + ?) 


S nee #*/•*(?) = -/'*y«-j(p)/-+iO > ) + »V2(p) 

?*AV(?) - ***:_, (*)*»+,{?) + 

equat on (7) becomes 

_ ft f- (M «s 4- t«t«t)i^(p)<r»(f) WiK^ 

p'jlip) ?7/.(p)X«(?) f*ATJ(f) 

- «** + 


(20-8) 
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From this equation we obtain graphically or numerically pairs of values p, q in terms 
of which co and T are given by 


« = 


Vp 2 + 


aY 


Pi g i 




Mi«i ' 


(20-9) 


Equation (8) has only real roots. When q = 0, we have 

Po 


nVuie, — 


T = fa. 


Pltl ~ M2«2 


( 20 - 10 ) 


The wave is traveling with the velocity characteristic of the medium external to the 
wire. The frequency given by the above expression is the lowest frequency for which 
there exist plane waves (with a particular field configuration) traveling in the direction 
of tire wire; for this reason it may be called the cut-off frequency. When q becomes 
infinite, the frequency is also infinite and the wave is traveling with the velocity char- 
acteristic of the wire. For large values of q the field outside the wire varies expo- 
nentially with the distance from the surface; thus the field is confined to a relatively 
thin film of the external medium and is largely inside the wire. 

In order to obtain the cut-off frequencies for various transmission modes we let q 
approach zero; thus for n > 1 we obtain 


Ones + PHi) 


pjn-i(p) 

Mp) 


"(«1 - e2)(M2 - Pi) + 


«au * 
71 - 1 


P*' 


In the special case fi\ = pi, this equation becomes 

Jr,-l(p) _ 62 

pjnip) ~ (» - D(ei + « 2 ) ' 


If the dielectric constant of the guide is very much higher than that of the surround- 
ing medium, the first few roots of the above equation are in the vicinities of the zeros 
of /„_i(p). As q increases indefinitely equation (8) becomes 


Jn —lip) Jn + 1 {.P ) 

Mp) 


(20-11) 


Thus in the limit the roots of (8) are exactly equal to the zeros of J n -i[p). In other 
words as q varies from 0 to c op does not change much in any assigned transmission 
mode. From (11) it might appear that the limiting values of p could be the zeros 
of /n+i(p); but this is impossible because in the process of transition p would have to 
pass through the intermediate zero of /„(/>) and no value of q is consistent with such 
zero. 

The case 11 = 1 requires special examination; in this case equation (8) may be 
written 


mgi/oCgXMp) (ame2 + P”ti)Ji(p) f*l_ Ko(q ) ~1 

P 2 /I(p) Ph(p) U 2 

_ A‘2 g 2^°(g) f" 2Ki{q) ~[ _ ^ mei -ff 

Kl'q) L ? 2 1* _T PY 
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Multiplying by q* and lett ng q approach zero we have 


&*!«» + H3fl)J\(P) 

pjiip) 


p 


Hence a$ q approaches zero, p should approach a zero of Ji{p) The smallest zero 
is p * 0 in this case the above equation gives approximately 


P 


J 


(j*i + + it) 


for sufficiently small values of y Thus in the case n = 1 the lowest cut-off frequency 
is theoretically zero 

A study of forced waves in a dielectric wire could be made by assuming an electric 
current element or an antenna either in the wire itself or outside it The resulting 
expressions for the field are analogous to the correspond ng expressions for the interior 
of the metal tube, except that in the present case the integrands are multiple-valued 
functions In consequence of this propnty the total field will consist of natural 
plane waves correspond ng to th- poles of the integrand and of a residual spherical 
field 


10 21 ff'aoes over a Dielectric Plate 

The principal reason for considering wave propagation over a dielectric 
plate is to contrast it with wave propagation at the interface of two semi 
infinite media The solution of the latter problem should give us informa 
tion regarding wave propagation over the earth in any region so restricted 
that the curvature of the earth may be neglected Thus let us assume 
an electric current dement or an antenna perpendicular to the plate 
(Fig 10 21) The field of an element at the origin is given by (15-5), 
that of an dement at height h above the Ary 
plane is obtained if we multiply the integrand' 
of (15 5) by e - ' , \ and the field for any linear 
no h>’« ^ lt PllW distribution of dements may then be ealeu 

lated by integrating the latter field with re 
spect to h Thus in general the field impressed on the upper surface of the 
plate, assumed to be the xy plane, is 


K ~ f rf(y')ko(txpy ,^ ft, x - V 7 1 +7?, 

•SlC,) 

K - f -.<«(:,(.»)<»• <f>, (21-1) 

v (C t ) X 

= — ut f - A (y)Ki («xp)f dy, 
j 1C,) X 
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where the contour (C 5 ) is the one shown in Fig. 10.22 and is obtained from 
(C 4 ) of Fig. 10.18 in the same way as (Co) of Fig. 10.16 was obtained 
from (Ci) of Fig. 10.15. This contour may be used only for values of 2 
such that 2 — h < 0, where h is the height of a typi- 
cal current element of the source, and it can be 
transformed into (C 3 ) of Fig. 10.17 which represents 
an elementary spherical wave function as a group 
of plane waves traveling downward with different 
propagation constants. 

The wave impedance in the 2 -direction of each 
elementary wave is K = y/iaie. Hence if the im- 
pedance looking into the plate is Z, the reflection coefficients for the various 
field intensities and the reflected field are 

K — Z y — icotZ 

qh = qe, ~ ?> «*--«, i = tTz = VTJ^z’ 

( 21 - 2 ) 

£ = f qJMKoVxp)*-^' dy, K = g 1 4MKi(ixp)e- y * <ty, 

•MC,) C 6 ) X 

H;=-u>ef £ dy. 

J (c 6 ) x 

In the dielectric plate the propagation constant y and the wave impedance 
in the 2 -direction are given by 

7 = V x 2 - / 3 2 , R = X . (21-3) 

noe 



Hence the impedance Z normal to the plate is 

^ K cosh yl + R sinh yl 
R cosh yl + K sinh yl ’ 


(21-4) 


where / is the thickness of the plate. 

The natural waves in the dielectric plate ana the poles of the integrands 
in ( 2 ) are the roots of 

q = », K + Z = 0. (21-5) 

Substituting from (4), we have 

K cosh yl + K sinh yl K 2KK 

R cosh yl+K sinh yl R’ tanh 1 = ~ K 2 + R 2 ' (21_6) 

In order to solve these equations we make the following substitutions 

4 / - il^j S 2 - x 2 = ip, yl = l^x 2 ~ /3 2 = p. 
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Substituting m (6) and solving we have 

2pb 

tan = 1 ■ . ■ , 

V-'S 

(21-7) 

Both p and f> are positive, and for each such pair of values satisfying (7), 
we have the following values of the frequency and the radial phase constant 



Natural waves in dielectric plates are cylindrical and in nondissipative 
plates the amplitudes of their field intensities vary inversely as the square 
root of the distance On the other hand, »n free space, waves generated 
by sources m a finite region are spherical and the amplitudes of these waves 
vary inversely as the distance. Some energy is abstracted from the sources 
and guided in directions parallel to the plate The plate acts analogously 
to parallel wires or dielectric wires which tend to guide waves by converting 
portions of spherical waves into plane waves There is this difference 
between plane waves in free space and those in presence of wave guides, 
the former carry finite power per unit area (of an equiphase plane) and 
infinite total power, while the latter carry finite total power Similarly, 
cylindrical waves in free space carry finite power per unit length (along 
the axis of the waves) and infinite total power, while in the presence of 
dielectric plates there may exist cylindrical waves carrying finite total 
power Hence in free space no system of sources in a finite region can 
possibly generate either plane or cylindrical waves but they may do so in 
presence of 4 wave guides ' Cylindrical guided waves conform to the 
physical idea of surface waves introduced by Zenneck, Sommerfeld, and 
other early writers on this subject 

In the case of a single interface between two semi infinite media we have 
Z = £ and the condition (5) for the existence of natural waves becomes 
K + Z = 0 (21-8) 

For transverse magnetic waves the characteristic wave impedance is either 
a resistance or a negative reactance, hence this equation can have no 
roots, the integrands can have no poles, and there are no surface waves 
This conclusion is contrary to that reached by early writers on the subject 
Inadvertently the condition for matching impedances was substituted 
for the equation of natural waves The impedance concept has only 
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recently been introduced into field theory and no intuitive check on formal 
manipulations was previously available. Equation ( 8 ) for the poles was 
usually written in its explicit form 

V x 2 — Pp Vy 2 — ft 2 
x = 0 , 


and then was rationalized and solved 



However this value of x is a solution of K — R. = 0 and not of equation ( 8 ) 


10.22. Waves over a Plane Earth 

In the actual problem of wave propagation over the earth the conduc- 
tivity of the earth plays an important role and the propagation constant 7 
in the direction normal to the ground surface is 7 = Vx 2 + £ 2 instead of 
(21-3). Assuming an electric current 
element of moment II at height h 
above ground (Fig. 10.23) as our source, 
we find from (15-5) the following ex- 
pression for A{y) in (21-1) h| 

Ilx 2 e~ yh 


A(y) = 


47T 2 0)£ 


The impedance normal to the ground is 

V72 + ^2 + .2 



£ = 


g + 


g + 


Pa 

Fig. 10.23. Electric current element at 
Pi over a plane earth and image ele- 
ment at A,. 


The intrinsic propagation constant a of the ground is greater than that 
of the air above, especially in the frequency range in which the ground is 
a quasiconductor (see section 4.9). When a is large, then we have approxi- 
mately R. = 77 over a substantial part of the path of integration. In this 
case the ground behaves like an impedance sheet whose surface impedance 
is equal to the intrinsic impedance of the ground. 

The incident and reflected components of E. in the present case are 

£ = ~ ^ J ic , (T 2 + /3 2 )A' 0 (/pV7T7V ( -'- M dy, 

E* = ~ TJT ue q{ v)(7 2 + /3 2 )A'o(/p‘V / 7 2 + ^y-yU+h) ^ 

where (C 4 I is shown in Fig. 10.18. 
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The contour (C 8 ) was used in the case of the dielectric plate to ensure 
that the incident field would he convergent over the entire surface of the 
plate (including p = 0), but there is nothing to prevent us from deforming 
this contour back to (C*) In fact the following physical considerations 
show that it would have been permissible to use (C t ) to begin with Con 
stder along the real ax s of (C«), this parr of the integral represents 
cylindrical waves traveling parallel to the ground surface with velocit es 
less than the characteristic velocity (since the radial phase constant 
(3* u greater than 0) Along the imaginary axis from -y = 0 to 
-y « i(3 we may write 

7 - cos «», + W = /3 sin if, 

where if lies in the interval (0 t/ 2) The equation of the cquiphase sur 
faces is then* 

p cos d + (* — A) sin «J = constant 

The corresponding wave normals make an angle 0 with the p-lines and an 
angle ir/2 + d with the z-axis Thus this part of the integral represents a 
group of conical waves traveling toward the ground with the characteristic 
velocity Finally between 7 = tfi and 7 = / ® the radial propagation 
constant is real and we have a group of plane waves traveling normally to 
the ground with velocities smaller than the characteristic velocity (since 
7/1 > (3) Thus the integral represents the spherical wave as a group of 
waves traveling either toward the ground or parallel to it The only ques 
tion which could be raised against using this group of waves for the purpose 
of calculating waves reflected from the ground would concern that wave 
group which is traveling parallel to the ground It is reasonable to suppose 
however, that the reflection coefficient which applies for waves at near 
grazing incidence would also apply in the limit to waves at grazing inci 
dence It was to remove the above mentioned objection that contour (C 5 ) 
was chosen The original contour (C) is not permissible in the present 
case since the corresponding integral includes a group of waves traveling 
from the ground as well as toward it 
This care in the choice of the correct contour of integration for a par 
ticular problem is essential Thus for the reflected wave in the pres 
ent problem the reflection coefficient g(y) adds two branch points at 
,-iVqP - a 3 to the integrand in addition to those at 7 = db iff al 
ready present in the incident wave The new branch points are in the 
second and fourth quadrants, and because of the branch point in the fourth 
quadrant contour (C) would give a different value for the reflected fields 
* Except m the view ty of die a-ax s where the equiphase surfaces depart from the 
con rat shape 
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from the one given by (C 4 ) or (C 5 ). If the ground conductivity is per- 
mitted to approach zero one of the branch points of q(y) will approach 
the positive real axis from below and the contours (C 4 ) and (C5) must be 
indented. 

Let us now consider the incident and reflected fields in greater detail. 
In order to simplify the discussion we shall introduce the corresponding 
stream functions. In accordance with (15-5) these functions are obtained 
if we multiply the integrands of E‘. and E r . by /toe/ (y 2 + /3 2 ); thus 


n* = f ^ 0 (/pVy 2 + dy, 

J (p t ) 

n r = f qMKoiipV-r + p 2 )c~' i:+h) dy. 
4;rr J {C<) 


If the reflection coefficient q(y) were independent of y, the reflected field 
would be equal to the field of an image current element of moment qll 
(Fig. 10.23) 


qllr 

4r;’2 


where the reflection coefficient q then corresponds to plane waves whose 
wave normals make the angle 0 with the ground plane. 

Consider next the field along some particular line P 2 0 whose equation is 
(z + h) cos 1 ? — p sin i? = 0. For the distance r 2 measured along this 
line from P 2 , we have r 2 = (z + h) sin 0 + p cos t?. A pencil of elemen- 
tary waves traveling in directions making an angle 1 ? with the ground plane 
corresponds to the values of 7 in the vicinity of 7 = 7 = f/3 sin 1 ?. Let 
us now expand the reflection coefficient in the following power series 

?(y) = y) + (7 - y)/(y) + i(y - tOV'Oy) H 

and substitute in n r . Then we have 

n r = ns + nj + ir 2 + • • •, 

„ r q(ip sin #)IIe~* prs 
n °~ 4^ 5 

III = q ^ 2 f (7 — y)K 0 (ip^y 2 + p 2 )e~^ u+h) dy, 

** (C,) 

ns = g " Q ry ^ f (7 - y) 2 K 0 (ipVy 2 + 0 l )e~~ t< - zJrh) dy. 

8l7T J ( c 4 ) 


The first term IIo represents the reflected wave that would be obtained 
from the incident wave bv assuming that the latter is reflected as if it were 
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a uniform wave traveling in the d rection making the angle 0 with the 
ground plane In order to compute the following terms we take 

and differentiate it with respect to z to obtain 

and 

ns - - j'O?) 0 j + id) , ■ VS) (£ + 1) 1 #, 

,_i=asim£ + ,)- ft 

Next we evaluate dft/dz and substitute in Hj 

>g«n W*" / 1\ 

dZ Jr 2 &Z S " dr 2 4tt 2 \ + *^ 2/ 

/frg sm J) « n MT 9 * 


IT, - * 


4 *r| 


The amplitude o/this term of the reflected II' vanes inversely as the square 
of the d stance from the image source while the amplitude of the first term 
varies inversely as the first power of the distance 
The reflection coefficient is 

j _ K - £ _ fr + »«t)7 - lutV^TF+S* 

? JC + R (g + »&*)■/ + UM^-i 2 + fi 2 + <r 3 
When a is sufficiently large then we have approximately 
- run? _ j _ 2/un _ t 2y 


-1 + - 


y + lutij y + loni) y -f r u <jj 

When i? is small 5(7) is nearly equal to — 1 In the ground plane, where 
n ** rj, we have then 

n< + ^ __ 2»rsw 0 ljr* r _ _ vh n<r* T ' 


Since q( 7) £* 2/iaen we have 


4*r, 


V 2 *r\ 


In this instance the total field is approximately proportional to the height 
of the source above ground and inversely proportional to the ssyaate o{ 
the distance from it Hov ever the total reflected field does not vanish 
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with h; n» contains a term independent of h and varies as the cube of the 
distance from the source. 

The above expressions for the components of II r are asymptotic and, 
taking into consideration the physical picture to which they correspond, 
it may be expected that they are more suitable for numerical calculations 
when either the transmitter or the receiver or both are fairly high above 
ground than when they are both near the earth’s surface. A practical 
rule to follow is to use the above expressions in that range of the variables 
for which the first and second terms are much larger than the succeeding 
terms. 


10.23. Wave Propagation between Concentric Spheres 

The curvature effect on wave propagation has already been considered in section 
8.23 where several problems concerning waves in wave guides bent into toroids have 
been formulated exactly and then solved by approximate methods. We shall now 
consider another problem in which bending takes place in two perpendicular planes. 

A study of wave propagation between two concentric spheres of nearly equal radii 
(Fig. 10.24) should give us an indication of the magnitude of the curvature effect on 
the propagation of cylindrical waves between 
parallel planes. We have seen that in the 
latter case the principal wave is a uniform 
cylindrical wave for which the electric lines 
are straight lines normal to the planes and the 
magnetic lines circles coaxial with the axis of 
the wave. The field of the corresponding 
wave between two concentric spheres should 
then be independent of $ 3 ; and the electric 
lines should be approximately radial. These 
lines cannot be exactly radial since the funda- 
mental electromagnetic equations are incon- 
sistent with the assumption of a field whose 
components other than Er and H v vanish. 

These equations show that Ee cannot vanish pic. 10.24. Wave propagation be- 
identically. Nevertheless, on the grounds of tveen concentric spheres, 

continuity, we expect that for the trans- 
mission mode under consideration Ee should be small compared with E,. 

The appropriate solutions can be obtained from the general expressions in section 
10. Thus if II is independent of y>, we have 

U(r,0) = T{0)f{r), (23-1) 

where T(8) and f(r) are solutions of 




—n{n + 1) sin 8 T, 


(23-2) 


<T-f 

dr- 




f. 


(23-3) 
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Equation (2) is the Legendre equation and its general solution is 

T(6) =■ cos 6) + BP. (cos 8) (23-4) 

In general when » is not an integer the first term becomes infinite at fl = 0 and the 
second term is infinite at 8 = ir Hence if the source of the waves is along the axis, 
9 = 0, we must have B — 0 and (4) becomes 

T(8) = jfP.f- cos 9) (23-5) 


The general solution of (3) m terms of the functions best suited to waves in nondissi 
pative media bounded by conducting spheres is 

T(r) - Cj.lfir) + DV.tfO, (23-6) 

where J. and JV, are defined in section 3 5 From II we obtain the field as in sec 
non 10 thus 


- cosff), rH. - - f(r) ~ P„(- cos 9) 


1 if J 


Since Et should vanish on the spherical surfaces r = a and r = t we have the follow 
mg equation 

D 

~ C 

from which rt can be determined The solution depends on properties of /„ and 
regarded as functions of rt 

Let us now return to the equations (4 12-11) for our field Assuming that Ei is 
small, wc find from the second equation that tH, is approximately independent of r 
The total radial current flowing toward the center 1(8) - —2 rr sin 8 is then 
also approximately independent of r Introduang 1(8) m the first cquat on of the 
set (4 12 11) we have 


?.(W 


1 31 
r*39 = 


— ItuM sin 8 E, 


Integrating along the radius and introducing the transverse voltage P(8) we obtain 

I - v • ''»> - /.‘ * i 2 ”) 

where? is the capacity per radian If? is integrated from 8 = 0 to 8 = ir, the total 
capacity between the two spheres is found to agree with the exact value at zero fre 
qisency The second transmiss on equation is obta ned from the th rd equation of the 
set (4 12 11) thus introducing 7(9) and integrating from r — a to r = b we have 


(23-10) 
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Replacing the angle 0 by the distance s — c0 along the circumference of the circle 
of radius c = in the transmission equations, we have 


Y = -iuLI, y = 
as as 


tx{b — a) n 2-irec sin 0 

E ~ ” - n , C “ 


(23-11) 


2irc sin 0 ’ 


b — a 


If Ee is eliminated from the second and third equations of the set (4.12-11), we 
obtain 

W- 


(23-12) 


For each transmission mode rH v is proportional to t and therefore satisfies equation 
(3). Hence (12) becomes 

dEr n(n + 1) 
d0 it 




Introducing 1(0) into this equation and into the first equation of the set (4.12-11), 
we have 



. »(»+!) dl 

* 2-rut sm 0 ’ 00 


—2riue sin 0(r~E r ). 


For any fixed value of r, E r and / and hence V and I satisfy nonuniform transmission 
line equations. For the principal transmission mode as r approaches infinity the 
series reactance tends to become an inductance independent of the frequency; for 
finite values of r this inductance is slightly modified by the longitudinal displacement 
currents proportional to Ee. 


10.24. Natural Oscillations in Cylindrical Cavity Resonators 
A cylindrical cavity resonator of arbitrary cross-section may be regarded 
as a wave guide. Assuming that the generators of the cylindrical boundary 
are parallel to the z-axis and that the flat faces are z = 0 and z = /, we 
may derive the fields of various natural oscillations from the following 
two wave functions 

n = T(x,y) cos , p = 0,1,2, • • •, (24-1) 

4' = T(xj) sin , P — 1)2,3, • • •. 


Since 


(24-2) 
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where x is the transverse phase constant, we have the following expressions 
for the natural frequencies and wavelengths 





(24-4) 


For transverse magnetic waves m a cavity of rectangular cross-section, 
using T(xj) as given m section 5, we have 


n 


fury pin 
— cos— . 


(24-5) 


Hence the natural wavelength of the TM m „ p-oscdiacion mode is 

X - 7 \ - - (24-6) 

Similarly the field of the TEm * ^-oscillation mode may be obtained from 


4 = cos— cos 22 sin 22 (24-7) 

a a l 

The natural wavelength is again given by equation (6) In the present 
case the designations TM and TE are arbitrary since the same parallel- 
opipedal resonator can be regarded as a section of three different wave 
guides and the same oscillation mode may be obtained from transverse mag- 
netic waves m one of these guides and from transverse electnc waves in 
another 

In the case of cylindrical resonators of circular cross-section the- natural 
wavelength is given by (4), where x ** k m „/<j and m is the rath non- 
vanishmg zero of _/„(*) or /„(*) according as the oscillations correspond 
to waves of transverse magnetic or transverse electnc type 
For each oscillation mode the energy stored in the resonator may be 
obtained either by calculating the magnetic energy at the instant when 
the magnetic field is maximum and the electric field 2ero or by calculating 
the electnc energy at the instant when the electnc field is maximum and 
the magnetic field zero Fot oscillations of TM type we choose the former 
method and find 

fiS, iff 4=0, 

— - (St 

- i xV J j s ,lp - 0. 
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For oscillations of TE-type we choose the second method and obtain 

W = f f T 2 dS. 

For oscillations of TM-type the conduction current in the cylindrical part 
of the resonator is parallel to the axis and its density is ( dT/dn ) cos pxz/1, 
where the derivative is taken in the direction of the outward normal. In 
the faces z = 0 and z = / the conduction current density is respectively 
grad T and (— ) p+1 grad T. Hence the power absorbed by the walls of 
the resonator is 

Jp — lP\ + /^ 2 > where fP 2 = x 2 & f f T 2 dS, 

d J (S) 

(S)‘ A * 

In the case of oscillations of TE type the z component of the current 
density in the cylindrical wall is (ip-/ri()l)(dT/ds) cos pTrz/l, where the 
derivative is taken in the counterclockwise direction. The transverse 
current density in the counterclockwise direction is ( x 2 T/iwn ) sin pirzjl; 
and the current densities in the faces z = 0 and z = / are respectively 

grad T and grad T. 

VP‘ vpt 

Hence the power absorbed by the walls is 

PP = JPiP JP 2 , where JP 2 = f 'f T 2 ds > 


4 r,Yl 


From the above expressions for the stored energy and the dissipated 
power we can express the Q of the resonator in a general form. Thus in 
the case of TM-oscillations we have 


cofi f f T 2 dS 

d d(S) 

x ~ 2 f iir) 2 ds + At ~ l f f 72 ds 

d )\dn/ d d (S) 


, if ^ 0, 
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•* f f T*JS 

J J<s) 


, if p = 0, 


and in the case of TE-oscillations 

«#xV ff t'JS 

a [«< /„ ** d ’^ ,r -fS£) “’^Y^ ff m T ‘ "] 

For a circular cylinder of radius c and length / the Q of the TM-osalla 
tions becomes 


0- 



if p + 0, 


Q 




\ff = o 


For TE n m P -oscillations we have 

O + J»W) (*? m ~ » a ) 

W “ ^tpV^^+^Z 2 + 2 pWr l (ii„ -V 2 )J 

ii\ the above calculations \t has been assumed that there w no dieletint 
loss in the resonator If there is such loss but no loss in the wails of the 
cavity, then instead of (3) we have 

X s + “ — <r 2 * ~«m(* + «t), 


where « is the oscillation constant Solving for u , we obtain 



By (5 11-16) we have 



that is, the Q of the resonator is equal to the Q of the dielectric 
The Q of the resonator having both metal and dielectric losses may be 
obtained from the general formula 

1 = 1+1 
Q fil ?! 

This formula follows immediately from the definition of Q in terms of 
stored energy and absorbed power provided the ‘Josses are not so large as 
to affect appreciably the natural frequency 



CHAPTER XI 
Antenna Theory 


11.1. Biconical Antenna 

The antenna theory developed in the following pages is based funda- 
mentally on the conception that the antenna and the space surrounding 
it are two wave guides. Thus in the case of an antenna consisting of two 
equal coaxial cones (Fig. 11.1) in free space the two wave guides are: 


(s) / / 

/ 

/ 

/ 

/ 

/ 

I 

I 

\ 

\ 

\ 

\ 

\ 

\ 

\ 

\ 

■s 


Fig. 11.1. The cross-section of a conical antenna oflength / and of the 
“ boundary sphere ” 

(1) the antenna region bounded by the conical surfaces and the boundary 
sphere (S) concentric with the center of the antenna and passing through 
the outer ends of the cones, (2) the space external to ( S ). There are in- 
finitely many transmission modes appropriate to either wave guide. If 
the voltage is applied between the apices of the cones, then the waves 
possess circular symmetry; the magnetic lines are circles coaxial with the 
cones and the electric lines lie in axial planes; but the number of trans- 
mission modes is still infinite. 

Circular magnetic waves in free space are described by the equations 
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of section 10 10 Because of circular symmetry we use m — 0 in the 
expression (10 10-22) for T s nee the field must be finite for all values 
of 0 n must be an integer consequently for progress ve waves travel ng 
outward m region (2) we have T(0) = P n (cos 0) and the field of the nth 
zonal wave is 

II(r0) ** ft* (ipr)P H (cos 0) rEf = yR'„ (ipr)Pl (cos 0) 
rH v - ~ P n (cos 0) »» — J?«(»/Jr)J s jS(cos 0) (1-1) 

« »{n + l)£„{i0r)P»(cos 9) 

When n = 0 the field vanishes ident cally and the principal or dominant 
wave corresponds to » ** 1 For this wave 

Pi (cos 0) ■ cos 6, P\(cos 0) — — sin 0, 

The rad al electric intensity vanishes in the equatorial plane and is maxi 
mum on the axis the mer dian electric intensity vanishes on the axis and is 
maximum m the equatorial plane and the electric lines have the form 




Flo 112 Electric Ines for the first order transverse magnetic spherical wives (a) Inn 
n free space (b) 1 nes n the presence of two coaxial con cal conductors, 

shown in Fg 11 2(a) For Urge values of r the radial impedance is sub 
stantially equal to the intrinsic impedance, for small values of r the radial 
impedance re Ucgely reaccive and « appctjxfmaedj- equal ta 1/twr Fa? 
small \alues of r the tadal displacement current is forced, to flow across 
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a small area, the series capacitance is small, and the input impedance is 
large. 

For the zonal wave of the second order we have 

P 2 (cos 6) = §(3 cos 2 6 — 1), Pl(cos 0) = —3 sin 6 cos 6, 

0 + £ - w) - T£m ' 

The radial electric intensity vanishes when cos 8 = ±l/ v/ 3, while the 
meridian intensity vanishes on the axis and in the equatorial plane; the 
electric lines are shown approximately in Fig. 11.3(a). For large values 




(a) 

Fin. 11.3. Electric lines for the second order transverse magnetic spherical waves: 
(a) lines in free space; (b) lines in the presence of two coaxial conical conductors. 

of r the radial impedance is nearly equal to tj and for small values it is 
nearly 2/iuer. 

As the order of the zonal wave increases the number of different sets 
of closed loops in the field also increases. The radial admittance of the 
nth zonal wave may be expressed in the following form 

1 ~ *'(«n«n + v n v') 


» ]M n - 


«n = 1 


2 — (ul + P 2 ) + («r + Vn ) ’ 

(w — !)«(« + 1)(» + 2) {n 


' 3) (» — 2) • ■ • (w + 4) 


2-4/8 V 


2„2 


»(» + !) (»-2)(» -!)••• 
" 2/Sr ^ 2 • 4 • 6 /S 3 r 3 


2 • 4 • 6 • 8 /3 4 r 4 
(» + 3) 


( 1 - 2 ) 


(» ~ 4)(» - 3) -■-(» + 5) 


2 ■ 4 • • • 10/3V 


S..5 


+ 
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Figures 114 and 1 1 S shew respectively the products r/G n and ijB„ of the 
intrinsic impedance with the radial conductance and the radial susceptance 
For small values of r the ratio of conductance to susceptance diminishes 
very rapidly with the increasing order of the wave, hence a given average 



Fra U 4 The product of the intrinsic impedance n and the redial conductance G* 
as a fund on of the phase distance 0r from the wave origin for each of the first seven 
transmission modes. 



Via 11 5 The product of the intrinsic impedance and the radial susceptance. 


radial power flow ts associated with increasingly strong reactive fields m 
the vicinity of the center of the wave 
In the antenna region we have corresponding transmission inodes except 
that the electric lines in the vtcimty of the conical conductors form small 
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half-loops terminating on the conductors as shown in Figs. 11.2(b) and 
11.3(b). As the cone angle becomes vanishingly small, these added half- 
loops become vanishingly small and the field configurations become nearly 
the same as in free space. In addition to these transmission modes there 
exists a mode in which the electric lines coincide with the meridians 
(Fig. 11.6); this is the principal mode in the antenna region and its theory 




(b) 

Fig. 11.6. Cross-sections of infinitely long conical conductors and electric lines of force 

for principal waves. 

Let us now consider more closely the higher modes in the antenna region. 
Since the radii 0 = 0 and 0 = 7 r are excluded from this region by the conical 
conductors we have 


T(0) = AP n {— cos 0) + PP n (cos 0). 

This function is proportional to E r and must vanish on the conical con- 
ductors, assuming that they are perfect conductors. Thus if the cone 
angle is then 

AP n {- cos i/0 + BP n (cos i/0 = 0, 

AP n ( cos ^) + 5P„( — cos i/-) = 0. 

These equations require A 2 = B 2 , A = ±5. Hence equations (3) are 
reduced to 

Pn(— COS tA) = P n (cos ^), A = -B; (1-4) 

Pn(- cos \0) = — P„(cos v(0, A = B. (1-5) 

In the case represented by equation (4) we have (setting B = ^) 

T(B) = ^[P n (cos 0) - P„(- cos 0)], 

rH^ = -f(M ~ , rE$ = —iyT' (fir) ~ , (1-6) 

iwtr 2 E r = »(» + \)f(fir)T(0), T(f)r) = Aj n (fir) + BN n ((3r). 
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the above expression for T, we see that 
t/T(r - 6) JT(e) 


T(» - ») = -T(9), 


Hence, along the radii making angles 6 and r ~ 6 with the axis, the radial 
electric intensities are in opposite d rections and the magnetic intensities 
are in the same direction The current in the upper cone at distance r from 
the apex is 

/(r,« -ItrsmiH,- -UT(Sr) im * , (18) 


similarly the current in the lower cone, if regarded as positive when flowing 
upward is I{r,r — t) ~ I(r,t) Thus the currents at points equidistant 
from the center are equal in magnitude and flow in the same direction 
If Jif 1 is small compared with unity equation (4) becomes approxi 
mately 

P.(- co»*)-l (1-9) 

From (3 6-10) we have as a first approximation 

P»(— cost) “ ~ sin nr j^log ^ + t(n) — iK0)J 4- cos ht, 
hence (9) becomes 

tan ^ = - *£log ^ + HO) - *(»)J — - ^ I°8 ^ 


Thus the approximate values of n are 


Since for small cone angles the characteristic impeda 
principal wave is K = 120 log 2/t, we may write 


of the cone to the 


(1-10) 


Thus as the characteristic impedance tends to infinity, the roots of (4) 
approach the odd integers From equations (3 7—43) and (3 7—44) we 
find that 

Tjm+i + a($) — * fW(cos 0) as A — * Q (HI) 

Thus all the transmission modes in the antenna region, except the principal, 
approach the corresponding modes in free space 
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In the case represented by equation (5), we have 

T(6) = |[P„( COS 0) + Pn(— cos 0)], 


t(x - o) = m 


JTCtt - 9) 
dlyr — 9) 


dT{9 ) 
dO ' 


(1-12) 


Along the radii making angles 6 and ir — 6 with the axis the radial electric 
intensities are in the same direction and the magnetic intensities are in 
opposite directions. The currents in the cones at points equidistant from 
the center are equal and flow in opposite directions. For small cone angles 
the approximate solution of (5) is 

120 

n = 2m + ^. (1-13) 


In this case T 2m+A (0) — > P 2m (c os 9) as A — > 0. The modes for values of 
m > 0 approach the corresponding free space transmission modes. The 
mode corresponding to m = 0 is the principal “ anti-symmetric mode ” 
in the antenna region; in free space there is no corresponding mode because 
P 0 (cos 9) = 1 and the field vanishes identically. 

In particular for small values of A we have 

Q 

P A ( — cos 9) ^ 1 -f- 2A log sin - , 


Pi +A (— cos 9) — — ^1 + 2A log sin cos 9. 

Figure 11.7 illustrates the behavior of these functions. The corresponding 
T-functions are 

Ta( 0) = 1 + A log sin ~ , Ti +a (0) = ^1 + A log sin -0 cos 0 . 

The behavior of these functions is illustrated in Figs. 11.8 and 11.9. 

For » > 0 the function ft n (Pr) becomes infinite as r ~ n at r = 0, and 
its derivative becomes infinite as r ~ n ~ : *, hence B in (6) must be zero; then 
Tnlfir) = A J n f(3r). In the vicinity of r = 0 the function J n (/3r) is propor- 
tional to r n ; thus the current associated with the higher order waves van- 
ishes at the apices of the conical conductors / n (0) = 0. The voltage V n (r) 
along a typical meridian vanishes at all distances 

K(r) = r * rE $ do = —iijT' (f}r)[T(ir - t) - Tty)] = 0 . 

Hence the input voltage and current depend only on the principal wave. Con- 
sequently the input impedance depends only on the principal wave. 
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The total transverse voltage F(r) and the total longitudinal current 7(r) 
In the upper cone may thus be written in the following form 

V{r) = F 0 (r), 7(r) = J 0 (r) + l(r), 1(0) = 0, (1-14) 

where the principal voltage and current are 

F 0 (r) = V Q {I) cos /3(/ - r) + iKI 0 {l) sin (3 (/ - r ), ^ 

loir) = - sin P(l -r)+ / 0 (/) cos p(l - r), 

and / is the length of the cone. The total " complementary ” current 
wave I{r) consists of an infinite number of current waves associated with 
higher order transmission modes 

Hr) - h (r) + Mr) + Mr) + ■ • •• (1-16) 

As implied by this equation only the odd order waves, for which T(6) is 
given by equation (11), appear when the cones are equal and when they are 



6 IN DEGREES 

Fig. 11.9. Legendre functions of fractional order. 

energized at the center. The currents associated with waves of even order 
flow in opposite directions and can only be produced by impressed voltages 
acting in opposite directions. 

11.2. General Considerations Concerning the Input Impedance and Admit- 
tance of a Conical Antenna 
The input impedance of a conical antenna is 

„ = £TP) = ^o(0) = V 0 (!) cos pi + iKMJ) sin pi 

' 7(0) J 0 (0) KIq(I) cos pi + iF 0 (l) sin /3/ ' 


(2-1) 
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Thus in so far as the input impedance, the total voltage distribution and 
the principal current distribution are concerned the effect of the comple 
nentary current waves is equivalent to a terminal impedance given by 



/o (0 ~ m-H o 


(2 2 ) 


(13) 


to j Taking the reciprocal we have 

.. m no 
1 ' no _ no 

Fo 11 to The tttmnsl or Thus the terminal adm ttance cons sts of two 
rad ation adm runes of an admittances in parallel and the cond tions at 
“ ntenna r <* / may be represented disgrammatically as 

m Fig 1 1 10 Since /(/) is the current flowing into one spherical cap of the 
conical antenna and out of the other we may interpret HJ)/V(I) as the 
adm ttance between the two caps When the caps are small we have 
approximately 1(1) 0 and consequently 

Y U 0 M 7 m _ 133 « 

‘ V(t) ~ V(l) A MO 7(0 { ) 


The adm ttance between small caps is given at the end of section 116 
TJ us we shall represent the input impedance and admittance of conical 
antennas in the following form 


Zi 


v Zt cos pf 4- tK sin $1 r _ Y t cos g/ + iM sin fff 
A tfcos0/+*Z,sn0/ Y<m M M cos pI+lYt Sin { } 


where the characteristic impedance and admittance are 




113 Current Distribution in the Antenna and the Terminal Impedance 
In section 1 we have seen that the rad al electr c intensity in the antenna 
region can be expressed as follows 

where 71,(9) is defined by (1-6) and the summation is extended over the 
set (1-10) The complementary current in the antenna is then 


Hr) - 


■. »*]*(&■) , , d , 

r»(» + i)Uvo *d * 7 


(3-2) 
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When p is small, we have approximately 

dT ' n (&) = A = 120 f = _ 120 ajntfr) 
df * Kip ’ K ? »(» + l)/n(|3/) * 1 ; 

In free space the radial electric intensity may be written in the form 
2viu>er s E r = E h fyyy P >- ( cos (3-4) 

A = 1 hl(tpi) 

At r — 1, E r should be continuous, hence 

T,a n T n (6) = £ b)_P /, (cos 6). 


As if increases indefinitely and ip — >0, « approaches 2w + 1 and jT n (0) 
approaches P 2 m+i(cos 0); thus the limiting value of a n is 

lim a n = lim a 2m +i+^ = hm+i as A — > 0. 


Hence for high impedance antennas we have approximately 


Hr) = 


120 " b 2 n\J r \J 2 m+\ (fir) _ 

K m =o2(w; + 1 ) (2 m + 1) Jzm+iWO 


(3-5) 


We have seen that for infinitely thin wires the current distribution is 
sinusoidal, with current nodes at the ends. In the present case the con- 
clusion follows also from (5). Hence as if — > «>, the current distribution 
in the antenna approaches the following value 

7 0 (r) = / 0 sin/3(/-r), I Q = . (3-6) 


The field of this distribution has been obtained in section 9.25 and the 
values of the coefficients i^m+i will be determined if we expand r 2 E T as a 
series of zonal harmonics. For this purpose we start with the following 
expression 

C= 2irr sin 0H V = f// 0 (e _,/Jri + - 2e~'^ r cos pi), (3-7) 

obtained from (9.25-14). At great distances from the antenna this be- 
comes 

C = i/o[cos (pi cos 0) — cos tflr . 

Then from (10.10-6) we have 

1 dC 

2iriu>er s E r = — = tfill o sin (/3 / cos 9)e~'^ r . 

sin 0 30 
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The expansion of sin (fil cos 0) in terms of zonal harmonics is known to be 
*■» 0/ cos «) - i £ (- )•(*» + ») 


Thus we have expressed the distant field in terms of zonal harmonics On 
the other hand at great distances from the antenna equation (4) becomes 


2 Wtut^Er ** £ 




Comparing the alternative expressions for E r we have 
^2 hh-i ” ~-tIo(4m 4- 3)y2»H-i G?f){/i"i+i WO — *^fa+i(P0I> 


Hr) • 


^o(m + 1)(2j7» + 1) 




From (2-4), (6) and (8) we now obtain the terminal admittance 

Y. - , Z.(i) - A.(i) + .*.(£), 

*w-« ■^s;jn-fcVg^ cft (3 - S) 


where £ is the ‘ phase length ” of each cone defined by L • 2ir//X 
Thus for cones of small angles the terminal impedance and its inverse are 

2 ' - mr T xza ■ x - R - <L) + ■*•<« (3 - ,0 > 


In computing the input impedance of the antenna we may replace the 
terminal impedance Z t by its inverse inserted in series with the transmission 
line representing the antenna, one quarter wavelength from its end 


114 Calculation of the Inverse of the Terminal Impedance 
The senes (3-9) for the inverse terminal reactance converges slowly 
and is not practical for numerical calculations unless L is small A simple 
expression for Z a (L) can be obtained as follows The input impedance is 


_ j ^ ZgSiit L — sK cos L 
K sin L — »Z, cos L 


(4-1) 
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As K increases indefinitely we have 

Z, —> -r^T 7 — iK cot L. (4-2) 

sin L 

Since the input current approaches the value /<> sin ftl, die power input be- 
comes 

¥ = \ZJ% sin 2 L = \[Z a - | iK sin 2L]ll (4-3) 

On the other hand the power flow for a sinusoidal distribution may be cal- 
culated by the method described in sections 9.26 and 9.27. The integral of 
the product of the current and the tangential electric intensity should be 
calculated on the surface of an infinitely thin cone. In the limit the real 
part of this integral is independent of the shape of the longitudinal cross- 
section of die antenna and R a = R as given by equation (9.27-2); but the 
reactive part is still a function of the shape of the longitudinal cross-section 
and must be calculated for the cone. In the limit the tangential component 
of the electric intensity is the sum of E ; and E p sin where E. and E„ 
are given by (9.25-14). 

In this way the following expressions are obtained 
Ra{L) = 60 (C + log 2 L - Ci 1L) + 30(C + log L — 2 Ci 2L 

+ Ci 4L) cos 2 L + 30 (Si 4L - 2 Si 2 L) sin 2 L, (4-4) 

X a (L) = 60 Si 2 L + 30 (Ci 4 L - log L - C) sin 2L - 30 Si 4 L cos 2 L. 
The inverse of the terminal impedance is shown in Fig. 11.11. 



Fig. 11.11. Curves for the resistive and reactite components of the inverse terminal or 
radiation impedance of an antenna. 
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11 5 The Input Impedance and Admittance of a Conical Antenna 
Separat ng the real and mag nary parts of Z< and its rec procal we have 

2L + X a cos 7L - - £j?* s n 2Z.J 


Ro - 


Z, = - 


i^Xsn 


2 K 


, , , Y. ,r . Rl+Xj 

s n I ’ t" s n 2 L -f ( 


I jK sin 1L + X m cos 2L — 


Rj + xt 


. n + xi 


(S-l) 


»2iJ 



The character st c impedance is shown inFg 11 12 as a function of 
the rec procal of the cone angle For conical antennas of small angles the 
reciprocal of the cone angle «s approx mately equal to the rat o of the length 
of each cone to the maximum rad us Iff ~ If a F gure 1 1 13 shows the 
nput impedance as a funct on of the phase length of each cone for different 
values of the characterist c impedance the sol d curves represent the real 
component and the Jotted curves the itnag nary Figures ll 14 and 11 15 
show the input resistance as a function of the length of each cone in wave 
lengths similarly Fig 11 16 shows the input reactance 
The terminal impedance affects the resonant lengths of the antennas 
As the character st c impedance approaches infinity the input reactance 
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l'U.. 11.13. The input impedance of hollow conical antennas (without spherical caps) 
as a function of 2t//\ and K. Solid curves represent the real component and the dotted 
curves the imaginary. 
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vanishes for values of L approaching those given by 

sin 1L = 0, 2L = ir, 11 = ~ , k * 1,2,3, , 


the exact values of the resonant lengths are defined by the following equation 


tan 1L = 


1KX, 

~ K 2 - Ri- XI’ 



which for large values of K becomes 


tan 1L = — — 


2X a {\k r ) 

rkK 


1Xa(\kr) 

120 Si 6r + fiO(-) w Si2hr (5_3) 


Figure 11 17 shows the deviation of the resonant length of the antenna 

from fcy./7~ 

The input impedance of the antenna when the length of the cone is equal 
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to an odd multiple of X/4 is of course the inverse terminal impedance 
Zi = Z a - When / = X/4, this impedance is 

Zi = 73.129 + il53.66. 



0 36 040 0 44 0.48 0 52 0.56 0 60 064 


Fig. 11.15. The input resistance of •hollow conical antennas in the neighborhood of the 

second resonance. 

When / is a multiple of X/2, then the input impedance is equal to the 
terminal impedance. If Z a were independent of /, the above two imped- 
ances would be represented by inverse points in the impedance plane. In 
fact the whole impedance diagram would be a circle inverse to itself with 
respect to a circle of radius K. As it is the impedance diagram is not quite 
a circle but surprisingly close to it considering the variation in Z a . Figure 
11.18 shows such a diagram for K = 750. 
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11.6. The Input Impedance of Antennas of Arbitrary Shape and End Effects 
In the preceding sections we have shown that a biconical antenna may 
be regarded as a wave guide with infinitely many transmission modes. 
Only the principal mode is generated if two infinitely long cones are ener- 
gized at their common apex; but if the cones are of finite length there 
is a discontinuity at the boundary sphere which separates the antenna 
region from the surrounding space and reflection takes place. Then higher 
transmission modes are generated, and the effect of these modes on the 
amplitudes of the total voltage wave, the principal current wave, and the 
input impedance can be represented exactly by an appropriate terminal 
impedance. This property we represent diagrammatically as in Fig. 11.19. 
We have also determined an approximate value of the terminal impedance 
for cones of small angles. When a single cone is placed normally to a per- 
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fectly conducting plane sheet the characteristic impedance of the antenna 
and the terminal impedance are halved 
If the shape of the antenna is other than conical then the characteristic 
impedance K is no longer constant In the case of antennas whose trans 
verse dimensions are small the waves are nearly spherical and we may treat 
such antennas as nonuniform transmission lines whose inductances and 
capacitances per unit length are given approximately by the equations 
developed in section 8 13 For the terminal impedance we may take the 
expression (3-10) where AT is replaced by the average characteristic imped 
ance. This treatment is based on analogy with conical antennas the 
direct approach based on Maxwell s equations is theoretically possible but 


(J &) (3) « (») <«) M 




Flo It 19 The input mpedxnce of a con cal antenna of any fit ( equal to the nput 
impedance of a uniform trinsm ss on 1 ne w th a Certa n output mpedanee Zi The 
input impedance of a thin antenna of any shape u J m larly represented except that the 
character! tic impedance is variable 

at present is r ot practicable because no convenient method is available 
for computing the appropriate wave functions In order to obtain such 
functions exactly it is necessary to use coordinate systems appropriate to 
the boundaries and to the physical phenomena Spheroidal coordinates, 
for instance fit the boundary of a spheroidal antenna but not the problem 
of the transmission of waves on it, and spheroidal wave functions are 
much more suitable for defining waves traveling away from the spheroid 
than waves traveling along it 

From the theory of nonumform transmission Sines we obta n the follow 
mg approximate xpress on for the input impedance 

K Rg sin L + AtXa — N) sin L - (K* - M) cos L] 

* " *KX. d- M)sm L + (X. d-W) cos L) - cos L 
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where M and N are the functions defined by 


M{L) = (5 f [K a — K (r,p)] sin 2 &rdr, 
J o 

N(L) = p f l [K a ~ KM] cos 2(3r dr. 
Jo 


( 6 - 2 ) 


Separating the real and imaginary parts, we have 

K«R a (K a + N sin 2 L-M cos 2 L) 

4 " R- cos 2 L + \{K a + M) sin L + iX a + N) cos /-]= 5 

Kati(R;+X';+Af--N--Kl)s\n2L + (MN— K a X n ) cos 2 L+ (. MX a -KgN )] 
A ’“ Rl cos 2 L + [(K a + M) sin L + (A'o + AO cos L] 1 

where K„ is the average impedance. 

For cylindrical antennas we find 

M(L) = 60 (log 2L - Ci 2L + C — 1 + cos 2Z), 

N{L) = 60 (Si 2 L - sin 2 L), K a = 120 (log ~ - 1^ . 

In free space, for antennas whose longitudinal cross-section is rhombic, 
we have 

M{L) = 60 (C + log 2 L - Ci 2L){\ + cos 2 L) - 60 Si 2 L sin 2L, 
N(L) = 60 Si 2£(1 —cos 2 L) - 60 (C + log 2L - Ci 2Z) sin 2£, 

A' 0 = 120 log — , 
a 

where a is the maximum radius. For vertical antennas of triangular shape 
with base of radius a, above a perfectly conducting ground, the above values 
are halved. 

For spheroidal antennas the corresponding formulas are 

M{L) = R a (L) - 60(1 - cos 2 L) log 2, 

N{L) = X a {L) - 60 log 2 sin 2 L, K a = 120 log - , 

a 

where a is the maximum radius. 

In the case of antennas of rhombic cross-section above a perfectly con- 
ducting ground (cross-section (5) in Fig. 11.19), the first half of the antenna 
is uniform and the second half nonuniform. The input impedance of the 
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Second half is 

R. „n | + , [(A. - A) »» | - (A’. - M) co, |] 

Zx — Kx j- ~~ _ ~~ L ~ iS\ L ' 

I {K,, + M) sm - + (Xa + N) cos -J - tR „ cos ^ 

M{L) - 60 log 4 + 60(C + log \L - Ci 2L) cos L - 60 Si 2L sin L, 
N(L) = 60(Si 2L - 2 Si L) cos L - 60(C + log \L + Ci 2L - 2 Ci L) sin £, 
4 ! 

K„ - 120 log- 
it should be noted that in the above equation for Z, the quantities R„, X a , 
M, and N are functions of L not of £ 2 Using this impedance as the 
terminal impedance of a uniform transmission line of phase length L/1 an d 
characteristic impedance equal to that of the first half of the antenna, wi 
obtain the input impedance of the entire antenna 



In Fig J 1 20 the average characteristic impedances are shown for several 
antenna shapes curve (1) is for a cylindrical antenna, curve (2) for a 
spheroidal antenna, and curve (3) for an antenna of rhombic cross-section 
In Figs II 21 and II 22, the input resistance and reactance of cylindrical 
antennas are shown as functions of /A for different values of K a For 





Fig. 11.22. The input reactance of hollow cylindrical antennas in free tpace. For vertical 
antennas over a perfectly conducting ground divide the ordinates and K a by 2. 

4G 
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antennas above a perfectly conducting ground the values of K t and of the 
ordinates should be halved Figures 11 23 and 11 24 show the resonant 
impedance of cylindrical antennas for the first and second resonances 
respectively * 



KM 1133 The resonant impedance of hollow cylindrical antenna* as a function of K 
when /is in the vicinity of X/4 



CHARACTER STIC MPEOAVCC I 
nant impedance of hollow cylindrical antennas as * func 
when / is in the vicinity of X/2. 


When l = X/4, the input impedance is 


As K a increases, this impedance approaches the foltowmg value 


2 -*-(0 + 'W3~<)’ 
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The limiting value of the input resistance is nearly 73.13 ohms. For any 
finite value of K a , the input resistance depends also on M(ir/2), that is, on 
the shape of the longitudinal cross-section as well as on the mean size of 
the transverse cross-section. For example, for cylindrical and spheroidal 
antennas M(ir/ 2) is equal respectively to —21 and —10; hence the in- 
put resistances are somewhat higher than 73.13. Even when K a is infinite, 
the input reactance depends on the shape of the longitudinal cross- 
section. Thus for cylindrical antennas the reactance is 30 Si 2x = 42.5 
ohms and for spheroidal antennas it is zero as compared with 154 ohms 
for conical antennas. 

The effect of capacitance between spherical caps at the ends of the an- 
tennas may be included as follows. For two caps of small radius a the 
admittance between them is substantially equal to /ojC where C is the elec- 
trostatic capacitance. Thus the value of this admittance is ia/ 30X and 
it should be included, when necessary, in parallel with the terminal ad- 
mittance Y, of (2-4). Introducing this correction in (3-9) we find 


Y t = 


Ra(L) . X a (L) 
K 2 K 2 


-j- CtiC 


s 


so that the effect of the cap capacitance is obtained if we replace X a by 
X a + ccCK 2 . 

Consider for instance formula (5-3) for the resonant lengths of anten- 
nas. The cap capacitance causes a shortening of the resonant length 
which may be expressed as uCK/L. For conical antennas this may be 
written K/30ir exp {—K/ 120), while for cylindrical antennas its value 
is K/ 30r exp ( — AC/120 — 1). This effect will be negligible when K is 
sufficiently large, but for K = 600 we find that the cap capacitance de- 
creases tire resonant length by 4.3 per cent for conical antennas and by 
1.6 per cent for cylindrical antennas. If K is increased to 1200 these per- 
centages are reduced to 0.058 and 0.021 respectively. 

The explicit expressions for the M and N functions given in this section 
have been calculated from (6-2) on the assumption that the distance 
between terminals is negligibly small. Under practical conditions one 
may assume that M and N are independent of this distance so long as / is 
measured from the end of the antenna to its nearest input terminal. In 
more accurate work the effect of finite separation can be obtained by recom- 
puting M and N from equations (6-2). The distance r should be taken 
from the input terminals. As the distance between the input terminals 
becomes larger and larger the field distortion in their vicinity becomes 
substantial and will effectively introduce an impedance across these ter- 
minals in parallel with that of the rest of the antenna. 
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117 Current Distribution in Antennas 
The current distribution in a conical antenna is given by equations 
(1-14), (1-15), (1 16) and (3 8) In an antenna with nonuniform char 
acteristic impedance equations (1 15) should be modified in accordance 
with the theory of nonumform transmission lines Thus the current d stn 
button depends on the d stribution of inductance and capacitance in the 
antenna as well as on the complementary current waves due to reflection 
at the boundary sphere 

A typical complementary current wave is given by 

i-t> <r) - /..+.<*■) 



Figure 11 25 shows the variation of the amplitudes of the first third and 
fifth (m = 0 1 2) secondary waves as functions of the distance from the 
center of the antenna In the vicinity of r = 0 the amplitude of the 
(2m-}- l)th current wave varies nearly as r 2 '' 1 '* 1 thus the secondary current 
waves affect the current distribution mainly near the ends of the antenna 
The maximum amplitudes of the secondary current waves depend on the 
characteristic impedance and on the length of the antenna Figure 11 26 
shows the secondary current waves when K = 1000 and i = X/2 The 
solid curves show the components in phase with the principal current 





Fig. 11.27. The total current in the antenna of length 2/ = X; K = 1000. The solid 
curve represents the amplitude of the total current; the dash curve represents the 
amplitude of the component in phase with To and the dash-dot curve is the amplitude 
of the quadrature component. 
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Component 7<> sin PU ~ r); only the first of these is important, except 
in the immediate vicinity of r — 1. The dotted curves show the quadrature 
components of which only the first two need be considered. In Fig. 11.27 
the solid curve, the dash curve, and the dash-dot curve represent respec- 
tively the amplitude of the total current, the component in phase with To, 
and the quadrature component.* In Fig. 11.28 the total current is com- 
pared with the principal current. The difference between the real parts is 
quite small but the difference between the imaginary parts is relatively 
large except at the center. 

The current distribution determines the shape of the radiation pattern. 
The quadrature components radiate independently. Since the radiation 
intensity is proportional to the square of the moment, the radiation pattern 
is affected but little by the current in quadrature with 7o except in those 
directions in which the radiation is small, where a small absolute difference 
may contribute a large percentage deviation. Rewriting the expressions 
(1-15) for the voltage and the principal current in terms of the amplitude 
To as defined by equation (3-6), we have 

V(r) = -iKI 0 cos p (/ - r) + (R* + iX a )I 0 sin P(l - r), 

loir) = 7o sin ft (I - r) + Xa ~^ a - 7 0 cos p (/ - r). 

The real part of the principal current is practically unaltered except in 
the vicinity of the current nodes. These equations are in agreement with 
the general theory concerning the current distribution on thin wires. 

The imperfect conductivity of the ground has a much more marked 
effect on the radiation pattern than the deviations in the current distri- 
bution from the limiting distribution 7o sin p (/ — ?■). Thus the radiation 
intensity of a quarter-wave antenna in the ground plane is zero for an 
imperfectly conducting ground; an effect in comparison with which the 
effect of finite K is altogether negligible. 

11.8. Inclined Wires and Wires Energized Unsymmetrically 

The principal waves on inclined wires [see Figs. 11.19(6) and 11.19(7)] 
have been considered in section 8.14. The functions R a and X a may be 
calculated by the method outlined in section 4; the M and N functions 
are obtained from the theory of nonuniform transmission lines; in terms 
of these functions the impedance is given by equation (6-1). 

* In this figure the current does not quite vanish at the end of the antenna because 
only the first two complementary waves were included; the higher order waves reduce 
the end current to zero but do not affect the current appreciably at any distance from 
the end. 



470 


ELECTROMAGNETIC WAVES 


Chap 11 


The calculation of the complementary current waves is more compli 
cated If the angles and of the conical wires are small compared 
with the angle «J between their axes, the proximity effect is small and the 
current distribution in each wire is substantially uniform round its axis 
Then the rad al electric intensity is proportional to the following function 

T(S, 0*) - AP n {- cos 6,) + BP,{- cos «,) 


where fli and are the angles made by a typical rad us with the axes of the 
wires This function must vanish on the surfaces of the wires and we have 
approximately 


AP«{- cos *») + SP„(- cos d) = 0, 
AP*(- cost?) -f BP,{~ cos **) - a 


(8-1) 


Hence n must be a root of 


/*,,(— COS <h)P*(~ COS \f> 3 ) - (?»(“ COSl>)f 


For equal cones this equaton becomes P»(- cos f) *= ±P n (— cos 0) 
Once » is found the ratio A)B is obtained from (1) and the T function is 
determined except for a constant factor The field is then computed from 
the T function 

Other antenna problems arise if the generator is not at the center For 
example in the case of a bicomcal antctuia the generator may be at some 
po nt A (Fig 11 29) In general the 
current distribution in the antenna is 
not symmetric about the center and 
waves corresponding to all values of tt 
gnen by (1 10) and (1-13) are gener 
ated There are two principal waves, 
the symmetric corresponding to n = 0 
and the ant symmetric correspond ng 
to n = 120 / K The symmetric trans- 
mission modes correspond to the case 
in which one half of the total electro 
motive force V is applied at A and 
the other half at A 1 ((Fig 1 1 29) the 
Fio 1129 The eross-Kcaon of a coo ant isymmetric modes correspond to 
ical antenna and boundary spheres. the Case in which IS applied at A 
and — \V at A In regon (1) only 
J n functions are permissible (when n > 0) and in region (2) functions 
should be included 
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Another method of approach is based on considering two cones of un- 
equal length with a generator at the common apex 0 (Fig. 11.30). The 
field in region (1) is similar to that in 
region (1) of the preceding problem. 

The field in region (2) consists of 
waves corresponding to a different set 
of values for n since in this region the 
field must be finite for 6 = tr and con- 
sequently T(0) = AP n (— cos 6). The 
values of n are then obtained from 
the equation P„(— cos ip) = 0. If ^ 
is small, the roots are approximately 
w = m + 60/ K, m = 0,1,2, • • •. 

Transmission of waves on a wire 
energized near one of its ends may 
also be studied b} r considering waves 
on a cone surmounted by a small 
sphere (Fig. 11.31) The electromotive force may be applied either be- 
tween the cone and the spherical surface round 
the circumference AB or between the apices at 0, 
one apex belonging to the original cone and the 
other to a small cone leading to the surface of the 
Fig. 11.31. The cross- sphere. Approximate solutions of these problems 

section of a conical can he found without much difficulty and extended 
antenna and a small . . , , „ ' . 

sphere at its apex. t0 wlres ot other shapes. I hese solutions will 

supplement the conclusions drawn from the solu- 
tion of the principal problem of two equal cones of equal length. 

11.9. Spherical Antennas 

Equation (2-3) is the general expression for the terminal admittance Y t of a bi- 
conical antenna consisting of two equal and oppositely directed cones. When the 
cone angle ip and the length / are sufficiendy small, the total current 1(1) is so nearly 
equal to zero that the terminal admittance is determined substantially by the comple- 
mentary current. But as die cone angle increases the total current makes an increas- 
ingly important contribution to the admittance. When the cone angle ip is nearly 
90 degrees, the biconical antenna becomes a pair of nearly hemispherical conductors 
fed by a cone transmission line from the center (Fig. 1 1.32). In this case the comple- 
mentary current 7(1) becomes small and the terminal admittance is determined largely 
by the total current /(/). That the complementary current becomes relatively small 
can be seen if we observe that in the present case the cone line is approximately a 
disc line with variable separation between the “ parallel planes.” When the separa- 
tion is small compared with the wavelength, all transmission modes except the prin- 
cipal are attenuated and the energy associated with these modes is concentrated in 




Fig. 1 1 30, The cross-section of a 
conical antenna and boundary spheres. 
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the region where the corneal feeders join the sphere The depth of this region (in the 
direction toward the center) is comparable to the separation between the edges of 
the two hemispheres The capacitance representing this local storage of energy will 
be small compared with the external capacitance between the hemispheres. 



spherical antenna or a double cone 
of large angle surmounted by large 
spherical capj 



Ftc 1133 A spherical antenna fed 
along an arbitrary circle of parallel 


Thus we may assume that the approximate voltage distribution over the aperture 
of the cone transmission line in Fig 11 32 or in the more general case shown in 
Fig 11.33 is governed by the principal wave Let V be the total transverse voltage 
at r — 1 «• a, where a is the radius of the sphere, then Ei(a,0) - 0 except in the 
interval f < 0 < \M- where 


Etfflfi) 


r,V 

ItKa sin 0 


6oy 

Ka sin 0 


(9-1) 


In accordance with equations (1-1) the meridian electric intensity for r > a may be 
represented as follows 

r&(fy« - ?£ «) <”> 

In the theory of spherical Harmonics it has been established that an arbitrary function 
/(0) (subject to certain limitations) can be expanded in the form 

m - s <«■ •>, -■ - ™ eJ> 


Hence the coefficient An in the expansion for aEt(a,$) is 


A n 


60(2tt 4- 1) f*+*£ 
1x(.n+l)Kj t ** 


/’.(cos ») J0 


3t)(2« + DIP, (cos + + &)- P.( cos »)) 
»(» + 1)X 


(9-3) 
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From (2) and (1-1) we obtain the remaining intensities 

„ , „ _ „ ^ , $n(ipr) . 

rH *W) ~ 1 v R' n (jp„) Pn(c0S 6) ’ 

. „„ . »(»+l )K n (ipr) „ , m 

»coer-£ r = A Z A A„(cos 8). 

n = l T]k n (tpa) 

The conduction current in the sphere, flowing in the direction of decreasing coordinate 
9, is 

1(9) = E Inffi), 7„(0) = 1-kAM.V sin 9 Aj,(cos 9), (9-4) 

n =1 

where M n is the radial admittance of the »th zonal wave at the surface of the sphere 

_ kndfia) ]«(&) - ifi n (Pa) 

yR'n(iPa) + ijn(fia )] ' 

The conjugate complex power flow across the aperture of the cone is 


' aE${a,9)I(9)d9 

J, 


Z M„[P n (o OS + + 0) - A n (cOS *)]*. 

A.' n .i»l»T I) 


From this we obtain the average admittance at the aperture of the cone line Y av — 
2T*/ V~. This value may be taken as the approximate value of the terminal admit- 
tance Yt — Y av . The exact value would be obtained if we used the exact expression 
for Ee(a,9) instead of the approximation (1). 

Let us compare this expression with the ratio of the total current /(i/') flowing across 
the edge of the upper hemisphere to the transverse voltage 

“77 - = -,r E - 7~ T Mn sin 1 (f An (cos i/') [A n (cos ^ + t?) — A„ (cos \t)]. (9-S) 


When i/' + i?/2 = 7r/2 this ratio represents one component of the terminal admit- 
tance as defined by (2-3). For other values of ^ we should take the average value* 
[/(i/0 + I(tp + t?)]/2A. The characteristic impedance of the cone line is 


A = 60 log 



\H-tA 

tan— J 



t? 

+ sin — 


. tT 


* The inequality of I( ty) and I(\p + t?) is due to secondary waves and affects the 
input impedance only indirectly through these waves. For the principal current 

■foOW = A> (A + t?). 
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When t> is small compared with + d/2, then we have approximately 

120 sir, — 

„ 2_ 60d 

44 4-0 

In this case we also have, except when it is targe, 

/’.(cos *+d) - P„(cos - dPi [cos ^ (9-6) 

Substituting these approximations in V, *= Y„ and in (5) we obtain 

y, - , .«■(* + m.Jpi[«.(< + 1)]| . 

(9-7) 

[m. (f + J)] 

The two expressions tend to become equal as t> approaches zero. For large values of 
n the original terms in the expansions fot Yi and /( V)/V must be reta ned since (6) 
will no longer be a good approximation While the ind vidua! terms are small, the 
approximation (6) will lead to a d vergent senes if used for unrestricted values of n 
Thus we have the following approximate expression fo* the terminal admittance 

Y, = MJp.it os t+j) - Pn (cos ittl* (9-8) 


When computing this express on the first few terms may be replaced by the corre- 
sponding terms in the senes (7) for Y, The terminal admittance tends to infinity 
as 0 approaches zero th s is as it should be since the capacitance between the two 
hemispheres will increase indefin tely as the distance between the edges diminishes 
On the other hand. Fig 1 1 4 shows that when n increases, G„ rapidly approaches 
zero and only a few terms are needed to compute Ci quite accurately 
If <p “ (v — d)/2 only the odd terms in (8) remain thus 


Y, 


7200a- " Am + 3 

K* »,oWtl)P»+l) Wl 




(9 9) 


For small values of t 5 the real part may conven ently be computed from (7) thus 

c - - Li (. - vT)d. 3 + 1) (woi 


The values of the associated Legendre (tract 

rU.W- 


ons and the A s are 

13 3 (2m + 1 ) 


2 4 6 2m 
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30(4 m + 3)P 3m+ 


Aim+l — 


'(rzS. 


(tn + 1) (2 m *4* 1 

A\ = — ■§■, A3 — -fo, At, = — - 3 -^, ■ 

Hence the first two terms of 1(6) are 


(4 m + 3)PS>m_|-i (0) 

4 (m+ l)(2w + 1) ’ 

(-) m+1 / 


' Alm+ 


(-£) 


3 21 7T 

A(0) = -y MiV sin 2 0, J 3 (0) = - — M 3 V sin 2 0(1 - £ sin 2 0). 


The amplitude of the first current wave is maximum at the edges of the hemispheres 
and vanishes at their poles; the next wave has an additional maximum and an addi- 
tional node. When the circumference of the sphere equals the wavelength, then 
$a — 1 and 


Mi = 


1 + / 
120jt 


, M 3 = 


0.00047 + /'0.359 
120jt 


Ix (0) = 


/ 7 (1 + i) 
80 


sin 2 0, 


h(6 ) ~ -/0.0157P sin 2 0(1 - £ sin 2 0). 


The current wave in phase with V is given almost entirely by the real part of /i(0); 
on the other hand the reactive component of 1 3 may be larger in magnitude than that 
of A. 

We shall now prove that as 9 approaches zero, Bt increases indefinitely as log 1/0. 
If 0 is very small and X not too large, the principal term in the capacitance between 
two spheres must be equal to the principal term in the capacitance between two halves 
of a 180-degree wedge transmission line (section 8.7). Thus, if s = ad is the distance 
between the edges of the hemispheres, B t — > 2icoea log \/s as s — > 0. The following 
direct method of proving this asymptotic property is also useful for computing Bt 
from (8). For large values of it we may use the asymptotic formulae 

/ 2 1 ir4 itoea 

P„(cos 0) ~yj^7^- g sin [(” + 2)0 + -J , M n ~-~-. 


Assuming that \p + 0/2 = 7r/2, substituting in the imaginary part of (8), rejecting 
the first term, expanding the coefficient in a power series, and retaining only the prin- 
cipal term, we obtain 


rcoea ~ 

— ~$2~ £ 
v me= ] 


1 — cos 2 m& 


'■ 2iGsea ^log 


h +hS )- 


As m increases the difference between the corresponding terms in the exact series for 
Bt and in the above approximate series approaches zero as 1/m 2 ; hence the series 
formed by subtracting one of these series from the other converges more rapidly than 
the original series. 

An approximate formula for the conductance of a large spherical antenna can also 
be obtained by regarding the sphere as a 180-degree wedge transmission line; thus 
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Gt or 0a / 120 — tca/60\ Ttua approximation is fairly good even for moderate values 
of 0a 

The outstanding feature of the spherical antenna which is shared by other * broad 
surface rad atots » the comparatively slow variation of its impedance with frequency 
as contrasted with the rapid variation of the impedance of thin wires. 


11 10 The Reciprocity Theorem 

The Reciprocity Theorem may he briefly stated as follows the post 
twns of an impedanctless generator and ammeter may be interchanged without 
affecting the ammeter reading One type of proof ts very similar to the 
proof of the Reciprocity Theorem for electric networks (see sectidn 5 1) 
In this section we shall prove the theorem first for transmission lines and 
then for antennas 

Consider a transmission line of length / and let E\ (?) and Ez(x) he two 
distributions of applied senes electromotive forces, then 


J h 

dx 

dV* 

dx 


-ZI, +£.(«), ~ - -YV U 
-ZZ, + £,(«), ~YV 3 


Multiplying the first equation by 1», the last by V\ and adding, we obtain 

i (yjd _ _z«, - rw + ej. 


Integrating from r = 0 to x = /, and rearranging the terms, we ha,ve 

f' EJa * - f' Zhhd* + £ Yr,v, it + VJa |‘ 

The first two terms on the right are obviously symmetnc in the subscripts, 
the last is also symmetric since 

- Z<0A<0f*(0 ' Z(0)A(0)/,(0), 
where 2(0) and 2(f) are the terminal impedances Therefore 
f* E X I 2 dx = J' EJ\ dx 


This is the general Reciprocity Theorem for transmission lines 
In the special case when 2ti(*) and £*(*) are concentrated in infinitely 
short intervals at x = ?i and x = { 2 , we have 
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or 

)mi) = 

If the impressed electromotive forces are equal, then = 7 i(£ 2 ). 

In three dimensions we write 

curl E\ = —Mi — iccfiHi, curl H\ — (g + im)E \ , 

curl E 2 = —M 2 — icoftH 2 , curl H 2 = (g + ivie)E 2 . 

Multiplying scalarly the first equation by H 2 , the last by E\, and subtract- 
ing,* we have 

Ei • curl 7/2 — 7/2 • curl E\ = Mi • H 2 + ioiHy • H 2 + (g + fcoe)Ej • E 2 - 

The left side equals div (77 2 X £ 1 ); multiplying by dv, integrating over a 
volume (a), replacing the volume integral of the divergence by the surface 
integral of the normal component, and rearranging the terms, we have 

J J J Mi- H 2 dv = - /// iut±Hi • H 2 dv 

- J J J (g + iae)Ei ■ E 2 dv + //<"» X E x ) n dS, 

where (-S’) is the boundary of ( v ). The first two terms on the right are 
symmetric in the subscripts. The last term is also symmetric since we 
are free to choose (a) as an infinite sphere, in which case E$ = vH<p, E v = 
—yjHo, and consequently 

If (77 2 X Ei) n dS = -v f f (He,iHe,2 + H Vll H 9 , 2 ) dS, 
and (10-1) 

Ilf Mi • Ho dv = Iff M 2 ■ Hi do. 

This equation holds even if g, n, and e are functions of position. 

Consider now a special case of two antennas (Fig. 11.34) energized at 
points A and B. Two voltages Vi {A) and V 2 {B) may be applied by means 
of two infinitely small magnetic current loops round points A and B, carry- 
ing the following magnetic currents 

Ki{A) = —Vi(A), K 2 (B ) = -V 2 C 1 B). 

Under these conditions (1) becomes 

Hi{A)I 2 {A) = F 2 (B)h(B). 

* Subtracting rather than adding since the electromagnetic equations are anti- 
symmetric. 
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The above is the most frequently used reciprocity theorem Another 
theorem is the positions of a generator and a voltmeter > both of infinite im 
pcdance, may be interchanged without affecting the voltmeter reading The 
more general form of this theorem for transmission lines is 

/ y,»s* f i,y , * 

where J\(x) and are two current distributions applied in shunt with 
the line Similarly in the three dimensional case we have 

///;, **-////, £.* 


One corollary of the Reciprocity Theorem is the directivity patterns 
of an antenna are the same whether the antenna is used as a transmitter 
or as a receiver This follows at once from 
the definition of such patterns The direc 
) tuc pattern of a transmitter is explored at 
infinite distance by a tuned doublet 

d y Q so oriented that maximum power is received 
by the doublet The directive pattern of 
a receiver is found by obtaining its re 
Fio 11J4 Illustrating the Reci sponse to plane wares arriving from differ 
pnx ty Theorem ent directions, the electric vectors of these 

waves being so oriented that maximum power is received by the antenna 


17 


11 11 Receiving Antennas 

In the case of a receiving antenna the electromotive force is impressed 
at all points of the antenna and the complete theory of a receiv ng antenna 
depends on the solution of the most general transmitter problem On 
the other hand the solution for a transmitting antenna 
energized at the center is sufficient, in view of the Reci 
procity Theorem, to enable us to find the performance of 
the same antenna when the electromotive force is removed 
and the internal impedance of the generator is used as a 

Thus consider an antenna and a tuned current ele 
ment at a large distance from it (Fig 1135) and suppose p lc jjjj 
first that the antenna is being used as a transmitter tracing the Reo 
Let p be the moment of the current distribution in proaty Theorem 

the antenna when an electromotive force V is acting at A,p~ 

The voltage V impressed on the element and hence the current in it 
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are 


vm = 


ii\ple~'^ r 
2 Xr 5 


hiB) = 


triple-*' 
2\rR 1 


where i? is the radiation resistance of the element. Now let the current 
element act as transmitter with the antenna as receiver, then the current 
in the element and consequently the electric intensity impressed on the 
antenna are 


/a( } R’ 2\rR ' 


By the Reciprocity Theorem the current at A in response to this field is 
equal to I\(B ); expressing this in terms of E, we have 


h(A) = 7,(5) = 


pE 



Eh 

Z A + Z L ' 


where h is the effective height of the antenna, and Z A , Z L are respectively 
the antenna and load impedances. Thus the current in the antenna when 
used as a receiver has been expressed in terms of the current distribution 
in the antenna when used as a transmitter. In applying the Reciprocity 
Theorem care should be taken not to change the impedances. 



CHAPTER XII 

The Impedance Concept 


12.1 In Retrospect 

Most concepts grow with their use Ong nally the word * number 
meant what we now call integer ' , then in successive steps the meaning 
has been broadened to include rational fractions ^rational fractions, nega 
tive numbers, and finally complex numbers The impedance concept is no 
exception and it has grown considerably in the half-century of its existence 
The term impedance * was proposed in 1886 by Oliver Heaviside for the 
voltage/current amplitude ratio in a circuit comprised of a resistor and an 
inductor * In 1889 a further impetus to its use in the same sense was given 
by Oliver Lodge f Three years later F Bedell and A Crehorc proposed 
the term impediment for a similar ratio in a c rcuit including a capacitor 
as well as a resistor and an inductor However, there was no real need for a 
separate term and the word impedance was soon used in a broader 
sense It was not very long before it was used for any voltage/current 
ratio, expressed as a complex number with its absolute value equal to the 
amplitude ratio and its phase to the phase difference between the voltage 
and current It is outside the scope of the present book to follow the his 
torical development of the impedance concept and the above remarks have 
been made only to give a probable date of its inception What concerns us 
primarily is the actual meaning of the concept and its uses 

First let us consider stationary fields and the simpler concept resistance 
The resistance of a conductor AB (Fig 12 I) is defined 
as V/I i where V is the electromotive force along AB 
and I is the current in the conductor The current in 
the conductor is the same across all cross-sections and 
the voltage between the terminals AB is independent 
of the path along which the electric intensity is in 
tegrated Thus our definition of the resistance requires no further 
qualification 

The situation becomes quite different when an alternating voltage is 
applied between the terminals A and B The voltage depends on the 
path joining the terminals and the current vanes along the conductor 
* The Electrician July 23 1886, p 212. 
t Electrical Review, May 3 1889 
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If the distance between the terminals is small (Fig. 12.2), the voltage 
is nearly the same for paths going “ more or less directly ” from A to B 
and the current flowing out of A, let us say, is nearly equal to the current 
flowing into B. The input imped- 

O ance is then defined as the voltage '~S\ 

divided by the input current. In ff )) 

practice, the distance between the / 

terminals is “ small ” if the voltage 

A B is nearly independent of the path w , , . 

X2 i a oa*/" *iii y pig. 1 /Ik wire 

ric i-./. a wire from one terminal to the other. In w i t h pointed ter- 

areclose together! theory We might be tempted to as- minals which can 

sume that the terminals are infinitely *\ e brought infi- 

,1 r 1 . • . , nitely close to- 

close; but unfortunately the capacitance, and hence gether without 

the admittance, between terminals of finite size tends making the capac- 

to infinity as the distance between them approaches itance between the 

zero. This is a purely theoretical situation; in prac- 
tice the distance is merely small and the capacitance is also usually 
small. A way out of this difficulty is found by assuming that the terminals 
are tapered off to mere points (Fig. 12.3). If such conical terminals are co- 
axial, then the admittance between them, ignoring the rest of the circuit, is 


Fig. 12.3. A wire 
with pointed ter- 
minals which can 
be brought infi- 
nitely close to- 
gether without 
making the capac- 
itance between the 
terminals infinite. 


y = j — 
\K 


60X log 


1 + cos $ 


60X log 


h + 


where h and a are respectively the height and the maximum radius of each 
cone. If h = a, we have 

ir^7.a a 

Y = / t=- = 10.0840 — mhos. (1-2) 

60X log (1 + V2) X ' 

This admittance is very small unless the waves are very short; even if it 
is doubled or trebled by increasing h, it will have a negligible effect on the 
impedance of the circuit unless the latter is very large. 

If a is kept constant while h approaches zero, we have 

y ^ =/0 -° 524 ^ ; ( 1 “ 3 ) 

this admittance is equal to the admittance of two parallel circular discs 
of radius a, separated by distance h. As h approaches zero its value in- 
ci eases indefinitely but, except for very short waves, h has to be very small 
indeed before the impedance of the entire circuit is noticeably affected. 
The conception of impedance does not depend on the existence of ter- 
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minals Thus in dealing with the transmission of waves on perfectly con 
ducting parallel wires (Fig 124), the senes impedance per unit length ot 
the transmission line is defined as the following ratio 

I- '-'/* . <- IH) 

In defining the transverse voltage V^c the path of integration must be 
- restricted to the plane perpendicular to the 

— • * “ ' wires, it does not have to lead directly from 

one wire to the other and may deviate con 
siderably from a straight path as long as it 
J 0 remains in the transverse plane, but it should 

Fig 114 lHoimting the im not leave the plane The transverse voltage 
pedance per un t length of a can. be measured directly only when the separa 
' ' 1 1 tion between the wires is small and the im 

pedance of the leads connecting 8 and C with the terminals of the volt 
meter aoes not appreciably aftect the measurement 
The impedance per unit length of the parallel pair of wires as defined 
above does not have quite the same mean ng as the resistance per unit 
length of a wire, or the impedance per unit length of a long coil In the 
latter cases theie ex\st actual voltages between two points on the wire 
or between two turns of the coil, and the impedance is similar to the input 
impedance of a circuit But in the transmission line consisting of per 
fectly conducting wires, the voltage between A and B along the wire is 
zero, so is the voltage between C and D let the line as a whole acts as 
if it had an impedance between a terminal A, V and another terminal 
B, C 

The next step m extending the impedance concept was to include rat os 
of electric and magnetic intensities This extension has served to unify 
many diverse problems concerning the reflection of electromagnetic waves 
so that each problem has become a special case of a general problem Con 
slder for example a metal tube (or a coaxial pair) 

filled with two homogeneous dielectrics and let the V/jWf?///M/M 

boundary between the dielectrics be perpendicular Wf/Jz W'w 

to the axis of the tube (Fig 12 5) For each trans- Wm/Mf/f/A 

mission mode the field distribution in transverse ■ • M/UmiiMi i lmi 

planes is independent of the constants of the di f ,G 12 - Reflection m 
electric and the reflection and transmission co- Xsconoovmy ** * * Iinp ' e 
efficients depend solely on the ratio K"/K', of the 

wave impedances in the direction of the tube The same general formula 
applies when plane waves are mcideit normally or obliquely to the plane 
interface between two med a provided either E or ft’ is parallel to the 
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interface; it applies when cylindrical waves are incident normally on 
cylindrical bodies and when spherical waves are incident normally on 
spherical bodies. 

The impedance normal to a surface separating two media is defined as 
the ratio of the tangential electric intensity to the tangential magnetic 
intensity. The impedance normal to a thin film with a sheet of infinite 
impedance just behind it is equal to the surface impedance of the film 
itself, that is, the ratio of the electric intensity to the current density. In 
general the only practical means of approximating in effect a sheet of infinite 
impedance behind the film is to place a good conductor a quarter wave- 
length (or an odd number of quarter wavelengths) behind the film. The 
wavelength in question should be that in the direction normal to the film. 

Any wave guide may be terminated in a resistance film, normal to its 
axis, and designed to absorb all the energy carried by a wave traveling 
in one particular transmission mode; we need only make the surface resist- 
ance R s of the film equal to the wave impedance of the incoming wave 

R. = K z . (1-5) 

The surface resistance of a thin film of thickness t is substantially equal to 
its d~c resistance R s = \/gt. Since the conductivity of very thin films 
is not necessarily equal to the conductivity of the material of the film in 
bulk, R, should be measured. 

For the dominant mode in air-filled coaxial pairs we have K z = 120tt 
and the impedances are matched when R s — 120?r. The d-c resistance 
of an annular film is 


/? = r- log - , 
2r a 


( 1 - 6 ) 


where a and b are the radii of the boundaries of the film. If the radii of 
the coaxial pair are equal to a and b , then the matching condition becomes 
R — K, where K is the integrated characteristic impedance of the coaxial 
pair. 

In the case of circular wave guides the matching resistance films are 
circular discs. To determine the surface resistance of these discs the d-c 
resistance between a pair of concentric circular electrodes in contact with 
the discs may be measured. Since from (6) we have 


R, 


2t vR 



a 
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where a and b are the radii of the electrodes the matching condition (5) 
may be expressed m terms of this measured res stance 



For transverse magnetic and transverse electric waves this becomes respec 


lW\ - ? 


In the case of rectangular guides the matching films arc rectangular 
If the dimensions of the rectangle are a and b and the d-c res stance R is 
measured between the s des having the length a then R = {b/d)R, and 
the match ng cond tton (5) becomes R = {b/a)K, 

We have seen that a sufficiently thick conductor can be regarded as an 
impedance sheet whose surface impedance is equal to the intr ns c imped 
ance v of the conductor If the th ckness t of the conductor is small com 
pared with the radius of curvature then the surface impedance is ij coth ot 
When an actual conductor is replaced by an impedance sheet consist ng 
of a sheet of finite impedance over a sheet of infinite impedance many 
problems are simplified No energy can flow across an infinite impedance 
and the media on either s de of the impedance sheet may be treated as 
electromagnetically independent Also it becomes unnecessary to con 
sider the field in the conductor itself 


12 2 Wave Propagation between Two Impedance Sheets 
Consider two parallel impedance sheets CD and C'D' (Fig 12 6) and 
let the surface impedance of each be Z Then the field w 11 be symmetric 

>o 


77TP' 

Fio 12 6 Parallel impedance sheets 

with respect to the plane AB midway between the sheets If we confine 
our attention to fields m which the H lines are parallel to the y axis, the 
non vanishing field intensities will be E z E, From the assumed 
symmetry about the central plane we conclude that the electric lines are 
either perpendicular or parallel to this plane In the former case a perfect 
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conductor and in the latter a sheet of infinite impedance may be inserted 
at the plane, without disturbing the field distribution. 

When the jyz-plane is a perfect conductor, then for progressive waves 
in the positive z-direction we have 

Hy—J cosh y.ve“ rz , T 2 + y 2 = — P 2 , 

( 2 - 1 ) 

E x — J — cosh y.v e~ Vz , E z = J sinh yx e~ Pz , 

itiie twt 

where T and 7 are respectively the longitudinal and transverse propagation 
constants and J is the conduction current density in AB. The condition 
for natural waves is then 


—• tanh 7 b — —Z, (2-2) 

twe 


where b is the distance between AB and CD. Thus we have the following 
expressions for the propagation constants 


7 




(2-3) 


where w is a root of the following equation 
w tanh w = —ioiebZ — 


mz 

V 


(2-4) 


When Z — 0, we have w = nvi. If n — 0, 7 = 0, E- vanishes identi- 
cally and we have the principal wave. If | fibZ \ is small compared with i?, 
then one root of (4) is small compared with unity and we have approxi- 
mately 


w 2 = - 


ifibZ 


- + = V + z '>T • (2_5) 


We have already seen that this formula can be obtained directly from the 
integral equations of electromagnetic induction by assuming that the 
longitudinal displacement current is zero. Actually the longitudinal 
electric intensity varies almost linearly with ^ and the magnetic intensity 
is approximately constant 


E, = 






,-r* 


Then the current density in the sheet CD is — J + (ipbZ/ 2i?) /; thus this 
density is slightly different from the current density in the sheet AB. 
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At the other extreme when the right hand side of (4) is infinite we have 
to = t(n + j)jr, and when the right hand side is large but finite, then 

»-.(» + S>»(‘+jg) 

For the principal wave n = 0 and to — tr/1 — 107/2 fibZ The longitudinal 
electric intensity is nearly sinuso dal, rising from zero at the plane AB to 
a maximum at the plane CD The current in the sheet CD nearly vanishes 
and the dielectric between the planes serves as the * return circuit ’ 

In solving (4) for intermediate values of the right hand side we shall 
consider only the case in which Z is a pure resistance 

17 60X 

the numerical coefficient in the last equat on corresponding to free space 
between the planes Since to is complex we write w *= a 4- to Substi 
tuting in (4) and separating the real and imaginary parts, we have 
a smh a cos v — 0 cosh a s n 0 k sinh a sin t> 
v sinh a cos 0 + a cosh a sin 0 «= — k cosh a cos v 
Ehminat ng k, we obtain 

a sinh 2a =■» v sin 2 0 (2-6) 

Since a is essentially real the left side of thts equation is positive and the 
values of t> are confined to the following intervals 

0< .s', (» + i)r 

Thus the functional relationship between the transverse attenuation con 
stant and the transverse phase constant is independent of R hence this 
is also true for the longitudinal attenuation and phase constants At 
each end of the admissible v intervals a = 0 From (5) we conclude that 
in the present case u and 0 are of opposite sign, and since u has been as- 
sumed positive, a must be negative The left side of (6) is a monotonic 
increasing function of a and consequently a is minimum when the right 
hand side is maximum, that is, when tan 2a = —In The smallest root is 
1 015 - and the corresponding maximum value of 0 sin 2o is 0 91 Thus in 
the entire first interval the absolute value of a is less than unity and a 
rough approximation for a is 


V^o sin 2s 


( 2 - 7 ) 
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This approximation is at its worst in the vicinity of the minimum value of u; 
thus from equation (7) this value of n is found to be —0.67 while the ex- 
act value is near —0.60. Figure 12.7 shows the first branch of the curve 
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Fig. 12.7. Transverse attenuation constant vs. transverse phase constant. 

represented by equation (6). For each pair of values of u and v, we obtain 
the longitudinal propagation constant from 


Taking the absolute value of (4), we have 


( ir + a 2 ) (cosh In 


cosh 2 « + cos 2v 

This equation enables us to plot k as a function of either u or a; Fig. 12.8 
represents k as a function of v for the principal wave. It should be noted 
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Fig. 12.8. Transverse phase constant vs. impedance ratio. 

that while k may vary from zero to infinity, the ranges of u and o are limited 
for each transmission mode. 
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Consider now the principal wave as the frequency increases from zero 
to infinity while R remains constant In the lower frequency range k is 
small and the propagation constant is given substantially by (5) which in 
the present case becomes 



At sufficiently low frequencies the inductance term is negligible compared 
with the resistance and 

Thus the attenuation and phase constants are equal As the frequency in- 
creases, the inductance term becomes predominant and we have the usual 
transmission line formula 



As the frequency becomes so high that k is no longer small, T should be 
obtained from the exact formula (8) In this formula u and o are finite 
while Pi increases indefinitely, hence the attenuation constant approaches 
zero and the phase constant remains approximately equal to the intrinsic 
phase constant Over the enttre frequency range we have roughly 



If the frequency is kept constant but R is made to increase from zero to 
infinity, the behavior of T will depend on the magnitude of p b in comparison 
with unity When fib is large, the longitudinal phase constant is approxi 
nvately equal to 0 in the entire range while the attenuation constant varies 
from zero to a maximum and then back to zero If pi is not very large, 
b ut larger th an ir/2, the phase constant vanes from p at R = 0 to 
Vp ! — ir 2 / 4£ 2 at R *= oo Finally if pi < jr/2, then the phase constant 
diminishes from p at R — 0 to zero a t R — °o , at the same time the atten 
uation constant rises from zero to v' jr a /4 b z — 3* 

It should be remembered that R is the impedance normal to the sheet CD 
and, if CD is a thin film of some conducting substance, R is equal to the 
surface resistance of the film itself only when the impedance normal to the 
sheet on the other side of it is infinite This condition is obtained, for 
example, for all values of R when the resistance film is placed half way 
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between two perfectly conducting planes (Fig. 12.9) carrying equal currents 
in the same direction. At the plane of the film the magnetic intensity 
vanishes and we have in effect a surface of infinite impedance. The above 
equations will apply to this case if 

R = 2 R mm . _ * 

The above discussion has been based 
directly on the solutions of the differ- 
ential equations (4.12-18) appropriate 
to the actual problem. For each trans- 
mission mode these equations can be 
converted into the conventional form 
of transmission line equations in which the ^-coordinate is suppressed. 
Eliminating E z we have 

dEl (■ w *\u dHv - ; i 7 

v ' IT " ~ t0>eEx - 




Fig. 12.9. Resistance sheet between 
perfectly conducting planes. 


Integrating each of these equations with respect to x from x = 0 to x = b, 
we have 

dV _ / iwnbp ^ (t> 2 — u 2 )p 2 uvp \ i dj_ _ ima ^ 
dz \ a iueeib utab ) ’ dz pb ’ 

V = f E x dx, P = T} f H v dx. 

J o ol o o 

I is the conduction current in the plane AB between^ = 0 and.y = a\ the 
constant p is unity when H v is uniform. When k is small, p is nearly unity, 
the second term in the expression for the distributed series impedance is 
negligible, the third term becomes Rfa, and the equations reduce to the 
engineering form based on neglecting the longitudinal displacement cur- 
rents. When k is comparable to unity, the expressions for the distributed 
series impedance and shunt admittance become complicated; as k becomes 
large, these expressions are again simplified. 

If the yfjB-plane is a surface of infinite impedance, the equation for the 
transverse propagation constant becomes 

~~ coth yb = — Z. 
tm 


This equation has no solution in the vicinity of y — 0 and it defines trans- 
mission modes similar to the higher transmission modes in the preceding 
case 
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12 3 On Impedance and Reflection of Waves at Certain Irregularities in 
Wave Guides 

Let us consider a wave guide of rectangular cross section (Fig 12 10) 
bounded by two planes of zero impedance x *» 0 
x — a, and two planes of infinite impedance y = 0, 
y = i Such a wave guide is an ideal zation of a 
pair of parallel conducting strips the infin te im 
pedance sheets serve to eliminate the edge effect 
and thus smplify the mathematical problem 
® * The transverse electric intensity in the plane 

*wave gude *»vM> n fictI z *» 0 is in general an arbitrary function of x and 
■re of zero impedance y This funct on determines completely the field 
»nd the other two of j n the wave guide We shall take a simple case as 
infinite wnptdtnce an exartl ple an< j a5 Sum e that E, <= 0 E v (xy,0) « 
f(y) In this case H v ■ H, *» 0 Then for an infinitely long guide the 
field intensities are of the following form 

Ey - 

h x ~- co » e ~ r "> = cm> 

A, ** — ■ 7 £ xMnEn sin e“ r "' 

JU tb n - 1 t> 

In the plane z = 0 we have 

E, - i E. CO. , H. - - i M.E, cos 12 (3-2) 

*-0 n-0 b 

Consequently the conjugate complex power flow across s = 0 is 

*’-y(M»5>B + 5 (3-3) 

The coefficients E„ are obtained by expanding /(y) in a cosine senes of 
the form (2), thus 

t'-'if.™*- 7 - £ " ■ <«> 

where f'ls the transverse voltage between the conducting strips Thus the 
power flow across the plane z = 0 may be expressed in terms of the trans- 
verse voltage and the form of its distnbution over the plane The input 
impedance may new bs deiced so that 

** - \YJW* (3-5) 
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Substituting from (4) in (3) and using (5), we obtain 

Yt = — + i— Z — . ( 3 - 6 ) 

1 v b^2 v K~iT„E 0 E$ 

The first term is the characteristic admittance of the guide to the prin- 
cipal wave. If X > 2i , the second term is imaginary. As X increases 
indefinitely we have 

m ft 2b 

r n — > — , > > 0 , 

n b * T n n\ 

and the reactive part of the input admittance approaches zero regardless 
of the form of the voltage distribution. Thus for “ .low frequencies ” the 
input impedance of the guide is nearly equal to its characteristic impedance 
to the principal wave. 

Let us consider a specific numerical example in which the electric in- 
tensity E v in the plane z — 0 is zero except in the interval d < y < d -f- s, 




Fig. 12.11. Two wave guides joined together. 

where it is V/s. This distribution approximates that at the mouth of a 
wave guide of height s, joining another wave guide of larger height b 
(Fig. 12.11). In this case we have 


in 2b r . 

— = SI 

io ti-ks L 


. mr(d -f- s) . mr< 

sin : sin — - 

b b 


■tT 4 b . ms 

- = sin r ' 

ms 2b 


m(2d 4 - j) 


When d + s/2 = b/2, we obtain 


= (-)’ 


2b . tms 
— sm — 7 — . 
tms b 


Substituting in ( 6 ), we have Y) = G,- + G,- = M = a/tjb, and 


= " 
M 


As the wavelength increases, this ratio becomes approximately 


_2 2 \ ^ 
7T S A ni ~ i 
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By (3 7-53) we have 

c - “ ?[ ,OK * _ 0338 + + ] 

When /= 1000 and b = 002 lb/\ = 1 3 X 10' 7 If / 001* then 

Bt/M = S 6 X 10 -7 Even if f is raised to 10 6 , the ratio of the susceptance 
to the characteristic admittance is stiU small But when the frequency 
becomes so high that X is comparable to 6, then the susceptance may become 
appreciable 

Consider now a wave guide of uniform rectangular cross section with a 
metal diaphragm or ins across it (Fig 1212) Again we assume that two 
faces of the guide are of zero impedance and the other two of infinite imped 
ance. Let a wave in the dominant mode impinge on the ms The re 


Fio 12 12 An ins in a rectangular wave gu de 

fleeted and transmitted waves will consist of higher order waves as well as 
the dominant one Let the electric intensity of the incident wave in the 
plane of the ins (the xy plane), be £J The electric and magnetic intensi 
ties of the transmitted field are of the form (2) Since the total electric 
intensity tangential to the ins is continuous across the plane of the latter, 
the intensity of the reflected wave in this plane is 

E,~ («,-lJ) + £e. co. !S 

From this we obtain the magnetic intensity of the reflected field 

HI *= &lo{Ea -E%)+ ZM n E n cos ^ 

The magnetic intensity is continuous over the aperture of the ins, there 
we have HI + HI — H t so that 

-WSi + M,(G, - Mi) + r &1,E, cos 2p - - £ M,E, cos 22 
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(3-7) 
(3-8) 

and integrating over the iris,* we have 

00 

M 0 E' 0 E*ab = M 0 E 0 E%ab + \ab £ M n E n E* n , 

1 

gj _ 1 _ If M n E n E* 

E 0 p 2 n -iM 0 E 0 E?o • 


Transposing the terms, we obtain 

Multiplying by 


»ir y 


M 0 E' 0 = £ M n E n cos 

n=0 o 


£ Et cos 


n=0 


nvy 

T 


This equation represents the reciprocal of the transmission coefficient 
across the iris for the dominant wave. 

Now the admittance (6) of either half of the wave guide as seen from the 
iris may be represented in the following form 


Yt 


M+Y, 


? _ 1 f M n E n E* 
M 2 „=i Mo E 0 E£ ’ 


Consequently we have 1/p = 1 + Y/M. Comparing with (7.13-10) we 
find that the transmission coefficient for the dominant wave is the same as 
if the iris acted as an admittance Y, = lY in shunt with a transmission 
line whose characteristic admittance is M. The impedances of the two 
faces of the iris are thus in parallel, as is evident by inspection. 

That the iris should act as an admittance in shunt with the guide could 
have been assumed to begin with, since the voltage of the dominant wave 
is continuous at the iris and the current is discontinuous. When X > 2b, 
then Y and Y, are pure reactances. But when X < 2b, Y $ has in general 
a real component. While there is no loss of power at the iris, some power 
is carried beyond the iris and reflected back in other modes than the domi- 
nant; this represents an effective loss of power in the dominant wave. 

The theory of transverse irises in wave guides in which all four faces 
are perfect conductors is similar to the above. Thus if the edges of the 
iris are parallel to the E-vector of the dominant wave, then in the range 
a < X < 2a, the iris acts as an inductive reactance in shunt with the guide. 
If the E-vector is perpendicular to the edges, the effective reactance is 
negative and the iris acts as a capacitor. Similarly a transverse wire par- 

* This is permissible even though (7) is true only over the aperture since (8) van- 
ishes outside the aperture. 
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allel to the 25-vector acts as a shunt inductance These phenomena are 
not peculiar to high frequencies When a conventional inductance coil 
or a capacitor is inserted in shunt with a transmission line consisting of 
parallel wires and operated at low frequencies the field of the dominant 
wave is disturbed and the local field m and around the inserted structure 
abstracts some energy from the dominant wave during one half cycle and 
returns it during the other half, the dominant wave therefore suffers reflet 
tion 

12 4 The Impedance Seen by a Transverse IV ire in a Rectangular Wave Guide 
The impedance seen by a transverse wire in a rectangular wave guide 
(Fig 12 13) is of interest because it approximates the impedance seen by 
a coaxial pair (Fig 12 14) when the shorter side b is small compared with 
a quarter wavelength so that the current distribution in the wire is substan 
dally uniform There are at least three method" available for the calcula 
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tion of this impedance We can express the free space field of the current I 
in the wire by a contour integral of the type given in problem 10 9 and 
add to it another field, expressed by a similar integral, so as to satisfy the 
boundary conditions at the surface of the guide The contour integrals 
are then evaluated Another method consists in considering the total 
field in the guide as due to superposition of the free space fields of the cur 
rent in the wire and its images in the walls of the guide A third method 
is based on the following considerations If the radius of the wire is small 
then the field at the surface of the wire is nearly equal to that produced 
by an infinitely thin current filament on the axis of the wire The latter 
filament can be regarded as the limit of a current stnp, and the current 
stnp represents a known discontinuity in H, which can be expanded in a 
senes of the form £ffn sin ntx/a, appropriate to TE-waves Then the 
complete field is determined and the impedance is obtained as the ratio 
— IEJ1 , where E u is the intensity on the surface of the wire. 

Thus if the guide extends to infitutym both directions, then by the second 
method we obtain for the real and imaginary parts of the impedance seen 
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from a wire of radius r respectively ’ ' 0 

R = bMJotfr) + 2E /o(2»/3«) 

n=0 

— E /o(2»0« + 2/Si) - E 7o(2w/3« + pa- 2pd)]; 

n=0 n=0 . 

X = -£«Vo(/fr)> 2 E No(2npa) 

n= 0 

- E NoO-tifta + 2 / 3 i) - E No( 2 «/ 3 fl + / 3 a - 2 j 3 rf)]. 

n=0 n=0 

Thus in the case of thin wires the resistance component is nearly independ- 
ent of the radius and the reactance is a constant depending on a and d plu^ 
a logarithmic function of r. In fact we have 

X(r 2 ) - X(n) = 7 1 °g“. 

A 7*2 

A simple expression for R can be obtained either by the first or by the 
third method. Thus in the frequency range between the absolute cut-off 
and the next higher it will be found that 



As the frequency increases and passes the cut-off frequencies for the suc- 
cessive TE - waves other terms will be added and we shall have in general 
R = Ri '+ + Rs + • • • , where 


R 


n 


a 


/ _ fl 2 x 2 \~ 112 

V 4 a 2 ) 


. 9 mrd 

sin 

a 


is the resistance corresponding to the «th transmission mode. 

The above impedance is that looking into the wave guide extending 
to infinity in both directions. The two semi-infinite halves of the guide 
are in parallel and consequently the impedance looking into either half is 
2Z. If now a < X < 2a, so that only the dominant wave carries power 
to any distance along the guide, and if we have a conducting piston at 
distance / from the axis of the wire, then the resistance component of the 
impedance seen by the wire becomes 


rib 

a 


0 



•ted 


where X is the wavelength along the guide. The additional factor comes 
in because of reflection of the dominant wave by the piston. On the other 
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hand the reactance represents the Jocal field round the yfltt and is suhst an- 
ti ally unaffected by the piston unless it is quite close to the wire 
The methods outlined above can be used equally well for calculating 
the mutual impedance between two parallel wires in the guide and hence 
for the solution of any problem involving a system of parallel wires. The 
above results can be generalized by assuming a sinusoidal distribution of 
cunent in the wire 



Problems 


1.1. Prove that if \p is the angle between two directions (0i,<?i) and (6z,tpz), then 

cos fp = cos 0i cos 02 + sin 0i sin 0 2 cos (<pi — <pz). 

1.2. Prove the following relations between vector components in cartesian, cylin- 
drical, and spherical coordinates: 

A r = A z sin 0 cos tp A v sin 0 sin tp + A z cos 0, 

A e — A x cos 0 cos tp + A v cos 0 sin tp — A t sin 0, 

A p = —A x sin ip + A v cos <p ; 

A x — A t sin 0 cos <p + At cos 0 cos <p — A v sin tp, 

A v — A t sin 0 sin <p + Ae cos 0 sin tp + A v cos tp, 

A z — A r cos 0 — At) sin 0; 

A p = A x cos <p + A v sin tp, A v = —A z sin tp + A y cos tp; 

Ax — Ap cos tp — Ap sin tp, A v = Ap sin tp + A v cos tp; 

A t — Ap sin 0 + A z cos 0, Ae — Ap cos 0 — A z sin 0; 

Ap — A r sin 0 + Ae cos 0, A z — A r cos 0 — Ae sin 0. 

1.3. Orthogonal curvilinear cylindrical coordinates (u,v,z) may be defined by 
means of functions of a complex variable 


u + iv = F(x + i», .v + iy = + iv ), 2 = z. 


Prove that 


ds~ = | J'(u + iv) 1 2 (<fw 2 + dv 2 ) + dz”. 

1.4. Bicy'mdrical coordinates («, $,z) may be defined as follows: 

, , a+ (x+ iy) , u + ft? 

»+!»= log — ; — ; ~ , x + ty = a tanh — , 2 = 2. 


Show that 


’a - {x + iy) : 


(<7 + *) 2 + y 2 


« = 5 log 7 — 1 — ' ' , d = tan 1 — — + tan -1 - 


( a - *) 2 + y 2 
sinh u 


a + x 
sin i? 


a — x 


' cosh u + cos t? ’ a cosh u + cos i? ’ 

, cosh u — cos t? 


p~ = x 2 + y- = a- 


cosh u -{- cos i? * 


.. a 2 {du 2 + dd 2 ) .. 
* ^^Thii + cos:?) 2 ^ 2 - 
497 
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1 5 Ellptic coordinates may be defined by the following; equations 
x+ ty = /cosh (« + id! z— z 

x = l cosh u cos d, y == / smh a sin d 

Show that 

di* — J/*(cosh 2 u — co< 2d) (du* + </t? 2 J + a” 
p* = $/*(cosh 2« + cos 2d) 

The ^-surfaces are elliptic cylinders 

i* cosh* u /* sink* a * 
and the d -surfaces, confocal hypefbol c cylinders 

/’ cos 1 d ' /’ sin 1 d ' ' 

If pi and p> are the distances from the focal lines, then 

Pi = /(cosh u — cos d), pi “ /(cosh a + cos d), 

PiPi ~* 4/* (cosh 2a — cos 2d) 

1 6 Prolate spheroidal coord nates (a d,p) may be defined as follows 
z+ ip — /cosh (a + rd), tp — ip 

z ■■ / cosh u cos d, p = /snh«snd 

Show that 

ds ’*= /’(smh* a + sin* d)(^«* +• i/d’) + /* smh’ a sin 1 d i/p* 

1 7 Oblate spheroidal coordinates («,d p) may be defined as follows 

P + iz »= / cosh (a + /d), <p — <f 

p* /coshucosd, i— (swvhuswid 

Show that 

dP — /’(cosh 1 a — cos* d)(du* 4- dd*> -V- P cosh* a cos* d dp* 

2 1 Prove that (cos <p ± / sin tp)' = cos ± i s n mp 
2 2 Prove that 

„ » 0 » - 1 ) _ , . 

cos tup — cos tp j' 2 ' cos^’yi sm’ys + , 

, «(«-l)(n-2) , 

n sin y» cos'- ? pYl stn ! tp cos'-’ <p + 
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2.3. Show that 
cos" <p = jj 


cos nip + n cos (n — 2 )ip + 


n{n - 1) 
1 -2 


cos (n — 4)<p -f 


»(»-!) 


where the last term is ■ 


■( 4-0 


4 


1 - 2 - 


n - 1 


cos ip if n is odd and 


i i) ’(i+i)., . 


;; 

1 . 2 ..-- 


(-) n,2 r 

sm <p = [_ 


if n is even. Similarly if n is even, then 

nin - 1) 


cos nip — n cos (« — 2 )ip + - 


1-2 


cos (n — 4 )ip 


-]• 


and if » is odd, then 

( _){n-l)/2r 


sm n <p ■■ 


I (n-l)/2 ’ 
2 n_I l 


sin nip — n sin (n — 2 )ip 4 — ~ — sin (n 


-4 )*> J . 


2.4. The even part of e x is called the hyperbolic cosine of x and is designated by 
cosh x; the odd part is the hyperbolic sine, sinh at. Obtain formulae for hyperbolic 
functions analogous to those in problems 2.1, 2.2, 2.3. 

2.5. Let ( p,ip ) and (pi,<pi) be the polar coordinates of the same point with respect 
to two systems having the same polar axis. Let (/,0) be the origin of the second 
system with respect to the first. Using p 1 e' p i = pe' v — /, show that 

« /n 

log Pi. = log P - z — - COS nip, p> l, 
n=i np 


Pi cos rnpi = Z (-)” 


m\ (n — m) 


Jn-m p m cos 


If p < /, then p and / are interchanged in the first equation; the second equation 
remains unaltered. 

2.6. Obtain the following identities 

1 f e p ‘ If e”‘ 

MJm 7 ^ = 0> ' <0) mJ (C ^ p = 0 ’ t<0 - 


t, t> 0; 




2.7. Let F(/) be a function which vanishes for / < 0, starts rising linearly at / = 0 
and reaches unity in t seconds; subsequently it remains constant. Show that 


F(t) 




2t{tJ(c 


(O 


e pt dp. 
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Not# that this integral is the d (Terence of two integrals, each representing a linear 
fiinct on of /, one function starts from / *= 0 and the other from / =» t 



Fie 1 

1 8 Show that for the function defined by Fig 2 



Fig 2 


2 9 Show that the spectrum of a sinusoid of unit amplitude and finite dura nor 
F(t) - 0, l<0, 

= cos (<#» + ip). 0 < i < T, 

■=0, l > T, 



The spectrum is independent of the duration T of the sinusoid it is the spectrum 
of the sinusoid start ng at t = 0 and continuing indefinitely The second term in 
S(p) is a similar s nusoid, starting at t * T with just the right phase to cancel the 
first sinusoid ever after Thus for the semi nfinite s nuso d beginning at r ■= 0, 
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: have 


m , _L f (^L. + -CL') ,« Jp -l-.fi 

v AiriJ^o \p — /> + <“/ 2irtJ(c) 


p cos <p — co sm tp 
p 2 + o> 2 


e p( </p. 


2.10. For a circuit consisting of a resistor and an inductor in series Zip) = R + pL. 
If a steady electromotive force V is impressed at t ” 0 and is discontinued at t — t, 





If Rt/L is large, then for / > r 
V 

J(.\ _ — .-(K/t)(l-r) 

W 72 Fig. 3 

2.11. For a circuit consisting of a resistor and a capacitor in seriesZfp) = R-\-\jpC. 
Show that for 0 < t < r, 

IBEl 


/(/) = ” exp | 


r t and for t > r, 


° — WWW — 1[- 

R C 
Fig. 4 


( *c) ; 

/W = fexp(-~)-^exp(-^). 


If t/RC is large, the first term in the second equation may 
be ignored. 

From these equations obtain the electric charge in the capacitor 


?« 


CT '[" P 


< / < r, 

t > T. 


The electric charge could be obtained directly by the 
contour integral method if, instead of the impedance 
Z{p), we used the impediment Zip) — pR 1/C. 

2.12. For a circuit consisting of a resistor, a capacitor, 
and an inductor in series Z(p) — R + pL + 1/pC. 
Show that for 0 < / < r 


V 






1 r t 


/(') = hit) = 


y e n‘ 


Ve^J 


R + lpiL R + 2p 2 L’ 
where p\ and pi are the zeros of Zip), and for t > r 

lit) = hit) — hit — t ). 


-VWVW 

R 


L 


X 


Fig. S 
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2.13 An electromotive force 

y(i) = 0, r <0, 

*■ V cos (wt + ^>), t > 0, 

is impressed on a circuit consisting of R, L, and C in senes Show that 
pyc«**>) py-*«+v> fpijpi cos » - W Sin » i)*** 

/(<) * 2Z{m) + 2Z(— (w) + (pi + «*) (£ + 2pi£) 

VptKpi cos » ~ m sin w)c»»* 

+ ” &+ «*)<« +W~ 

The sum of the first two terms ts the real part of this is the steady 

State term and could have been obtained directly 
Obtain thesolution for the case/? *■ Oandw * the natural frequency of the circuit 
2 14 In a transmission line described by (2 10-3) the impressed electromotive force 
E[x) is a progressive wave Ef* * over a section 0 < x < / and is aero elsewhere 
Show that 

EC 1 - r<T+*w< 

£W -5 't+* ' 

l _ e -rr+mi>i 

;w " ixir + >«,) *'"■ * <0 ’ 

1 - ,<r-«>i 

“wt-r+Vd^ #>/ » 

yjSr*- £r r * £ f -^i^r<-n 
" r* + tf + 2*-(-r+/0 t )''2/f<r + //Jt)’ ’ 


2(-r + »)?,) » * 

tPrEr** £e- r * £e r -^i'r r <— ^ 

r j + ri + 2(-r+«ft) + 2<r + (W * 0<ar</ 

Prove these equations first by evaluating the contout integral* and second by die 
method of section 7 9 Note that y *= —>j3i is not a pole of the complete integrands 
and hence contributes nothing either when x < 0 or when x > f, in the region 
0 < x < /, the integrand muse be split into two terms, and y «= — i(?i is a pole and 
contributes the " forced term In the second method die interval (<V) again differs 
from the remainder of the line in that when * is an intenor point the definite 
integrals must be split at this point because the integrands are different on its two 
sides, but when x is an extenor point such splitting is unnecessary 
Consider also the special casefft ** ©when the applied electromotive force is uni 
form, equal to E in the interval (0,0 and to aero outside this interval 
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2.15. Consider the function shown in Fig. 6. Show that 
e-> z 


-hi 


(C) 7 


(1 - e~< a -f 2 > a - e~ Sia H ) dy 


e yx 


'(C) 7(1 + e ya ) 
The poles of the integrand are given by 

7 = 0 and 1 + e -T ° = 0; 

that is, 

(2 m + l)ir/ 


dy. 


7o = 0, Tm = 


, m = 0 , ± 1 , ± 2 , ' 


Hence, F(x ) = 0 if x < 0; if x > 0, then 

. 1 . 1 “ 1 .. . 1 . 2 £ 1 (2m + 1 )ttat 

F(*) = « + "E — - I- r, S,n ■ 

2 a -oo 7m 2 7r m=0 2w+l a 


F(x) 

1 











X 



Fig. 6 

2.16. Consider a function /(x) which vanishes identically outside the interval (0,1), 
so that 


/M = f S(y)e'’ x dy, S(y) = ~ f f(x)e~’ x dx. 
«/(C) 2tt/ Jo 


( 1 ) 


Consider a new function F(x) which vanishes identically for x < 0 and is periodic 
of period / for x > 0, being equal to f(x) in the interval (0 ,/)• Then, 


F(x) = f 5 ( 7 ) (1 + e~y' + f-sr* + . . -) e i* dy 


= f -SM-^dy. 

J(C) 1 - ‘~ yl 


( 2 ) 


The poles of the integrand are 


Irrni . 

7n = — , n = 0, ±1, ±2, • • • ; 


EM = ^' £ 5(7n)e^. 

* — V 


hence, for x > 0, 
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If/M i* a real function, let 
so that 


4 n 

F{x) = w + £ (a. «*—■+ b. sa 


(3) 

W 

(«) 


Evidently, the “ Fourier series (5) defines a periodic function in the interval 
(~oo ,« ) and not only in (0,oo ) Equation (2), on the other hand, defines a function 

which vanishes for * <0 and is given by (2) for x > 0 
The coefficients a n> K of the Fourier senes can be obtained cither from the conven 
tional formulae (4) or from (1) and (3) Thus 




/(xJe-W*. y. -- 


2 17 Consider the function defined by Fig 7 in the interval (0 /) Prove that in 
this interval 




Fic 7 


Prove also that ui this interval 

/W «4 + M£> 


■tH> 
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Likewise, prove that in the same interval 

. AA “ 1 . hts , nirf A . mrx 

/{x) = T ? 7, ! 5111 17 sm T 2 ) sm T * 

4.1. Show that the external inductance L, the capacitance C, and the conductance 
G per unit length of two coaxial cylinders whose radii are a and b, b > a, are 


H b 2:re 

L = — log - , C = , 

2 t a . b 

log - 


G = 


log 


4.2. Show that for two parallel wires whose axes are separated by distance I, large 
compared with the radii, we have approximately 


1 1 

log / - - 1 

it V ab 


C = 


G = 


TTg 


log 


ab 


log 


/ 


\^ab 


4.3. Show that if the radii a and b of two metal spheres are small compared with the 
distance / between their centers, then the capacitance is approximately 




Awe 


i + i_2 

a b l 


4.4. Consider two perfectly conducting concentric spheres and a homogeneous 
conducting medium between them. Along some radius imagine a filament, insulated 
from the rest of the medium, and let an impressed electromotive force sustain a steady 
current I from the outer sphere to the inner. Calculate the field between the spheres, 
the impressed electromotive force, and the conductance between the spheres. What 
happens if the medium between the spheres is a perfect dielectric? 

4.5. Show that the total force exerted by an electric particle q\ moving with velocity 
3i on a particle qz moving with velocity 52 is 

p __ ?i?2t 1 2 p?i?2(ri2 X vi) X 5g 

47r€rj[o 47rr? 2 

Show then that the force between two electric current elements of moments Ij\ and 
IJt is 

p _ nhhjrii X A) X h 
4irr^2 

(An electric current element is a short filament carrying uniform current.) 

5.1. Discuss free and forced oscillations in two inductively coupled simple series 
circuits. Consider in particular the case of two high Q circuits, tuned to the same 
frequency and sho w that in th is case there exists a critical coefficient of coupling 
£ = A 1 2 / \ ’’A-ii I*’ri = 1/V Q\Qi such that for k k the current in the secondary 
circuit passes through two maxima and one minimum while for k ^ £ there is only 
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one maximum Show that i f k = t, the relative band width (in the same sense as 
for simple tuned circuits) is V 1/Q\Qi if Q\_ and Qt are of the same order of magnitude, 
but it is approximately 2/{?i if (?i 1 

52 Th^venin s Theorem At a pair of accessible terminals airy linear network 
contain ng one or more impedanceless generators acts as a generator whose electro* 
motive force equals the voltage appearing across the terminals when no load imped 
ance is connected and whose internal impedance is the impedance measured between 
the terminals if all the generators are short-circuited Prove it 
6 1 Consider the wave produced by an electric current element situated at the 
origin along the 2-axis Let I be the radial current flowing outward through the 
hemisphere 0 ^ ir/2 and f be the transverse voltage along a mendian (or along any 
path m the surface r — const ) from the rad us 6 = 0 to the radius 0 ■= w Show 
that /'and / satisfy the following transmission equations 



6 2 Consider the wave produced by a small electric current loop situated in the 
xy plane at the origin Let K be the radial magnetic current flowing outward through 
the hemisphere 8 S ir/2 and U the magnetomotive force along a meridian from the 
radius 8 =* 0 to the radius 8 “ r Show that K and V satisfy the following trans* 
mission equations 


dK 

dr 




• + — — ,)jl 


6 3 Consider two equally and oppositely charged conductors The regions sub. 
tended by the conductors and bounded by electric lines arc called tubes o/ flow, the 
regions bounded by equipotential surfaces arc cqutpotential layers Show that the 
tubes of flow are in parallel with each other and that the equipotential layers are in 
“eries Hence show that the capacitance of the two conductors is 

C - ( 



where F(j,k,o) dS is the area of the normal cross-section of a typical elementary tube, 
i is the distance along tbe lines of flow, and u, « are the coordinates of a point on one 
of the conductors 

The corresponding formula for the conductance is obtained if < is replaced by g 
6 4 Assume a conducting cylinder of radius a, placed in a uniform electric field 
normal to the axis of the cylinder Find the charge distribution on the cylinder 
6 S Assume a conducting cylinder of radius a and a uniformly charged filament 
parallel to the cylinder at distance 1 from the axis. Find the field when the charge 
per unit length of the cylinder is equal and opposite to that on the filament Consider 
two eases (1 ) the filament is outside the c> 1 nder, (2) the filament is inside the eylm 
der 
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6.6. Assume a circular cylinder of radius a whose permeability is p placed in a 
medium with permeability pa normally to a uniform magnetic field. Find the field 
inside the cylinder and the reflected field outside the cylinder. 

6.7. Solve 6.4 if the cylinder is replaced by a sphere. 

6.8. Solve 6.6 if the cylinder is replaced by (1 ) a sphere, (2) a spherical shell. 

6.9. Solve problem 6.6 if the cylinder is replaced by a cylindrical shell. 

7.1. Show that the admittance seen by the generator in Fig. 7.4 is 

Y = ~ [K cosh rt + Zi sinh r £][K cosh T(I - £) + Z 2 sinh T(l - £)] 

and that the impedance seen by the generator in Fig. 7.5 is 
K 2 

Z ■= — [K sinh + Z, cosh rfl[AT sinh T(1 - £) + Z 2 cosh T(l - £)]. 

7.2. Consider a transmission line of length /, terminated at both ends into its char- 
acteristic impedance and let the impressed series voltage per unit length be Ee~ yx , 
where x is the distance from one end. Find the transverse voltage and longitudinal 
current 

y/ x \ — i£ I — — — e -yz _ — 1 — e -Tz . _£ — _ e -ra-x ) 1 

() 2 Lr 2 -7 2 r-Y + T + y J’ 

i r ir i c~ yi 

= e ~ Tz ~ r + y r ' rc ' j • 

7.3. Let Zi be connected in shunt with a line at distance / from the input terminals 
and let the line be terminated in Zj at distance h beyond Zi. Find the input imped- 
ance by two methods: (1) using (7.6-2) or (7.6-6), (2) using (7.11-11). 

7.4. An attenuator is a device which, when inserted in a transmission line, absorbs 
power without introducing reflections. Design a symmetric F-type attenuator and 
calculate the attenuation ratio. 

7.5. Design an attenuator, using series resistors only. 

7.6. Discuss resonance in a non-dissipative transmission line shorted at one end 
and terminated into a capacitor at the other end. Show that if the terminal capaci- 
tance Ci is small compared with the total d-c capacitance Cl of the line, then the 
longest resonant wavelength is 4(/-f- A), where Ci = Cl\. 

7.7. Treat the problem of section 7.8 by another method. Starting with the im- 

pedances Zt and Z R looking respectively to the left and to the right from the genera- 
tor, determine (in the case shown in Fig. 7.4) + 0) and F{i; — 0) in terms of 

F(£); then use (7.4-10) to obtain the voltage and current distribution. Treat simi- 
larly the case shown in Fig. 7.5. 

8.1. Consider n parallel thin wires and let E m be the electric intensity impressed 
uniformly on the mth wire. Show that the currents in the wires may be obtained 
from 

Ytmkl k fim, rn — 1, 2, ■ • * n, 

k 

where Z m , m is the sum of the internal and external impedances of the rath wire and 
Z m k — (\/2Tr)iwpKt)(pl m k), where l m > : is the interaxial distance between the wires. 



ELECTROMAGNETIC WAVES 


Discuss the special case of two equal wires energized m parallel (£t = Ez) and tn 
push pull (£1 «* — Ez = $£) Show that if the ir.tsrav.il separation m the latter 
case is small then E * 122 ( + (tail/*) log l/a]I, where Z, is the internal impedance 
per unit length of each wire 

S 2 Prove that in the ease of three equal, perfectly conducting, equispaced, eoplanat 
■wiTes, energized m parallel (£i = £» * £») the approximate ratio of the current in 
the middle wire to that in either of the other wires is 1 — log 2/log t/a, where I is the 
distance between adjacen t wires and a is the radius 

8 3 Prove that if the tneeraual distances between three equal, parallel wires are 
small and if £» = £«** 0, then It 4- J*®* — h and a larger fraction of the total 
current flows in the wire nearest to the first wire 

$ 4 Show that the inductance of a solenoid of radius a, coaxial with a perfectly 

conducting shield of radius i, is L ™ — — (1 — Jij > where / is the length, S the 
area of the cross-section of the solenoid and A' is the total number of turns Show 
that the circulating current in the shield is opposite to thac in the solenoid and that 
the current ratio is a x /(b x — a 1 ) 

8 5 Obtain the exact expressions for the internal impedance of a conducting cylin 
dncal shell (1) with an externa] return, (2) with an internal return Obtain the 
transfer impedance 

8 6 Taking into consideration only the principal wave discussed m section 8 14, 
obtain the expressions for the input impedance and the current in a large circular 
loop and in a rhombus fed at one of its vertices. 

8 7 Consider an infinitely long electric current filament, carrying current /, and 
a conducting cylinder of radius a whose generators are parallel to the filament Find 
the current distribution and the power dissipated m the cyl nder on the assumption 
that the distance l between the filament and the axis of the cylinder is small In 
particular consider the high frequency case when the current » near the surface of 
the cylinder 

8 8 Discuss the dominant transverse magnetic wave in a rectangular wave guide 
For this wave magnetic lines focm a single set of loops (Fig 6 20) and the longitudinal 
electric intensity has only one maximum Obtain the expressions for the field, the 
longitudinal current, and the transverse voltage between the axis and the wails of 
the guide Show that the cut-off wavelength is h* = 2ai/Va J + i 1 and that the 
attenuation constant a «= 2 SI (a* -f P) VT"—?*], where v = \/\ c 

Obtain the integrated impedances 

abK, ifiabK. 4abK. 

Kv 1 ~ 4(<J* + P) ' hrF 73S 64(<z J + iV Kw v ~ x-V + i 1 )’ 

where the wave impedance at a typical point a K, = tj '/i — v x 

8 9 In problem 8 8 the kmgitud nal propagat on constant vanishes when X ■= X, 
and then the electric lines become parallel to the gu de Assuming two conducting 
planes normal to these I nes, we obtain a parallelopipeclal cavity with free esc Hattons 
m it Show thsi the energy content a JV — bsH'\'9c, where- c is d hr if mens on 
of the cat ity parallel to E and V is the maximum \oltage amplitude Show that the 
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total power loss in the cavity and the Q are 



inj£ 

Q ~ &X[I + JfX*(*“* + *-*)]' 


If b — a, then Q = ir^c/9v. + 2c). 

8.10. Discuss circular magnetic waves (that is waves with circular magnetic lines) 
in a circular tube. Find the field and show that the cut-off frequencies are 
X c . m = 2tra/k m where k m is a typical zero of /o(*). For the lowest cut-off X c = 1.31 d_ 
d = 0.76X C , where d = 2a. Show that the attenuation constant is a = iH/tja^l — v~ 
and that 


Krr. , = 


K. 

4 a- ’ 


AV./ = 


K z 


■hrkjm’ 


: = IjV'l 


For the lowest mode K Vt j ^ 48V^ 1 — p 2 and K^ t j = 30V^ 1 — v* if the tube is filled 
with air. 

8.11. Show that the cut-off frequencies of circular electric waves are given by 
\c,m — 2 Trti/k m , where k m is a non-vanishing zero of Ji(x). For th e lowest mode 
X c = 0.820<f. Obtain the attenuation constant a = 3\v"/ria *'/ 1 — v 1 . 

8.12. Discuss circular magnetic waves in perfect dielectric “ wires.” 

9.1. Obtain the radiation intensity and the power radiated by a uniform current 
loop of any radius a: 

<F = lSir(J}a)"Pj\(Pa sin 0), 

' J i (l) dt. 

0 


9.2. Obtain the radiation intensity and the power radiated by the condenser antenna 
(by a pair of parallel circular plates, energized from the axis of the condenser 
so formed): 


<F = 


Q 3*) 2 

960tt 


F-Jlipa sin 6), 


JV = 



dt. 


9.3. Calculate the power radiated from an open end of a coaxial pair. W 


360 \X* log b/aj 


b /2 , where V is the voltage across the open end. 


9.4. Obtain the radiation intensity of a rhombic antenna in free space. Consider 
the case in which progressive waves are established in the antenna and assume that 
the amplitude is unaffected by radiation. 

10.1. Prove the orthogonality of the T-functions corresponding to regions enclosed 

by perfectly conducting cylindrical surfaces; that is, show that / / TiT« dS — 0 

J J(S) 

where (S) is the cross-section of the cylindrical guide and Tj, 7* are functions corre- 
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spending to the same boundary condition (T = 0 or ST/Sn = 0) but to different 
values of % 

10 2. Consider a uniform plane wave impinging on a conducting wire of small radius 
a in such a way that H is normal to the wire Let the angle between the wire and 
the direction of the plane wave be arbitrary Find the scattered wave and the current 
in the wire 

10.3 Study the normal incidence of a uniform plane wave on a homogeneous cytm 
dei with arbitrary electromagnetic properties and of arbitrary radius a Consider 
both cases (1) E is parallel to the cyl nder, (2) H » parallel to the cylinder 

10 4 Consider the problem of reflection of uniform plane waves from a perfectly 
conducting sphere Find the reflected field and study some special cases 

10 S Consider a perfectly conducting sphere and a current element m the direction 
of some radius Find the field 

106 Solve the preceding problem for a small electric current loop coaxial with 

107 Obta n the field of a typical transverse current element in a metal tube of 
circular cross-section 

10 8 Consider a cylindrical cavity of rad us a and height h and inside it a uniform 
electric current filament parallel to the axis of the cavity Find the impedance seen 
by the filament 

1 r . T * Tr * _ 

10 9 Prove that K* (<rp) - — / — — dy, * < 0> where T •* vV — V 

11 1 Consider two conducting wires of length / normal to a conducting disc large 
enough to ensure almost complete reflection Show that at the principal resonance 
such a structure behaves as a simple (that is, single transmission mode) line of length 
/, short-circuited at one end and terminated into an admittance G + tuC, where 
G = 60^r t s , /K 1 >. , and C = 2ta -f- 60 (r — a)/K t oo, s being the d srance between the 
axes of the wires and K the characteristic impedance Show that the resonant wave 
length is approximately X = 4/ + 4-<jC/w *» 4/+ (8/ir) a leg (s/a) + 240 (a — “)/K 

121 Find an approximate expression for the reactance of the ins shown in 
Fig 12 11 to the dominant wave in die frequency range between the absolute cut-off 
and the next higher when all faces of the wave guide are conductors Consider the 
case in which the £-[ines are parallel w the edges of the ins and then the case in which 
they aTe normal Show that in the first case the ins possesses an inductive reactance 
and in the second capacitive 

Questions and Exercises 

1 What is the capacitance of a sphere of radius 1 cm in free space* 1 1 p/tf 

2 What is the magnetic intensity inside a conducting wire of radius a carrying 
a uniform current /* Ip/2ra ’ 

3 What is the internal magnetic energy pet unit length of a wire carrying s uni 
fotmly distributed current * sL,/ 1 , where Li = ji/8ir 

4 What is the internal inductance of a copper wire* An iron wire whose relative 
permeabih ty is 100 * 0 05 ph, i ph per meter 
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5. What is the capacitance between parallel plates in air, one millimeter apart, 
if the radius of each plate is 10 cm ? 278 /ipf (except for the edge effect). 

6. What is the capacitance in Ex. 5 if mica is inserted between the metal plates? 

7. What is the capacitance per meter of a coaxial pair, with air between the cylin- 
ders, for the diameter ratio e ? What is the inductance ? 55.6 ggf, 0.2 ph. 

8. Estimate the external inductance of a circular loop of radius b, made of wire 
of radius a. fib log b/a. 

9. What is the approximate resistance of a 40 watt electric bulb ? 

10. What is the motional electromotive force developed in a rectangular wire loop 
rotating in a uniform magnetic field with the frequency ui radians per second ? As- 
sume that initially the plane of the loop is normal to the field and that 5 is the area 
of the loop. BSo: sin cat. 

11. What is the order of magnitude of the Q of coils employed in radio communica- 
tion ? The Q of a coil is defined as the ratio oiL/R where R is the resistance of the coil. 

12. The power factor of a capacitor is defined as the reciprocal of its Q = caC/G, 
where G is the conductance of the capacitor. What is the order of magnitude of the 
power factor of capacitors employed in radio communication ? 

13. What is the resonant frequency and the characteristic impedance of a circuit 
in which L- 10 mh, C = 100 ppf? / = (l/2ir)10 6 = 159 kilocycles per second, 
K = 10,000 ohms. 

14. Let the Q of the circuit in Ex. 13 be 200. What is the series impedance (1) at 
resonance, (2) at twice the resonant frequency, (3) at half the resonant frequency ? 
50, 50 + <15,000, 50 - <15,000 ohms. 

15. In Ex. 14 what is the shunt impedance (the impedance measured across the coil 
or the capacitor? (1) at resonance, (2) at twice the resonant frequency, (3) at half 
the resonant frequency ? 2 X 10 6 , 22 — <6667, 22 + <6667 ohms. 

16. In the case of natural oscillations in the above circuit how long would it take 
for the amplitude to decrease by 1 neper? 400 microseconds. 

17. In the case of natural oscillations what is the rate of decay in nepers (1) per 
second, (2) per radian, (3) per cycle? oi/2 Q, 1/2 Q, ir/Q. 

18. In a series resonant circuit, what is the approximate ratio of the current at 
resonance to that at twice (or half) the resonant frequency? 1.50. 

19. In a parallel resonant circuit, what is the approximate ratio of the voltage 
across the capacitor at resonance to that at twice the resonant frequency? 

20. What is the radiation resistance of a wire one meter long, energized at the 
center, when Xo = 10 m? 1.97 ohms. 

21. What is the electric intensity at distance 100 km from a current element radi- 
ating 10 watts in free space? 300 microvolts per meter. 

22. In Ex. 21 assume that the current element is at the ground surface (assumed to 
be a perfect conductor) and normal to it. What is the intensity? 424 microvolts 
per meter. 

23. What is the electric intensity if the current element is replaced by a small cur- 
rent loop ? 

24. Estimate the capacitance between the outside surfaces of a capacitor formed by 
two parallel circular discs of radius a, distance h apart (the external capacitance of 
the discs). Assume h. Roughly ea log a/h. 
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25 What is the reflection coefficient in the case of two to one impedance mismatch * 

26 What is the amplitude of the reflection coefficient if the line is terminated into 
AT(l + i)> 04S 

27 V. hat is the resonant impedance of a dissipative quarter wave section of a trans- 
mission line short-circuited at the far end * AK/a\ 

28 Express the answer in Ex 27 in terms of the senes resistance R per unit length, 
assuming that there are no shunt losses 8 K*/K\ 

29 Express the shunt conductance by an equivalent senes resistance CK 1 

30 Express the quarter wave resonant impedance in Ex 27 in terms of the Q 
(VlT )KQ 

31 What is the Brewster angle when the ground Q is unity * When Q is small? 



32 What is the Q of an air filled cylindncal resonator of radius 20 cm and height 
5 cm, assuming copper walls * 

33 Show that for an air filled cylindrical cavity Q = i<VXo / {“ + X), where 

»-13V| 

34 Calculate the longitudinal electric intensity in a coaxial pair having air as 
the dielectric E. “ ~ log ^ -f 2s log ^ where Z„ and Zi are the internal 
impedances of the cylinders 

35 How does the total longitudinal d splacement current between coaxial cylinders 
compare with the conduction current in the inner cylinder > 

36 If the diameter of the outer cylinder is fixed, what is the diameter ratio for 

b a b 

which the attenuation is minimum? log ^ “ 1 + ^ , a ” ^59 

37 What are the cond tions for maximum Q in a coaxial section when the diameter 
of the outer cylinder is small compared with the length of the section > 

38 What is the approximate Q of a single circular turn of wire if the radius of the 
wire is a and that of the loop b* Q = (fla tog b/a}ti/9L 

39 What is the approximate Q of a doublet antenna assumed so short that radiation 

3 a\ ( V \ q 

losses can be neglected > Q = log — - 1 

40 What is the expression for the maximum recaved power W, in terms of the 
power Wi radiated by the transmitter * fF,— (l/16»- 5 )gigj (X/r) Vf'i If the direc 
tivities are measured with respect to short doublets, then W, — 001 42£i£j (X/r) i fF, 
In terms of the effective areas of the receiver and transmitter, Wtt/fFr = SrSt/Wt* 
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SYMBOLS USED IN TEXT NOT INCLUDED IN 
TABLE I, PAGE 61 


PAGE 


J: frequency in cycles per 

second 21 

i: imaginary unit 14 

k: impedance ratio 212 

p: oscillation constant 23 

p (with subscript): trans- 
mission coefficient 211 

q (with subscript): reflec- 
tion coefficient 210 

v. wave velocity 23 

A : magnetic vector poten- 
tial 128 

B: susceptance = im(L) 27 

C: Euler’s constant 48 

F: electric vector potential 128 

G: conductance = re(E) 27 

Q : of a medium 83 

Q : of a circuit 115 

R: resistance = re(Z) 27 

* TV: power 

X: reactance = im (Z) 27 


PAGE 


a: attenuation constant = 

re(r) 23 

(3: phase constant = im(r) 23 
tj: intrinsic impedance 81 

X: wavelength 23 

v: frequency ratio 317 

£: growth constant = r tip, 22 
a: intrinsic propagation 

constant 81 

X (with subscript): transfer 

ratio 206 

to: angular velocity 

= im(/>) 21 

T: propagation constant 23 
A: Laplacian 12 

$: radiation intensity 333 
’5': complex power 31 

4': stream function 174 

0: solid angle 161 

*S: work or energy 
£R: intrinsic resistance 82 


* No page references are given for IV and g since their exact significance varies somewhat 
from one formula to another. In each case the symbol is clearly defined in the context. 


INDEX 


Absolute cut-off, 155 
polarization, 93 
value, 15 

Absorption of plane wave by thin 
plate, 247 
Admittance, 27 
coefficients, 103 

expansion in partial fractions, 121, 
123 

in shunt with rectangular guide, 
493 

uniform line, 212, 217 
terms of complex power, 31 
of parallel circular discs, 481 
Ampere’s law, 66, 101, 149 
Amplitude, 15, 21 
distribution function, 376, 383 
Angle of incidence, 252 
reflection, 253 
refraction, 255, 257 
total internal reflection, 256 
Angular points, 143 
Antenna theory, 441 ff 
Arrays, of radiators, 335ff 
broadside, 342, 345, 348, 352 
continuous, 347, 348, 351 
end-fire, 342, 345, 351 
linear, 342 
rectangular, 353 

with assigned null directions, 
350 

binomial amplitude distribu- 
tion, 349 

nonuniform amplitude distri- 
bution, 349 

uniform amplitude distribu- 
tion, 342 

Associated Legendre functions, 45, 
53, 402, 474 


Attenuation constant, 23, 82 

expressed as power ratio, 196 
for chain of transducers, 109 
circular guide, 324, 390, 509 
conductors, 89 

deformed circular guide, 398 
rectangular guide, 318, 321, 
388, 389, 508 

TE-waves in wave guide, 
387 

TM-waves in wave guide, 
386 

uniform line, 196, 197 
unit of, 26 

in cylindrical shields, 304 
magnetostatic shields, 308 
loss, 304 
ratio, 314 
Attenuators, 507 

Average characteristic impedance of 
antennas, 462 
cylindrical wires, 293 
power, 31 

for plane waves in cylindrical 
guides, 385 

spherical waves, 403, 405 
uniform line? 191 

Baffles in wave guides, 392 
Bedell, F., 480 
Bel, 25 

Bending of wave guides, 324 
Bessel functions, 45ff 

expansion in Fourier series, 
300 

Biconical antennas, 441 ff 
nonsymmetric, 470 
Bilinear functions, 17, 199 
Boundary conditions, 46 
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Boundary conditions, at interface 
between two media, 
73,88, 157,164, 172 
for perfectly conducting cyl 
aiders, 383 

Brewster angle, 253, 260, 512 

Capacitance, 27, 64 
coefficients, 165 
of concentric spheres, 64, 436 
cylindrical wire, 290 
parallel plates, 100 
sphere, 64 

spherical caps on antennas, 
465 

thin circular wire, 182 
two conductors, 506 
spheres, 505 
wedge, 181 
sheet, 270 

Capacitors, 27,98,99,511 
representing system of conduc- - 
ton, 166 

Cauchy Riemann equations, 180 
Cavity resonators, coaxial pair as, 
280 

conical, 288 
cylindrical, 267, 437 
parallelopipedal, 508 
spherical, 294, 298 
Characteristic admittance, 198 
See Characteristic impedance 
constants of uniform line, 195 
impedance, 81 

of bent wave guide, 326, 328, 
329 

chatn of transducers, 1 10 
coaxial cylinders, 244, 276, 
277 

cone line, 287, 473 
conical antenna, 450, 454 
cylindrical wire, 290 
inclined wires, 293 
laminated medium, 315 
plane wave between parallel 
strips, 243 


I Characteristic impedance, of series 
circuit, 115 
tapered line, 222 
' uniform ime, 193 
j velocity, 76, 82 256 
wavelength, 82 

Circular aperture in absorbing 
screen, 356, 367 
electric waves, 298, 390, 509 
magnetic waves, 294 441, 509 
wave guides, 322, 389, 411, 483 
Circularly polarized waves, 249 
Circulating current sheet, 273 
waves, 328, 409 
Circulation, 7 

Closed line, see Short-Circuited line 
Coaxial cones, TEM waves on, 286 
cylinders, characteristic imped 
ance of, 244 

distributed constants of, 505 
half wavelength section of, 280 
natural waves between, 390 
TEM waves between, 275 
TM waves between, 418 
uniform cylindrical waves be 
tween, 269 

Coils wound on magnetic cores, 310 
Complementary current waves, 449, 
450, 466, 470 
Complex numbers, 14 
point functions, 6 
potential, 179ff 
power, 31 

for transducer, 106 
uniform cylindrical wave, 262 
line, 191 
plane wave, 245 
flow, 79 

Poyntmg vector, 80, 249, 250 
space factor, 335 
spectrum, 35 
stream function, 179, 183 
variables, 14 
functions of, 179 
Concentric spheres, 63, 90 
waves between, 435 
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Conductance, 27, 62 
of large spherical antenna, 475 
Conductivity, 60 
Conductors, 60 
intrinsic constants of, 83 
in dielectric medium, 159 
Cone of constant phase, 409 
silence, 337 

transmission line, 287, 472 
Conical antenna, 441ff 
waves, 432 

Conjugate complex power, 106 
numbers, 16 

Constant current generator, 204, 
228 

voltage generator, 204, 229 
Contact forces, 70 
Contour (C) in propagation con- 
stant plane, 41, 43 
integrals for step and impulse 
functions, 34 
lines and surfaces, 3 
Convection current density, 68 
Coordinate lines and surfaces, 9 
systems, 8 

bicylindrical, 497 
curvilinear cylindrical, 497 
cylindrical, 8 
elliptic, 498 
rectangular, 8 
spherical, 8 
spheroidal, 498 
Cornu’s spiral, 362, 363, 367 
Coulomb’s law, 64, 70 
Crehore, A., 480 
Critical frequency, 281 
Crosstalk, 236, 279 
Curl, definition, 7 
differential expressions for, 11 
Current distribution, in antennas, 
449, 466 

distant field of, 331 
field of, 126ff, 139 
in circular guide, 323 
cylindrical cavity, 268 
nonuniform line, 208 


Current distribution, in rectangular 
guide, 321 
uniform line, 200 
sheets, 74, 76, 244 
as shunt generators, 245 
field of parallel, 245 
transfer ratio, 108, 206, 223 
Currents across a closed surface, 72 
Curvature effect, 324, 391, 435 
Cut-off frequency, 113 

for bent wave guide, 329 
circular guide, 151, 323, 390 
coaxial cylinders, 391 
cylindrical guide, 384 
dielectric wires, 427 
rectangular guide, 317, 387 
TE waves, 381 
TM waves, 377, 387 
triangular guide, 394 
wavelength, 152, see Cut-off fre 
quency 
Cycles per second, 21 
Cylindrical antenna, input imped- 
ance of, 461, 463 
cavity with coaxial plunger, 272 
guided waves, 430 
shields, 304 
wave guides, 383ff 
waves, 24, 260, 312, 406, 410, 430 

Decibel, 25 
Dielectric constant, 63 
loss, 440 

plate, waves over, 428 
wires, waves in, 425 
Differential invariants, 12 
Diffracted field, 266, 355 
Diffraction by narrow slit, 274 
by thin wire, 266, 315 
Fraunhofer, 365 
Fresnel, 365ff 
Direct capacitance, 167 
Direction components, 2 
Directional derivatives, 4 
Directive gain, 335, see Directivity 
pattern, 335 
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Directivity, 335 
of electric current element, 336 
loop, 338 
horns, 362 
end fire array, 346 
vertical antenna, 339 
wave guide as radiator, 360 
Disc transmission line, 261, 471 
Discontinuities, continuous distribu- 
tion of, 208 

in wave guides, 482, 491 
moving surface, 75 
Displacement, 64 
current density, 67 
d'nsity, 62, 63 

Distnb Jted constants, of medium, 8 1 
uniform line, 112 
see Transmission equations 
mutual admittance, 235 
impedance, 235 
Divergence, definition, 6 

differential expressions for, 10 
Dominant transmission mode, 156 
wave, 281 

between coaxial conductors, 
420 

impedance sheets, 488 
in biconical antennas, 442 
circular guide, 322, 390 
rectangular guide, 316, 387, 
410, 508 

Double layer of charge, 160, 180 
mode transmission line, 250 

Eccentricity effect, 285 
Edge effect, 358 
Effective area, 360, 365 
Electric current density, 60, 68 

on perfectly conducting sheet, 

157 

element, directive properties of, 
336 

distant field of, 133 
field of, 129, 4l2ff 
moment of, 129 
radiation from, 133, 334 


Electric current filament, 75, 175 
264, 300 

inside metal tube, 424 
loop, 70, 98 

directive properties of, 338 
distant field of, 163 
equivalent to magnetic 
double layer, 162 
field of, 163 
impedance of, 144 
inductance of, 68, 293, 312 
inside sphere, 298 
radiation from, 147 
sheet, 74, 158 
strip, field of, 303 
horns, 360ff 
intensity, 60 
radiation vector, 332 
Electrically oriented waves, 407 
Electrolytic cell, 70 
Electromagnetic constants of me 
dium, 81, 84, 85 

equations, see Maxwell’s equa 
tions 

field in terms of two scalar wave 
functions, 382 
radiation vectors, 333 
induction, laws of, 66 
quantities, table of, 61 
Electromechanical impedance, 27 
Electromotive force, 60 
of self induction, 68, 99 
Electrostatic fields, 159 
induction, 62 
potential, 159 
reciprocity theorem, 166 
Elliptical! y polarized waves, 249, 
378, 382, 407 

End effects in antennas, 465 
Energy content of cylmdncaj cavity, 
268, 508 
densities, 78 

of system of parallel wires, 176, 
177 

stored in cylindrical resonators, 
438 
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Energy, theorems, 77 

for harmonic fields, 79 
nondissipative lines, 239 
stationary fields, 168 
uniform lines, 191 
Equiamplitude planes, 88 
Equiangular spirals, 22 
Equiphase planes, 88, 256, 282 
surfaces, 6, 24, 415, 432 
Equipotential layers, 506 
lines, 378, 382 
surfaces, 169, 283 
Equivalence theorem, 158 
for stationary fields, 164 
uniform lines, 217 
Euler’s constant, 48 
Exponential functions, 18 
integral, 56 
oscillations, 19 
waves, 39, 86, 282 
Exponentially tapered line, 222 
External capacitance, 263, 511 
impedance, 98 

of infinite plane strip, 266 
thin wire, 263 

inductance of a finite wire, 263 
loop, 146, 511 

Factorial, generalized, 47 
Faraday, M., 63, 65 
Faraday’s law, 66, 98, 101, 149, 150 
Field slice, 76, 78 
Filters, 112ff 
band pass, 114 
high pass, 113, 151, 155, 223 
low pass, 1 13 

Force between two charges, 64, 70 
moving charges, 505 
on moving charge, 72 
Forced oscillations, 29 

in simple parallel circuit, 
119 

series circuit, 115 
waves, 40 

in dielectric wire, 428 
metal tube, 423 


Fourier integral, 32, 35 
series, 32, 503, 504 
Fraunhofer diffraction, 365 
Free oscillations, 29 
space constants, 82 
Frequency, 21, 26 
ratio, 317, 378, 381 
Fresnel diffraction, 365ff 
integrals, 57, 361, 363 
zones, 367 

Fringing capacitance, 272 
Functions of position, 3 
Fundamental electromagnetic equa- 
tions, 60ff 

Gain, 335 

in logarithmic units, 336 
terms of solid angle, 351 
of broadside arrays, 348 
electric current element, 337 
loop, 339 

end-fire arrays, 346 
General radiation formula, 333 
Generator impedances, 107 
Generators, 68, 70 
in phase, 141 
push-pull, 140, 143, 189 
of infinite impedance, 189, 190, 
202, 217, 228, 478 
zero impedance, 189, 190, 201, 
217, 229 

Giorgi, G., 60 
Gradient, definition, 4 
differential expressions for, 10 
Green’s function, 33 
theorems, 12, 168, 176, 384 
Ground conductivity, 469 
effect, 337, 353 
Growth constant, 22 

Hankel functions, 49 
Harmonic oscillations, 21 
High frequency impedance of uni- 
form line, 233 

resistance of finite wire, 264 
metallic conductor, 264 
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High frequency resistance of parallel 
wires, 284 

impedance held, 307 
Q circuits, 117, 119, 120, SOS 
dielectrics, 318 
Hobson, E W , 53, 406 
Hollow metal sphere, 294, 298 
Huygens, C , 357 
source, 354 
distant field of, 366 
Hybrid waves, 154 
Hyperbolic functions, 499 
Hypergeometnc functions, S3 

Images, method of, 169 

of various elementary sources, 
171 

Imaginary part of complex number, 
14 

unit, 14 
Impedance, 27 
circle, 199 

coefficients, 102,313 
concept, 26, 319, 480 
coupled, 228 

diagram for conical antenna, 457 
459 

input, see Input impedance 
in senes with line, 211, 217 
terms of complex power, 31 
matching, 136, 111, 219, 232 
mismatch, 232, 305 
normal to conducting plate, 246 
interface, 89, 252 
surface, 80, 483 
thin film, 483 
of a loop, 99, 146 
ratio, 212, 2S8, 304, 320, 487 
of two current filaments, 308 
metals, 305 

seen by transverse wire in rectan- 
gular guide, 494 
sheets, 74, 80, 431, 484ff 
Impedances, diagrammatic repre- ' 
sentation of, 28 

Impediment, 27, 480 I 


Impedors, 26, 97 
in parallel, 101 
senes, 101 

Impressed currents, 68, 138, 189 
electromotive force, 68, 189 
field, 157 
forces, 70 
potential, 164 
Impulse function, 31, 413 
Incident wave, 252, 254, 431 
Inclined wires, 292, 469 
Index of refraction, 83 
Indicial admittance, 34 
Induced admittance, 229 
current theoiy of shielding, 
307 

impedance, 228 
Inductance, 27 

coefficients of parallel wires, 177, 
179 

of cylindrical wire, 290 
loop, 68, 293, 312 
solenoid, 273, 508 
thin circular wire, 183 
two cylindrical wires, 284 
Induction theorem, 158, 355, 357 
for stationary fields, J64 
uniform lines, 217 
Inductively coupled circuits, 505 
Inductor, 27, 98, 99 
Infinite current sheet, 379, 382 
impedance sheet, 74, 246, 483, 
489 

Infinitely long wire, 262, 417 
Initial phase, 21 

Input admittance, expansion in par 
tial fractions, 121, 232 
of coaxial cylinders, 420 
conducting plate, 247 
conical antennas, 454 
infinite wire, 418 
parallel wires, 423 
series circuit, 1 16, 117 
uniform line, 198, 232 
wedge line, 274 
impedance, 42, 107, 481 
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Input impedance, expansion in par- 
tial fractions, 121, 232 
of antenna inside sphere, 295 
antennas of arbitrary shape, 
459ff 

chain of transducers, 108 
conical antennas, 447, 449, 
454fF 

resonator, 289 

cylindrical antennas, 461, 463 
infinite wire, 291 
loop in spherical cavity, 299 
nonuniform line, 206 
parallel circuit, 119 
strips, 490 
terminated line, 228 
uniform line, 197, 232 
Insertion loss, 309 
Instantaneous energy fluctuations, 
118 

Integral cosine and sine functions, 
56 

Integrated characteristic imped- 
ances, 319, 320, 324, 
508, 509 

Intensity ratios, 26 
Internal capacitance of parallel 
discs, 263, 272 
impedance, 98, 263 
of conducting wire, 264, 277 
inductance of finite wire, 263 
Intrinsic impedance, 76, 81 
propagation constant, 81 
reactance, 82 
resistance, 82 
Inverse impedance, 198 
points, 16 

terminal impedance, 452, 453, 457 
Iris in wave guide, 492 
Irregularities in wave guides, 490 
Isotropic medium, 62 
Iterative structures, 108, 236, 312 

Jahnke and Emde, 48 

Eirchhoff’s laws, 101, 102 


Lagrange, J. L., de, 61 
Laminated conducting cylinders, 
279 

shields, 309, 312ff 
Laplace transform, 35 
Laplace’s equation, 164, 173, 179, 
283, 383 

Laplacian, 12 
Large distance, 132 
Legendre functions, 54, 401, 402 
of fractional order, 447ff 
Level lines and surfaces, 3 
Line integral, 7 
source, uniform, 174 
Linear differential equations, solu- 
tion of, 19 

Linearly polarized waves, 248, 378, 
382 

Lodge, O., 480 
Logarithmic derivative, 18 
of generalized factorial, 48 
increment (or decrement), 22 
spiral, 22 

Lorentz, H. A., 128 
Low frequency capacitance of paral- 
lel discs, 263 

resistance of finite wire, 263 
impedance field, 307 

MKS system of units, 60 
Magnetic charge, 69 
current, 66 
density, 66, 69 

element, vector potential of, 
131 

filament, 75 
sheet, 74, 158 
strip, field of, 303 
displacement, 65 
current, 68 
doublet, 70 
field, 64 
flux, 65 
density, 65 
intensity, 65 
lines, 64 
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Magnetic pole, 69 
radiation vector, 332 
shields, 3QS 

Magnetically oriented waves, 407 
Magnetomotive force, 66 
Magnetostatic double layer, 162 
potential, 159 
of electric current loop, 162 
shielding, 308 

Major radiation lobe, 343, 347, 350 
Matching of impedances, 136, 211, 
219, 232 
resistance films, 483 
Mathieu equation, 394 
Maxima and minima of superposed 
waves, 215 

Maximum received power, 136, 218 
512 

Maxwell, J C ,66 
Maxwell's equations, 70, 81 
differential form of, 73 
integral form of, 69 
special forms of, 94 
Mechanical impedance, 27 
Modified Bessel functions, 50 
Modular constant, 385 
Modulus, 15 

Moment of current distribution, 
134 

current element, electric, 129 
magnetic, 162 

Motional electromotive force, 68, 71 
Multiple reflections, 224 
transmission lines, 235 
Mutual admittance, 105, see Mutual 
impedance 

electrostatic induction, coeffi 
cients of 166 

Mutual impedance, 102, 105 

in terms of mutual power, 107 
of antenna and sphere, 295 299 
current elements, 134 
loops, 145, 146 
terminated lines, 228 
inductance of current loops 146 
power, 106, 137, 372 


Mutual radiation resistance of cur 
rent elements, 138 
loops, 145, 339 

Natural frequency, see Natural oscil 
fations 

oscillation constants, see Natural 
oscillations 
oscillations, 29 

in cylindrical cavity resonators, 
267, 437 

hollow metal sphere, 296, 
299 

simple senes circuit, 118 
slightly dissipative network, 
122 

uniform lines, 229, 232 
propagation constants, see Natu 
ral waves 

waves, 40 

between coaxial cylinders, 390 
parallel impedance sheets, 
485 

n circular guides, 389 
cylindrical guides, 383 
dielectric plates, 429 
multiple lines, 235 
rectangular guides, 387 
Neper, 25 
Networks, lOOff 
Neumann number, 424 
I Nondissipative medium, constants 
of, 82 

Nonharmonic current distribution, 
138 

Nonuniform lines, 205, 437 

first order corrections fo , 
209 

terminated section of 237 
wave functions for, 207 
with constant f, 210, 238, 291, 
460 

Null directions, 343, 347 

Oblique incidence, 251, 358 
Ohm’s law, 60 
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One-directional wave in nondissipa- 
tive medium, 245 
uniform line, 203, 218 
Open end of wave guide, radiation 
from, 359 

line, 194, 198, 200, 219, 231, 233, 
237 

Optimum thickness of conducting 
shell, 278 

Orthogonality, 509 
Oscillation constant, 23, see Natural 
oscillations 
mode, 156, 234 

Output impedance, 107, 206, 460 

Parallel circuit, 119, 120, 511 
conducting strips, 243, 490 
bending of, 324, 328 
current filaments on cylinder, 302 
cylinders, 283, 284 
impedance sheets, 484 
planes, surface charges on, 91 
waves between, 261, 411 
plates, 99 

wires, constants of, 505 
currents in, 507 

energized in push-pull, 140, 143, 
422, 508 

mutual impedance of, 372 
potentials for, 141 
power radiated by, 372, 373 
transmission equations for, 149 
waves on, 39, 72, 283, 320, 421 
Partial differential equations, reduc- 
tion of, 44 
fractions, 121, 232 
reflection and transmission coeffi- 
cients, 224 

Perfect conductor, 74 
dielectric, 62, 74 
magnetic conductor, 170 
Perfectly conducting wires, 140, 142 
Perforated cylindrical cavity, 269 
Period of oscillation, 21 
revolution, 21 
Permeability, 65 


Phase, 15, 21, 23 
amplitude pattern, 252 
constant, 23, 24, 26, 82 
of bent wave guide, 326, 328 
chain of transducers, 109 
rectangular guide, 318 
uniform line, 196 
length, 452 
siowness, 25 
velocity, 23, 25 
Plane cond -ting strip, 266 
earth, waves over, 259, 431 
of incidence, 251 
waves 24, 242, 410 
Pohl, R. W., 60 

Point charge in semi-infinite me- 
dium, 172 
functions, 3 

generators, 41, 42, 190, 201, 202, 
217 

sources, 189, 201 
Poisson’s equation, 176 
Polarization, 90 
currents, 92, 157 

Poles of impedance function, 30, 
31 

Potential coefficients, 165 
distribution on perfectly cunouct- 
ing wires, 140 
functions, 282, 286, 399 
of line charges, 181ff 
magnetostatic double layer, 161 
point charges, 169, 170 
simple and double layers, 165 
layer, 160 

Power absorption, 218, 288, 320, 
324, 439 

dissipation, 62, 116, 321 
factor, 511 

flow in rectangular guide, 319 
ratio for circular aperture, 357 
ratios, 25 

received by load resistance, 136 
reflection and transmission coeffi- 
cients, 212 
Poynting vector, 78 
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Primary constants of medium, 81, 90 
uniform line, 195 
Principal oscillation mode, 155 
transmission mode in antenna re 
gion 445 447 
voltage and current, 449 
wave, 281, See Dominant wave 
Principle of conservation of charge, 
143, 151 
energy, 77 

Progressn e waves, 26 
cylindrical, 300 
in bent guides, 325 
nonuniform lines, 206 
uniform lines, 193 
on a wire, 348 
on coaxial cones, 287 
Propagation constant, 23, 81 
of chain of transducers, 109 
coaxial cylinder, 276, 277 
compound conductors 280 
iterative structure, 237 
plane wave between parallel 
Strips, 243 

rectangular guides, 317 
TE waves, 381 
TEM waves, 281, 286 
TM waves, 377 
uniform line, 112, 192 
waves between impedance 
sheets, 484 
Proximity effect, 285 
Push pull,generatorsin,140,143,)89 

0 definition, 22, 83 

in terms of energy and power, 
116 

of conical resonators, 289 
cylindrical cavity, 269, 439, 512 
doublet antenna, 512 
parallel circuit, 119 
rectangular cavity, 509 
resonant section of coaxial pair, 
280 

senes circuit, 115 
spherical cavity, 296 299 


Q of uniform line, 230 
wire loop, 512 

Quarter wave section of uniform line 
219 

Quasi conductor, 84 
Quasi-dielectric, 84 
Quasi static waves, 302 

Radial admittance 272, see Radii 
impedance 
capacitance, 272 
impedance, 261 
of bicomca] antennas, 442 
coaxial cylinders, 269, 277 
coil on magnetic core, 311 
current filaments, 308 
cylindrical waves, 273, 301 
304, 306 

spherical waves, 401, 404 
propagation constant, 407 
Radians per second 21 
Radiated power, 333 

effect of radius of wire on, 341 
field of current element in terms 
of, 134 

from antenna energized at ccn 
ter, 373 

current element, 133 
loop 509 

open end of coaxial pair, 
509 

perfectly conducting wire 
144 

two current elements, 137 
parallel wires, 372, 373 
Radiation from current sheets, 354 
open end of rectangular guide, 
359 

progressive current waves on a 
wire, 348 

intensity, 333, 509 
approximate forms of, 351, 352 
pattern, 335 
for broadside array, 348 
conical antennas, 469 
end fire array, 347 
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Radiation, resistance of current ele- 
ment, 134 
loop, 147 

perfectly conducting wire, 
144 

vertical antenna, 340 
vectors, 332, 334 
Reactance, 27, 30 
Real part of complex number, 14 
Receiving antennas, 478 
Reciprocity theorem for antennas, 

477 

electric networks, 103 
mutual inductance coeffi- 
cients, 179 

uniform lines, 202, 476 
Rectangular aperture in absorbing 
screen, 355, 358, 367, 
368 

wave guides, 154, 316, 484, 490, 
494, 508 

bending of, 324, 328 
Reflected field, 157, 433 
potential, 164 
waves, 218, 252, 294 
Reflection, 156 
at oblique incidence, 251 

discontinuities in wave guides, 
492 

charts, 213ff 
coefficients, 232 

as functions of the impedance 
ratio, 212 

for dielectric plate, 429 
iterative structures, 237 
magnetostatic shields, 309 
nonuniform lines, 226 
power, 212 
uniform line, 210 
sections, 226 

plane waves, 247, 253, 254, 
257, 258 

waves over plane earth, 433 
formation of wave functions 
using, 227 

from circular plate, 358 


Reflection, in wave guides, 320, 490 
loss, 304AF 
Refracted field, 157 
waves, 255 

Region enclosed by a curve, 185 
Relative derivative, 18 
dielectric constant, 83 
directions of E, //, a, 242 
permeability, 83 
polarization, 91 

width of resonance curve, 117, 506 
Resistance, 27, 30, 62, 480 
film as guide terminator, 483 
between perfectly conducting 
planes, 489 

normal to metal plate, 90 
sheets, 246 
Resistor, 27, 98 
Resonance, 115 
curves, 115, 117, 271 
in cylindrical cavities, 269 
slightly nonuniform lines, 237 
spherical cavities, 292, 296, 
299 

uniform lines, 507 
Resonant frequency, 115 

impedance of cylindrical anten- 
nas, 464 

lengths of antennas, 454, 456, 465 
wavelength 237, see Resonance 
Response of linear system to arbi- 
trary force, 32, 36, 37 
unit impulse, 36, 37 
voltage step, 36 
Retarded potential, 128 
Rhombic antenna, 461 
Riemann space, 409 
Root mean square radial electric 
current, 403 
magnetic current, 405 
Roots of J n (k) = 0, 389 
J'«(k) = 0, 390 

Scalar potential, 128, 375, 380 
product, 2, 16 

Schwarz transformation, 184ff 
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Secondary electromagnetic con 
stants, 81 

Sectorial waves, 153 
Self impedance of finite wire, 373 
Self reactance of antenna 2 95 
Semi infinite line, 108 
Series circuit, 29, 37, i!5, 501, 511 
distributed constants, 188, 195 
generator, 189 
impedance, 39 

reactance for impedance match 
mg, 221 

Shielding, 303PF 
attenuation ratio, 314 
effectiveness, 247 
efficiency, 306 
improvement, 305 
ratio, 308, 310 

Short-circuited line, 194, 197, 200, 
230,233,237 
Short-circuiting caps, 280 
Shunt admittance, 39 
distributed constants, 188, 195 
generator, 189 

susceptance for impedance match 
ing, 220 

Simple Ja>er of charge, 160 
transmission line, 156 
Sinusoidal current distribution on 
wire, 369 
functions, 31, 142 
Skin depth, 90 
effect, 265 

Sliding wire between parallel wires, 
71 

Slightly noncircular wave guides,397 
nonuniform lines 209, 237 
Small distance, 132 
Solenoids, 99, 273, 508 
Solid angle, 161, 350 
Sommerfeld, A , 430 
Space factor, 335ff 
Spectrum, 35, 500 
Spherical antennas, 471 
caps on ends of antennas, 4 50, 465 
batTnorac", 45, *3, 55, 472 


Spherical shields, 306, 309 
waves, 24, 285, 410 
Spheroidal antennas, 461 
Stationary fields, 159, 179, 282 
waves, 26, 294 
cylindrical, 300 
in bent wai e guide, 327 
uniform line, 195 
Steady state oscillations, 29 
Step fiinction, 31 
Stieltjes integral, 34 
Stream function, 174 

for parallel filaments, 175, 176 
Strength of double layer, \60 162 
impulse, 31 

Successive approximations, 208, 231 
291 

reflections, 224 
Surface admittance, 80 
charges, 91, 93 
conductance, 80 
divergence, 1 

impedance, 80, 98, 277, 278, 296, 
483 

resistance, 80, 278, 483 
self impedance, 279 
transfer impedance, 278 
waves, 430 
Susceptance, 27 
of cone line, 475 
System of conductors, 165 

TE waves, see Transverse electric 
TEM waves, see Transverse electro- 
magnetic 

TM waves, see Transverse magnetic 
Terminal admittance of conical an 
tennas, 452, 471 

impedance of conical antennas, 
450, 452, 459 

impedance, reflection from, 216 
Terminals, 480 
Thevenm s theorem, 506 
Time gro-wth constant, 26 
Toroidal cavity, 269 
Transducers, V34, 3554, 236 
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Transducers, chains of, 108, 206 
Transfer admittance, 1 05 

constant of chain of transducers, 
109 

impedance, 105, 237 
ratios, 206, 308, 310, 313 
Transformation of impedances, 219 
Transient oscillations, 29 
Translation formula for radiation 
vectors, 334 

Transmission coefficients, 223, see 
Reflection coefficients 
for iris in wave guide, 493 
equations for bent wave guides, 
326 

coaxial cylinders, 276 
concentric spheres, 436 
conical guides, 406 
current element, 506 
loop, 506 
disc line, 261 
parallel strips, 243 
wires, 144, 188, 283 
perfectly conducting wires, 
143 

rectangular guide, 321 
TE waves, 155, 381, 404 
TEM waves, 282, 286 
TM waves, 151, 378, 400 
uniform lines, 188 
plane waves, 242 
waves between impedance 
sheets 489 

lines, 39, 112, 148, ’l 88, 502, 507 
as transducers, 201 
constants of, 39, 188, 195 
dissipative, 192, 196, 200 
nondissipative, 195, 198, 215 
wave functions, for, 192 
modes, 155, 235, 411 
in antenna region, 446 
theory of shielding, 307 
Transmitted field, 157 
potential, 164 
waves, 218, 255, 257 
Transverse electric waves, 154 


Transverse electric waves, average 
energy in, 385 

between coaxial cylinders, 391 
cylindrical, 300, 408 
/f-lines for, 395 
in cylindrical cavities, 438 
guides, 383, 484 
rectangular tube, 154, 316, 
388 

plane, 380 
spherical, 403 

electromagnetic waves, 154, 242, 
260, 320 

between coaxial cylinders, 275 
on coaxial cones, 286 
cylindrical wires, 290 
parallel wires, 283 
plane, 281 
spherical, 285 
magnetic waves, 154 

average energy in, 385 
between coaxial cylinders, 390 
cylindrical, 303, 408 
//-lines for, 396 
in cylindrical cavities, 438 
guides, 383, 484 
rectangular guides, 508 
plane, 375 
spherical, 399 
wire in wave guide, 494 
Tubes of flow, 506 
Two-dimensional fields, 299 
stationary, 173 
Two- wire shield, 307 

Uniform cylindrical waves, 260 
field slice, 76, 78 
lines, see Transmission lines 
plane waves, 87, 242, 433 
Unit complex number, 16 
impulse, 32 

contour integral for, 35 
source, 32 
step, 31 

contour integral for, 34 
Units in MKS system, 60 
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Universal resonance curves, 117 
Vector, 3 

components of, 2 
point function, 6 
potential, 128 
nonhairoomc, 138 
of current distribution, 132, 331 
product, 3, 16 

Vectors, addition and subtraction of, 

1,2 

Vertical antennas, 339, 461, 463 
Voltage transfer ratio, 206, 223 

Watson, G N , 49 
Wave equation, 86 
functions, 23 
guides, 148 
circular, 150, 322 
of miscellaneous cross sections, 
392 

variable cross-section, 405 
rectangular, 154, 316 
triangular, 3 93 

impedance, 38, 206, 244, 250, 282, 
286, 482 
for TE waves, 381 
TM waves, 377 
normals, 24 
potentials, 128 
velocity, 23 
Wavefront, 75, 139 
Wavelength, 23 
Waves, 22 

at interface between two media, 88 


Waves, between coaxial cylinders, 
275 

concentric spheres, 435 
impedance sheets, 484 
from arbitrary distributions of 
sources, 204 
tn conductors, 88 
dielectric wires, 425 
dielectrics, 87 

transmission lines, 39, I88ff 
on coaxial conductors, 418 
inclined wires, 292, 469 
infinitely long wire, 417 
parallel wires, 39, 188, 421 
single wire, radiation from, 348 
over dielectric plate, 428 
plane earth, 431 

Wedge, potential of line charge n 
side, 183, 185 
transmission line, 274,47 $ 

Wheeler, H A , 285 

W ires energized unsymmetncallj , 
470 

normal to conducting disc, 510 
of finite length, field of, 369, 371 
radius, constants of, 263 
power radiated by, 341 
with tapered terminals, 481 

Zenneck, ) , 430 

Zero impedance sheet, 74, 246, 485 

Zeros of impedance function, 30, 37, 
118,297 

Zonal harmonics, 451 
waves, 442 



